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1 The Fourier transform

Let dm,, (x) = (2r)~"/2dz. For Borel measurable functions f, g : R” — C, when
y — f(x —y)g(y) is integrable we define

(Feo)a) = [ 1= palu)am )

FO=(ZHE =] fl@e“dm,(x), ¢eR™

R

For f,g € L, for almost all z € R", y — f(x —y)g(y) is integrable,! and using
Fubini’s theorem one checks that

frg=1fd
Let % be the Schwartz functions R™ — C. For a multi-index « and ¢ € .
define X%¢ : R™ — C by
(X¢)(z) = 2%¢(z).

Define A¢ : R™ — C by

(A¢)(x) = Y (939)(x).

Jj=1
One proves that
FD*=i"X*Z, ~ DZ =(-i)lFx°

and
F(Ap)(&) = —[E*(F ) (&)

IWalter Rudin, Real and Complex Analysis, third ed., p. 170, Theorem 8.14.




Parseval’s formula states that for f, g € L2,

(Fo)se = [ fgima = [ (FHFGdm, = (F1.79),:.

]R'n.
thus
1712 = / | Pdmn, = / \Z FPdm, = | Z ]2
R™ R»

For z € C", using Cauchy’s integral theorem we obtain

F(x+ z'y)e_i“’x)dx =e (&Y F(x)e_i<£’””>dx.
Rﬂ, R‘n,

2 The heat kernel

For t > 0 and f € L?, define H;f : R™ — C by

(Hof)(x) = 2m) "2 [ F(©)e el e dm,, (¢).

RW,
For t € Ry let
= 2
ho(z) = (4mt) 25, z e R,
and we calculate
2
Ohy = (47Tt) n/2 R ( — + |4t|2> = Ahta

which yields
Oi(f * he) = f* (Othe) = f* (Ahy) = A(f * hy).
The Fourier transform of h; is?

hul€) = / (w2 52 i) g, (2)

= (4mt) ="/ - (2m) 72 (4mt)" 2 exp(—t[¢]?)
= (2m) "2 exp(—t[¢[?).

Using m =Dy f and the Fourier inversion theorem,
(o D) = [ Rr FQe ) dinn (€
— [ (@R O dm(6)

— [ m (-t Fle)e < dm(€)
= (Hef)(z).

2http://individual .utoronto.ca/jordanbell/notes/stationaryphase.pdf, Theorem 2.



For t > 0 and for z € C™,
(H f)(2) = 2m) ™2 | F(€)e 1 €= dm, (¢)
R"L
and

2 “ .. 2
ho(z) = (4mt)="/2 exp (_Zl+4t+zn> .

It is apparent that h; : C* — C is holomorphic. By the dominated convergence

theorem,
dH “n F(E)e el g oil6r
Wt.fu):(zw) 7| @i S dm 6),
’ .

and H;f : C" — C is holomorphic.

3 The Segal-Bargmann transform and the Segal-
Bargmann space

Let A, be Lebesgue measure on R”, for ¢t > 0 let

lyl?

w(y) = t 2= ,

and let p; be the Borel measure on C" = R™ x R™ whose density with respect to
An X Ap is ¢ +iy — wi(y). We define H:(C™) to be the set of those holomorphic
functions F': C"™ — C satisfying

2
IFI2, = /C FPdp; < oo,

and for G, H € ‘H; we define

(F,G)yy, = FGdp; = / < F(z+iy)G(z + iy)wt(y)dy> dz.
(Cn n R

We call H; the Segal-Bargmann space. It can be proved that it is a Hilbert
space.

For y € R™ write g(x) = (Hif)(z +iy), and applying Parseval’s formula and
(1) yields

[ D+ i)Pdmate) = [ lote)Pdma(z)

_ / [FOPdma(€)
- / e~ (&) H, 1(€) Pdm (€).



Using this with }/IE = ﬁtf and then using Fubini’s theorem and an identity for
Gaussian integrals® we get

1H A2, = / ( /

)@+ iy) wtdy) dz

3

[ W) + i) Pdmaa) ) )i, )

n

(1,
(

. ( / T H (s >|2dmn<§>) o (y)dma(y)
S

n

%\%\%\

v (2m) exp<—2t|£|2>|f<§>|2dmn<§>) () (3)

o~

- / Q)P exp(—21ieP) (t”ﬂ [ e ) o 2)

= /Rn 7€) exp(—2t[¢]?) - exp(2t|¢[?)dm, (x)
= | ZfII3
= |l £17--

Therefore H; : L?(R™) — H;(C") is a linear isometry. We call H; the Segal-
Bargmann transform. It can be proved that H; is a Hilbert space isomor-
phism.*

For F € H; and z € C™, write

ev.(F) = F(z)

and
(TwF)(2) = F(z —w).

For f € L?(R") and t > 0 let F' = H,f € H,(C"), and for w € C", using

hi(w — @) = hy(z — w) = hy(z — @) = (Tpht) (),
we get
evy(F) = (f * he)(w)
. f(@)(Tghe) (z)dm, (z)

= <f7 Tﬁht>L2
= (H.f, HTzhy)
= (F, H/Twht) - -

Then (w, z) — (H;Twht)(2) is a reproducing kernel for the Hilbert space H;.

Shttp://individual.utoronto.ca/jordanbell/notes/stationaryphase.pdf, Theorem 3.
4cf. nttps://www.math.lsu.edu/~olafsson/pdf_files/ht.pdf



