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1 Introduction

For z € R, let [x] be the greatest integer < z, let R(z) = = — [z], and let
lz]] = min{R(x),1 — R(z)} = mi% |z —m].
me
In this note I work through Chapters 24 and 25 of Harold Davenport, Multi-

plicative Number Theory, third ed.?
We end up proving that there is some constant C' such that if &« € R and

‘a — %’ < qiz, with a positive and ged(a, q) = 1, then for any N > 2,

2 The von Mangoldt function

Let A be the von Mangoldt function: A(n) = logp if n = p® for some prime p
and o > 1, and A(n) = 0 otherwise. For example, A(4) = log2, A(11) = log 11,
and A(12) = 0. This satisfies

logn = Z A(d),
d|n

and so by the Mobius inversion formula,

A(n) = pu(n/d)logd.

d|n

Z p(d) = 0.

d|n

For n > 1 it is a fact that?

IMany of the manipulations of sums in these chapters are hard to follow, and I greatly
expand on the calculations in Davenport. The organization of the proof in Davenport
seems to be due to Vaughan. I have also used lecture notes by Andreas Strombergsson,
http://www2.math.uu.se/~astrombe/analtalt08/www_notes.pdf, pp. 245-257.  Another
set of notes, which I have not used, are http://jonismathnotes.blogspot.ca/2014/11/
prime-exponential-sums-and-vaughans.html

2G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, fifth ed.,
p. 235, Theorem 263.



Write ¢(z) = >, -, A(n). It is a fact that ¢(z) = O(z).3 (The prime number
theorem states ¥ (z) ~ z.)
The derivative of the Riemann zeta function is

¢(s) =— Zn‘s logn, Res > 1.
n=1

The Euler product for the Riemann zeta function is

oo

¢(s) = Z m~® = H(l —p ) Res > 1.

P

Then

so, for Res > 1,

= logp) p"
p =1
= > AHK)

p I=1

oo
= ZA(n)n*S.
n=1
Let U,V > 2, UV < N, and write

Fy(s)=Y_AG)~"  Gv(s)=>_ u(k)k™.

i<U K<V
For Res > 1,
R0
50
i (s) = ()G ()~ G (e) + (=5 = Fu9)) (1= (16w 0).
First,*

Fy(s) = Z a1(n)n™?°

3G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, fifth ed.,
p. 341, Theorem 414.
4Harold Davenport, Multiplicative Number Theory, third ed., p. 138, Chapter 24.



for

(n) = A(n) n<U
= ai(n) =0 n>U.

Second,
—((5)Fu(s)Gy(s) = > as(n)n ™"
n=1
for
az(n) = — > 1-AG) - plk) == > A(G)u(k).
mjk=n,m>1,;j<U,k<V d|n djk=n,j<Uk<V
Third,
—('(s)Gv(s) =D _as(n)n™*
n=1
for
am = S logm)- (k)= logd S u(k).
mk=n,m>1,k<V d|n dk=n,k<V
Fourth,
¢'(s) _ s
~t " Fy(s) = gU A(m)m™*;
and

()Gr(s) =Y ( > 1-u(/f)) DS ( ) u(d)) ne

n=1 \ mk=nm>1,k<V n=1 \d|n,d<V

whence

1—-¢(s)Gv(s) == ( > u(d)) h=*

h=2 \d|h,d<V

thus

¢'(s) R PR

(5 o) 0= v = et
for
ag(n) = — > A(m) ( > u(d)) :
mh=n,m>U,h>1 d|h,d<V

We have

A(n) = a1(n) + az(n) + ag(n) + as(n).



3 Sums involving the von Mangoldt function

Let f be an arithmetical function with |f| < 1 and write
Si= Y f(n)ai(n),
n<N

for which
> f(n)A(n) = Sy + Sz + S5 + Sa.

n<N

S1= Y f(n)A(n)

n<U
So==Y_fm)>. > AQGuk)
n<N d|n djk=n,j<Uk<V
S3=_ f(n)) logd > pu(k)
n<N d|n dk=n,k<V
Si==_fm) > Am) Y w(d).
n<N mh=n,m>U,h>1 d|h,d<V

Lemma 1. |S1| = O(U).
Proof. As |f] <1,
511 < Y A(n) = (U) = O(U).

n<U

Lemma 2.

|Sa| <log UV - )
h<UV

> f(rh)

r<N/h

Proof.

