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1 Zygmund’s restriction theorem

Write T4 = R?/Z?. Write A4 for the Haar measure on T¢ for which A\q(T%) = 1.
For & € Z%, we define ec: T — S by

ee(x) = 2™, z €T

For f € LY(T%), we define its Fourier transform f : Z% — C by
fo) = [ seeina= [ f)emEran, gezt
Td Td

For z € R, we write |z| = |z|s = /2 + -+ 22, |z]1 = 21| + -+ + |z4], and
|]0o = max{|z;|: 1 < j < d}.
For 1 < p < o0, we write

i, = ([ 1)

For 1 <p<q<oo, |fl, <Ifll,
Parseval’s identity tells us that for f € L?(T4),
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= (Z If(E)IQ) = Ifll2>
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and the Hausdorff-Young inequality tells us that for 1 <p < 2 and f € LP(T4),
1/q

=X 1@ <,

ez
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7], = supeens 1F©).
Zygmund’s theorem is the following.!
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IMark A. Pinsky, Introduction to Fourier Analysis and Wavelets, p. 236, Theorem 4.3.11.



Theorem 1 (Zygmund’s theorem). For f € L*/3(T?) and r > 0,

1€l=r
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Proof. Suppose that
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For ¢ € Z2, we define

Then
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We have
S*=> 1P

|€l=r

=Y fOFf©

[§l=r

- (Z f(f)cs) S,

|€l=r

hence, defining ¢ : T2 — C by

gezd |€l=r

we have, applying Parseval’s identity,

+ % =1, i.e. ¢ =4. Holder’s inequality tells us

|\ @@ide < 11l el

For p € Z?, we define

Yo = Z CuCy.

pu—v=p



Then define I'(x) = |c(x)|?, which satisfies
[(z) = c(x)e(x) = Z Z 0507-62“(5*0"'” = Z ’ypez’”p“.

§€L? Cer? pEL?

Parseval’s identity tells us
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lella = ITll5 = > 1l
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First,
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Yo = E:CMC#* E leul” = 1.
HEZL? HEZ?

Second, suppose that p € Z?,|p| = 2r. If p/2 € Z?, then vy, = ¢,/5¢—,/2, and if
p/2 & Z? then vy, = 0. It follows that

Dol =0 heal? = D lelle-ul (3)
lp|=2r lul=r lul=r

Third, suppose that p € Z2,0 < |p| < 2r. Then, for

Co={peZ?:|ul=rlu—pl=lpl}

we have |C,| < 2. If |C,| = 0 then 7, = 0. If |C,| = 1 and C, = {u}, then
Yp = ¢uu—p and so 7,12 = |cul?lcu—p|®. If |C,| = 2 and C, = {u, m}, then
Yp = CuCpu—p + CmCm—, and so

ol* < 2leul?leu—pl? + 2lem | lem—pl*.

It follows that

Z |’Yp|2 <4 Z |cu|2|CV|2-

0<|p|<2r |p|=r,|v|=r,0<|p—v|<2r

Using (3) and then (2),

Z |7p‘2 <4 Z |Cu|2|0u|2Jr Z |Cu|2|c—/t‘2

0<|pl<2r |ul=r|v|=r,0<|u—v|<2r lul=r
<4 > leulPlen)® +4 ) leullemul?
|ul=r|v|=r,0<|u—v|<2r lul=r
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Fourth, if p € Z2, |p| > 2r then v, = 0. Putting the above together, we have

Sl <1+4=5
pEL?

Hence ||c||jlL < 5, and therefore

5= | [ ftoraias

< [ @@ ldn < 1 lys el < 1155

proving the claim. U

2 Tensor products of functions
For f1 : X1 — C and f; : Xo — C, we define f1 ® fo: X7 X X5 — C by

fl & f2($1,l‘2) = fl(l‘l)fg(afg), (1‘1,.132) & X1 X Xg.

