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1 Introduction

We follow Rudin [3] and Terras [4], and refer to sp4comm [2] and Folland [1J.

2 Z/nZ
Let n be a positive integer.

ZInZ={k+nZ:keZ}={k+nZ:0<k<n-1}
Zn =7/nZ is aring. |Z,| = n. We focus on the additive group (Z,, +).

3 Haar measure

Let

C%n

be the set of functions Z,, — C.

We use counting measure on the group Z,, as Haar measure (which is discrete and
compact) with total volume n, and Since Z,, has finite Haar measure (being a compact
group) and every function Z,, — C is continuous (being a discrete group), we have

C% = LY Z,) = L*(Zy,).

We specify function space for emphasis.
For f,g € L*(Z,), define

(f, 9)L2(Zn) = Z f(w)@

IEZn

Define
\flez2z) = A/ (s Dz = Z f(@)f().
TEZn
Define

’f’Ll(Zn) = Z | f(@)].

QTGZn



4 b,

For a € Z,,, define 6, : Z,, — C by

For a,b € Z,,

(5a75b)L2(Zn) = Z 5@(@%

CEEZn

= Ga(z)0(x)

:EEZn
)1 a=b
o a#b

n—1

fl) =Y fla)du(x) = f(a)du(z), @€ Z.

a€Zn a=0

Indeed, {do,...,0,_1} is an orthonormal basis of L?(Z,).

For f € L*(Z,),

5 Convolution

For f,g € LY(Z,), define the convolution f * g € L*(Z,) by

(fr9)@) =Y fglx—y), x€Z.

YEZn,

fxg=gxf,  figeL'(Zn).

frlgxh)=(fxg)xh,  fgheL(Z)
For f € L'(Z,) and for a € Z,,

(f*éa)(x):f(x—a), T € Zy.
For a,b € Z,,, and for z € Z,,

(0g % 0p)(z) = ba(z — b) = dgrp(x).



5.1 Example

Take n = 15. Define f = dg + 61 + d2. For x € Zy5,

(f * f)(x) = (60 + 01 + d2) * (o + 1 + 2)
= 0 * 0p + 01 * 01 + 2 * 02
+ 200 * 01 + 200 * 09 + 2071 * 09
=g+ do + 04
+ 261 + 209 + 203
=g + 201 + 32 + 203 + 4

6 Dual group

Let S = {2z € C: |z| = 1}, which is a multiplicative group.

Let ZI be the set of group homomorphisms Z,, — S*.

We use normalized counting measure on the group ZL as Haar measure (which is
discrete and compact) with total volume 1.

For a € Z,, define e, : Z,, — S' by

eq(T) = exp (2m’g> , x € Zy.
n

€q is an element of ZL
Define ¢ : Z,, — Z,, by ¢(a) = e,.

Zz ={eq,:a € Z,}
={¢Y(a):a€ Z,}
= w(Zn>

Vv Ly — ZL is an isomorphism of groups.

7 Fourier transform

—

Define the Fourier transform .%, : L*(Z,) — L?(Z,) by

(Fnf)eq) = Z f(z)ea(—2), €q € Z@

TEZn



8 Pullback

We introduce the operator Fy, : L?(Z,) — L*(Z,), which is defined via composition with
the Fourier transform .%,, and the function 1 as
F.f = («%zf)oiﬁ
We pullback Z, f : Zz — C to a function Z,, — C.
We remind ourselves (a) that for a € Z,, the function e, : Z, — S' is defined by

eq(T) = exp <2m'%> , x € Zp,
n

(b) that v : Z, — Z, is defined by ¥(a) = eq,
and (c) that ¢ : Z,, — Z,, is an isomorphism of groups, by

Zz ={e.:a € Z,}
={¢Y(a):a€ Z,}

(Zaf)(W(@) = Y flx)ea(—2)

TELn

= f(z)ea(x)

TEZn
= (frea)12(z,)
Thus

(an)(il?) = (f’ ex)LQ(Zn)’ T € Zy.

In the sequel, we use the term Fourier transform to refer both to .%, and to F,, but
preserve the distinction for calculations.

8.1 Example: n =7 and f = 3
By

(an)(.%') = (f7 em)LQ(Zn)a T € Ly

we have

(F753)(‘T) = (537651:)[,2(27)7 S Z7.

The inner product (3, €x)r2(z,) is given by



(63, €x)r2(z) = D 03(y)ex(y)

yeZ7
6 —
= Z I3(y)exp (2772'73/).
y=0
Since d3(y) = 1 only when y = 3 and 0 otherwise, the sum collapses to a single term:

—
(93, €m)L2(Z7) = exp (27TZ7>

3
= exp (—27Tz'7x>

=e_3(z)
Thus,
(F703)(z) = e—_3(x), T € Zy,
namely,
F7(53 = €_-3.
9 Z,

Z: is the set of group homomorphisms Z,, — S*.