So=-S Y S AGuk)

n<N d|n djk=n,j<Uk<V
=) Yo AGuk) | > frh).
h<UV \jk=h,j<Uk<V r<N/h
For h < UV, Zj|h A(j) =logh <logUV, so

|Sa| <log UV - »
h<UV

> f(rh)

r<N/h




Lemma 3.

w<h<N/k
Proof.
Ss=>_ f(m)> logd > pu(k)
n<N d|n dk=n,k<V
— S uk) S f(kR)logh
k<V h<N/k
=> k) Y f(kn) di”
w
k<V h<N/k
N/k dw
SDIVICY D SRICIE
<V w<h<N/k
N dw
= [ Sum S semt
1 k<v w<h<N/k
Then

N
d
Sl < | 5200 S gien) | %

<v w<h<N/k 1

1<w<N/k
w<h<N/k

<logN - Z max Z f(kh)]|.
<V

Lemma 4.

|S4] < N'2(log N)®  max A
U<M<N/V

9

for

A= max > > f(mg) f(mk)

V<k<N/M |M<m<2M,m<N/jm<N/k

Proof. For b,,,c, € C, using the Cauchy-Schwarz inequality,

M<m<2M  V<k<N/m

1/2 2\ 1/2
g( > |bm|2) Y X et

M<m<2M M<m<2M |V<k<N/m

1/2



and

Z Z cx f(mk)

M<Im<2M |V<k<N/m

= > > cif(my) > cf(mk)

M<m<2M \V<j<N/m V<k<N/m
Y Y ea > Fmg) ),
V<j<N/M V<k<N/M M<m<2M,m<N/jm<N/k

so, using |cjcr| < 3ej|? + 3exl?

2

Z Z cef (mk)

M<m<2M |V<k<N/m

< XS (Gelyar) > e

V<j<N/M V<k<N/M M<m<2M,m<N/jm<N/k

= > gl > > F(mg) f(mk)

V<j<N/M V<k<N/M |M<m<2M,m<N/jm<N/k
< Z lc;]? max Z Z f(mj) f(mk)|.
, V<j<N/M )
V<j<N/M V<k<N/M |M<m<2M,m<N/jm<N/k
Therefore,
1/2 1/2
>oobm Y afmB)| <AL D bl > el
M<m<2M  V<k<N/m M<m<2M J<N/M
for
1/2

A= max % ) Fm) F(mk)

V<i<N/M )
V<k<N/M |M<m<2M,m<N/jm<N/k

Because ., u(d) = 0 for h > 1,if 1 <h <V then 3, 1<y pu(d) = 0.



Thus

Si==Yf) Y Am) Y w(@)

n<N mh=n,m>U,h>1 d|h,d<V

h,d<
—— Y Am) Y k) Y )

U<m<N/V V<k<N/m d|k,d<V

== D, Am) Y f(mk) u(d)

U<m<N/V V<k<N/m d|k,d<V

= > > Am) > flmk) D u(d),

Me{U,2UAU,...},M<N/V M<m<min(N/V,2M) V<k<N/m dlk,d<V

SO

|S4|<(10g2(j\‘7/) o > Am) Y fmk) Y p(d)|.

M<m<min(N/V,2M) V<k<N/m d|k,d<V

Define b,, = A(m) for m < N/V and b,, = 0 for m > N/V, and ¢, =
2 dlk.a<v 1(d). Using the above we get

|S4] < (log N) ;< ax Z b, Z e f(mk)

SMsN/V M<m<2M V<k<N/m
1/2 1/2
<(logN) max Af > [bnf > gl
SM<N/ M<m<2M J<N/M
1/2 1/2
< (logN) max A > A(m)? > d(k)?
UsM<N/V M<Im<2M J<N/M

On the one hand,

> A(m)* < (logy) Y A(m) = O(ylogy).

m<y m<y

On the other hand, let h be the multiplicative arithmetic function such that for
prime p and for nonnegative integer a, h(p®) = 2a + 1. The divisor function



satisfies d(p*) = a + 1, and

> ond) =Y )

d|p® 0<b<a

= > (2b+1)

0<b<a
—a+1+2 Z b
0<b<a

1
=a+1+2~a(“;L )

=a+1+ad’+a
=a’+2a+1
= d(p")*.