For f; € LY(T%) and f, € L'(T%), it follows from Fubini’s theorem that
f1 X f2 c Ll(Td1+d2).
For & € Z% and &, € Z%, Fubini’s theorem gives us

fi®\fz(fl,§2) = / f1 ® folwy, wo)e 2™ (mram) gy, ) (2y, 20)

Td1+dg

B /Td ( Td fl ® f2($17x2)6_2ﬂi(§1752).(;817:82)(1)\‘12 ($2)) d>\d1 (:El)
1 2

= fi(wy)e ?rierm <

Td1

= fi(&1) (&)
= f1 ® fa(&1, &),

showing that the Fourier transform of a tensor product is the tensor product of
the Fourier transforms.
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3 Approximate identities and Bernstein’s inequal-
ity for T

An approximate identity is a sequence ky in L>(T?) such that (i) supy [|kn]; <

00, (ii) for each N,

kn(z)dhg(z) =1,
']I‘Li

and (iii) for each 0 < § < 3,

lim |kn (z)|dAg(z) = 0.

n=0 Js<a<1-6



Suppose that ky is an approximate identity. It is a fact that if f € C(T%) then
kn*f— fin C(T?),if 1 <p < ocoand f € LP(T?) then ky * f — f in LP(T9),
and if p is a complex Borel measure on T? then ky * p weak-* converges to
2 (The Riesz representation theorem tells us that the Banach space M(T%) =
rca(T?) of complex Borel measures on T¢, with the total variation norm, is the
dual space of the Banach space C(T%).)
A trigonometric polynomial is a function P : T¢ — C of the form

_ Z G{CQTriE-w7 = Td
ez

for which there is some N > 0 such that a; = 0 whenever |{|.c > N. We say
that P has degree N; thus, if P is a trigonometric polynomial of degree N then
P is a trigonometric polynomial of degree M for each M > N.

For f € LY(T), we define Sy f € C(T) by

(Snf)(x Z fj)e2 e, z€eT.

71N

We define the Dirichlet kernel Dy : T — C by

= E 62’”””7 zeT,

lilI<N
which satisfies, for f € L1(T),

We define the Fejér kernel Fiy € C(T) b

We can write the Fejér kernel as
Fy (if) _ Z 1— |.7| e27rijw Z X[-N.N |-7| e?Trijw
: N+1 W {l-5 +1 ’
1SN JEZ

where x4 is the indicator function of the set A. It is straightforward to prove
that F)y is an approximate identity.
We define the d-dimensional Fejér kernel Fiy 4 € C(T¢) by

Fyg=FNn® - ®QFn.
—_———
d

2Camil Muscalu and Wilhelm Schlag, Classical and Multilinear Harmonic Analysis, volume
I, p. 10, Proposition 1.5.



We can write Fiy g as
&l &l ) omie d
F, =) 1- 1= mikw T<.
walo) §<N( N+1 Nt1)¢ o TE

Using the fact that Fiv is an approximate identity on T, one proves that F 4
is an approximate identity on <.
The following is Bernstein’s inequality for T.

Theorem 2 (Bernstein’s inequality). If P is a trigonometric polynomial of
degree N, then
[Pl oo < 4TN ||P|

Proof. Define
Q = ((€,NP) * FN,1)€N — ((eNP) * FN,l)e,N.

The Fourier transform of the first term on the right-hand side is, for j € Z,

(e-nPxFn1)*en(j) =Y e-nP(j — k) Fn_1(j — k)en (k)
keZ

=e NP(j—N)Fn-1(j — N)
= P(j)Fn—1(j - N),
and the Fourier transform of the second term is

P()Fx 1(j + N).

Therefore, for j € Z, using P= X[,N,N]ﬁ,
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On the other hand,



so that
P =27iNQ,
ie.
P/ = 27TiN(((6_NP) * FN_l)eN — ((GNP) * FN_l)e_N).
Then, by Young’s inequality,

IP)l.. = 27N (e P) % Fy_t)en — ((exP) * Fy1)e—wll
<2aN [[((e-nP) * Fy—1)en|l oo + 27N [|((en P) * Fn—1)e—n]|
=27N |[(e—NP) * Fn_1]|| .. + 27N ||[(enP) * Fn—_1] o,
< 2N [le_nPlloo [ Fy1lly + 27N lex Pl | Fyall
— 4N ||P|..
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