Z, is a group using pointwise multiplication of functions Z,, — S', the Pontryagin
dual group of Z,. -

For a € Z,,, define e, € Z,, by

eq(T) = exp <2m'g> , T € Znp,
n

Define v : Z,, — Zl by

We have

Z: ={e,:a€Z,}
={¥(a) ra € Zyn}
= zp(Zn)

Thus, ¢ : Z,, — ZL is an isomorphism of groups.



10 Haar measure

Let G be a locally compact abelian group.

G is the set of continuous group homomorphisms G — S!. It is a group with
operation (¢142)(x) = ¢1(x)d2(z), 1, 2 € G, zed (namely, pointwise multiplication).

We assign G the coarsest topology such that for each = € G, the map ¢ — ¢(x) is
continuous G — S (namely, the final topology on @)

One proves that Gisa locally compact abelian group.

If G is a discrete LCA group, then Gisa compact LCA group.

10.1 Finite LCA groups

Let G be a finite locally compact abelian group. G must have the discrete topology.
Hence the Borel o-algebra of G is equal to the power set of G, denoted Z(G).

Because G has the discrete topology, G is equal to the set of group homomorphisms
G — St

Assign G the Haar measure mq defined by mg(A) = |A| for A € #(G). One checks
that mq indeed is a Haar measure. (Counting measure.)

Assign G the Haar measure meg defined by mg(A) = L . |A| for A e 2(G). (Nor-

e
malized counting measure.) R
~ L*(G) is equal to the set of functions G — C and L?(G) is equal to the set of functions
G — C.
11 12(Z)

For f,g € L*(Z,), define

([, 9)12(z0) = Z f(@)g(x)

TEZn

’f\L?(Zn) =/ (f, f)LQ(Zn) =/ Z f(ﬂﬁ)m-
TELn

For a € Z,,, define 4, : Z,, — C by

5a(x):{1 r=a

Define

0 z#a
For a,b € Z,,



For f € L*(Z,),

=Y f@)bale) =Y f(@balx),  z € Zn

a€Zn a=0

12  Fourier transform

Define the Fourier transform .%, : L?(Z,) — L2(Zn\) by

= > f@eal®) = Y f(@)ea(—2),  eq € Zn.

TE€Zp €Ly

13  Pullback

We introduce the operator Fy, : L?(Z,) — L*(Z,), which is defined via composition with
the Fourier transform .%,, and the function ¢ as

Fnf = (Fnf) oy
That is, for a € Z,,

(Fnf)(a) = (Fnf)(ea)
We pullback Z, f : Z — C to a function F,f : Z, — C.

We have
(Ful)(W(a) = ) flx)e
TEZn
=Y fa)e
TELnp
=(f, ea)L2(Zn)
Thus

(an)(w) = <f7 ex)LQ(Zn)7 HS Zn

8



14 Inverse Fourier transform

Define the Haar measure m - on Z, by mz-(A) = L. 1Al for A€ @(Z)

Let f € L?(Z,) and let x € Z,.

— % f(y) (Z ea(w)ea(y))

We use the orthogonality relations for characters of finite abelian groups. For a,b €
Zy, we have ey, e, € Z,, and

Then, as e,(z) = e;(a) and e,(y) = ey(a),

23 50 (X o) =L 3 50 (X i)

YEZn a€Zy YEZy a€Zy

YyELy

= Z f(Y)zy

YE€Zn
= f()d(y)
YEZn
= f(x).
We have established that for f € L?*(Z,) and for z € Z,,

/A (Fuh) )W @dmz (1) = = 3 (Faf)ea)ealw) = f(2).

n
a€Zy



Also,

LS B @)eals) = - 3 (Fah)leakeals) = f(2).

a€Zn a€Zn
We have established the Fourier inversion formula for f € L*(Z,):
1
f(x) = n GZZ (Fnf)(a)ea(z), x € Znp.
a n

15 (Y(z)

Let CZ be the set of functions Z — C.
Let o € /1(Z) be the set of those 2 € CZ such that

nez
and define

|Z]e1(z) = Z\x[n]\-

nel

Let £2(Z) be the set of those € CZ such that

> Jan]]? < 0.

ne”Z

16 (2(Z)

For z € ¢*(Z), define

’x‘ZQ(Z) = Z lz[n][?,
nez

(z, y)ﬁ(Z) = Z z[n]y[n].

ne”

and for =,y € (*(Z), define

For k € Z, define T}, : C* — CZ by

(Tyx)[n] = z[n — k], n € Z.

10
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