Hence, as d — @ is multiplicative and nonnegative,

> dk)> =) h(d)

k<y k<y d|k

=> hd) Y 1

d<y kd<y
=> h(d)-[y/d]

d<y

VT

But, for 0 < x < 1,

o0 3 o0 o0
(1—2) = (Z x) -y %(a F1)(a+2)20 > S 2a+ 1),

a=0 a=0

SO



Merten’s theorem?® tells us

1 -
63k
P logy

p<y

where v is Euler’s constant, and using this,

> d(k)® = O(y(log y)®).

k<y

We have therefore got for U < M < N/V,

1/2 1/2
> Am)? > dk)?
M<m<2M E<N/M
1/2 1/2
<[ T Am)? S d(k)?
m<2M k<N/M
< (O(M log M))"/* (O(N/M (log(N/M))*)"*

=O(NY2%(log N)?).
What we now have is

|S4] < (log N)-NY%(log N)?-  max A,
U<M<N/V

proving the claim. O

Putting together the estimates for Sy, Sa, S3, Sy gives, for |f| < 1,and U,V >
2, UV < N,

> f)An) < U+ (logN) Y | Y f(rh)

n<N h<UV |r<N/h

+ (log N) max Z f(kh)
k<

1<w<N/k
<V w<h<N/k
+ NY2(log N)?  max A,
U<SM<N/V
for
1/2
A= max > > f(mg) f(mk)
V<j<N/M .
V<k<N/M |M<m<2M,m<N/jm<N/k

5G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, fifth ed.,
p. 351, Theorem 429.




4 Exponential sums
For g € R, on the one hand
Z 627”13” SNQ—Nl—f—l.
N1 <n<Ns

On the other hand,

1— eQTFiB(szNrH)

2mwifn __ 2mifn __
d. e = D e - 1 — e2miB

N1<n<N; 0<n<Ny—N;
and hence
Z 6271'1677, S 22 = 1 1
N1<n<N, |1 — e |sm7r5\ 28]
Thus

. 1
Z 627”ﬁn < min{N2-N1,|/B||}.

N1 <n<N»

Let a € R and let f(n) = €2>™". Then
N 1
flrh)| < min{,}
2,20, 2 U Tl
and

Z max Z flrt)| < Z maxmln {]]Z ||k1aH }

k<V w<h<N/k E<V
1
< mm{ }
Z "kl

Let Sy(a) =3, <« A(n) f(n). By what we have worked out,

1S ()| < U+ (logN) Y mm{N 1 }

2 Thal
N 1
+ (log N) me{ ka||}
E<V

+ NY2(log N)®  max A,
USM<N/V

10



for
1/2

A= max > > f(my) F(mk)
V<j<N/M '
V<k<N/M |M<m<2M,m<N/j,m<N/k
We calculate
by f(m3) F(mk) = > e2miom(i—k)
M<m<2M,m<N/jm<N/k M<m<2M,m<N/jm<N/k
S0
N . 1
) o | < min {1,
M<m<2M,m<N/j,m<N, 1(G = K)a
sm< ,m<N/jm<N/k

We now have

[Sn(a)] < U + (log N) Z min{N 1 }

N1
W2 U Thal

+(logN>Zmin{]Z’klaH}

k<V
1/2

1
N2(log N)3 > in{d M, ————
TN N v v P U = el
V<k<N/M

But for V < j < N/M, a fortiori 0 < j < N/M, whence

) min{M,“(k_lj)a”}S > mm{M’H(k—lj)aH}

V<k<N/M O<haN/M
: 1
: |m|§V/M - {M7 ||mo‘||}
. 1
= M+21<m§v/Mm1n{M7”ma”}
. [N 1
<M+ 1<mz<;V/Mm1n{m, ||ma||} .

Summarizing, we have the following.

Theorem 5. Fora € R and U,V > 2, UV < N,

N 1
h<UV «

N 1
1/2 3 .
+ N*/=*(log N) USIA?:%}J(V/V M+ E min { m Tmal }



5 Diophantine approximation

Theorem 6. There is some C such that for all 0 < a < 1, if ’04 — ‘;
ged(a,q) =1, and T > 1, then

me{ 1 } < C(N+T+q) log(24¢T).
2 Tial ;

Proof. Write f =« — 2. Then

1
S?’

t;mm{ |;x||}< 2, 3, min

et |
0<h<T/q1<r<q {hQ+T |hgo + ra|

> Y mind !

0<h<T/q1<r<q g+r | o thab+ TﬁH
If h=0and 1 <r < {, then, using ||z —y|| > ||z| — [ly|| and |3 q%
1 o 1 1
e R PP Rl P Byl Y B
and, as ged(a,q) =1,

< 4qlog(2q).

Otherwise, 1 < h <T/qor 2 <r < g, and then hq + r >
sum over these indices is

1(h +1)g, and the

< Z Z min 1

)
0<h<T/q1<r<gq (h+ 1)q ™+ hgB +rp
So we have got

1
min < qlog(2q)+ min
t; { Teal } 2. 2 (h+ 1)

0<h<T/q1<r<q

%+hqﬂ+rﬂ

|

12



Let 1 < h <T/q,let I = [A, B] be a closed arc in R/Z of measure ¢~!, and
let J = [A—hqB—q ', B—hqB+q '] CR/Z. For 1 < r < gq,if Lthgptrfel
then % +7rB € [A— hqgB,B — hqf], and as |rB| < ¢~ !, then % e€J. As Jis
a closed arc with measure 3¢~' and %, %“, e % are distinct in R/Z, due to
ged(a, q) = 1, there are at most four r, 1 <r < q, for which 2 € J. Therefore
there are at most four r, 1 <r < g, for which *¢ + hqB + rp € I.

For0<j<q-—1,let I; = [jg ', (j + 1)~ ] If %t + hgB + 1B € I; CR/Z,
then

] > minfjg11 - (G + 1g~1)

i.e.
1 q

< — , .
%Jrhqﬂﬂng’ min{j,q — j — 1}

Therefore, for 1 < r < ¢ with % +hgB+rpel; CR/Z,

min N ! <min{ N a }
(h+1)q’ %+hq5+7~5‘ - (h+1)q" min{j,q —j — 1}
N .
< J g J=0,g-1
B min{j,g—j—l} l<j<q-2

We have just established that for each 0 < j7 < g — 1 there are at most four
1 < r < g such that % + hgB +1rp € I; CR/Z, and hence

1
22 4 hgf + 8

Z Z min h+1)

0<h<T/q1<r<q

i J=0a-1
S5 D SRR (A B

0<h<T/qO<j<q 1 mm{]q Jj—1}

= 2 (h+ +Z

0<h<T/q 1<j<q m{*] @71}
SN 1 T 1
<2t Z41)-2 -
S h+1+(q+> 0 X3
1<h<Lp1 1<j<q/2

N T
<<; log(2T'/q) + <q + 1) -qlogq.

13



Putting things together,

Z min { ”tl H } < qlog(2q) + %log@T) + (Z; + 1) qlog(2q)

N
< qlog(2¢T) + o log(2¢T) + T log(24¢T).

O

We now combine Theorem 5 and Theorem 6. For U,V > 2, UV < N, T > 1,

‘Ck - % é qiz, ng(aa q) = ]-7

N
|Sn(a)] < U + (log N) <q + UV+q> log(2qUV)

N N 1/2
N'Y2(10g N)? M+ | =+ = log(2gN/M
+ (log )USAH;?;V/V + q+M+q 0g(2gN/M)

N
< U + (log2¢qN)? (q +UV + q)

1/2
+ NY%(loggN)™?  max M—&—ﬁ—kﬁ—&—q
U<M<N/V q M

N
< U + (log2¢N)? (q FUV + q>

N N 1/2 N N 1/2
+N1/2(logqN)7/2<(U+q+U+q> +<V+q+v+q) :

Now take U =V, for which

ISy (a)] < U + (log2¢N)? +U2+q>

q

U

N N 1/2
+ NY2(log gN)7/? <U+q++q)
< U + (log2gN) 3(

N
+U% + q)
q
+N1/2(10gqN)7/2(U1/2 +N1/2q_1/2 +N1/2U_1/2 +q1/2)
N
=U + (log2¢qN)>? (q +U? + q>
4 (logqN)7/2(N1/2U1/2 _|_Nq71/2 +NU71/2 +N1/2q1/2).
For U = N?/% we get the following.

1
Sqﬁ;a

Theorem 7. There is some C such that if a € R, ’a —
ged(a,q) = 1, then for any N > 1,
[Sn(@)] < C(Ng™'/2 + N5 4 N'/2¢"/2)(log N)*.

a
q

14
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