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1 Translations and convolution

For y € R, let
Ty f(x) = flz —y).
To say that f : R — C is uniformly continuous means that ||z, f — f||, — 0 as
h — 0, where
lgll, = sup |g(x)].
zeR

Let 1 < p < oo and let .Z(LP(R)) be the Banach algebra of bounded linear
operators LP(R) — LP(R), with the strong operator topology: a net T; con-
verges to T in the strong operator topology if and only if for each f € LP(R),
I T5f = Tfllp» — 0.

Lemma 1. y — 7, is continuous R — Z(LP(R)), using the strong operator
topology.

Proof. For y € R and f € LP(R), ||rysnf —7yfllo = l7nf — fll»- Take
e > 0 and let ¢ € C.(R) with ||f —¢||,, < oco. Say supp¢ C [a,b]. Let
K=[a—1,b+1]. For |h| <1,if x ¢ K then x — h,x & supp ¢, and hence

I — oI, = / 6z — ) — da)Pde

/ 6(c — )~ o(a)Pda
(b—a+2)|me— 9l
= (b —a+2) |15 —Tyoll; -
Because ¢ € C.(R), ¢ is uniformly continuous on R, whence ||7,¢ — |, — 0

as h — 0, say ||[1h¢ — ¢, < € for |h| < h. Hence

Iry+nf =y flle =m0 f = flizs
< mnf = ol pe + lmnd — llpo + 10— Fll s
=2\f = ¢l +lITn — bl 1o
< 3e.



Define A: R xR — R by
A(a)‘l,l’g) =21+ Zo.

If pq1, po are finite Borel measures on R, let 3 ® po be the product measure on
R2, and let

1 p2 = Aw(p1 @ po2)

be the pushforward of pu; ® us by A, called the convolution of p; and po. If
f:R — [0, 0] is measurable then applying the change of variables formula and
then Tonelli’s theorem we obtain

/fd(ul * [12) Z/fOAd(Ml ® )

—/(/foA(a:l,xg)dul(m)) dpz(z2)
:/(/f(xl +x2)du1(x1)> dpz(x2).

If B is a Borel set in R then applying the above with f =15,

(i 2)(B) = [ Loy )

- / (/ 15(zy +z2)du1($1)> dpz(z2)

N /m(B — @)dpz(w2).

2 Periodic functions

Let T = R/Z, and let .(T) be the collection of C*° functions ¢ : R — C
satisfying ¢(x + 1) = ¢(x) for all € T. For ¢,¢ € #(T), for n > 1 let

dn(¢,9) = sup [¢™(z) — ™ (z)|

z€[0,1]
and
Z g—n_dn(0:¥)
1+ d 1+ du(p0)
With this metric, .7 (T) is a Fréchet space.

For n € Z, define ,
en(x) = ¥ r eR.

For f € L'(T), define f : Z — C, for n € Z, by

! 1
- / d@)e-n(@)de = | (x)e """ dx.
0 0



Denote by .7/ (T) the dual space of .(T), the collection of continuous linear
maps .#(T) — C. For L € .%#/(T), define L : Z — C by

f(n) =Le_,.
For z € R, define §, : #(T) — C by
506 = B(2).
0, belongs to #/(T), and
gz(n) = 0pe_p = e_p(x) = 727N,

For f € LY(T), define Ly € .#'(T) by

Ly = / f@)o(@)dr,  ée.F(T).

Forn € Z,

— ~

L¢(n)=Lse_,, = /0 f(x)e_n(z)dx = f(n).

3 The Poisson summation formula

If f € L1(R),

[ S miar =3 [ 15w+ wyas

nez nez
n+1

_ Z/n F(a)|dz

ne”Z

- [ Irta)ide.

This implies that there is a Borel set Ny in R with A(Ny) = 0 such that for
x € N¢,

Z|f(:v+n)|<oo.

neZ

We define Pf(z) =3, o, f(z+n) for z € N§ and Pf(z) =0 for z € Ny. Thus
it makes sense to define P : L*(R) — L'(R) by

Pf(x) =Y flz+n),

neZ

Pf=> 1_.f

ne”Z

in other words,



Then

! —2mimx o 727rim$
/0 Pf(x)e d:c—/ Zf (x+n) dx

nez
= Z/ flx+n)e 2™meqy
neZ
— Z/ 727rimxda:
nez

= /R f(z)e 2™ me dy
= f(m)

That is, R
Pf(m)= f(m)
Supposing that Pf(z) =3, o, ﬁ}t(n)e%mz’
Pf(l') — A(n)eQTrz’mL
nez

~

and supposing Pf(z) = ., f(x +n

S St n) Zf( Jermine,

nez nez

the Poisson summation formula.
For N > 1, let

For n € Z,

L N1 N— PN
=N j;o 0j/Ne—n = Z n(/N) = & Jgo e 2mind/N,

7=0

If n € NZ then Ly (n) = 1 and otherwise Ly (n) = 0. That is,

N-—
% Z /N ™ ZEN(k)ek = ZeNk.
j=0

kEZ keZ

4 The heat kernel

For z € R and ¢ > 0 define

Ht($):/6747r2t£2627”;5md§.
R

4



Using

1 [ 27i jJ?
/ exp <iau)2 + iJw) dw = o exp (—Z> ,
R 2 a 2a

for %ia = —47%t we get a = 8in*t and J = 27z, and we calculate

omi i
H — ens _ .4 2, .2
(@) =\ gz eXp< 16m2it " )

1 22
=4/-—exp|——].
it TP\ T

For f € L'(R),

~

Eﬂ@=4f@—@fm@ﬂ:€%@ﬂ®:aﬂwﬂﬁ

5 The Schrodinger equation on R

Let

which satisfies

4252 271
I(t,z), 02T(t,z)=— ”tf I(t,z) — %F(t,z)

2mix

0. T(t,x) = —

and
L 2,2
OI'(t,x) = fit I(t,x) + mix“t™“T(t, x).

This satisfies

For f: R — C, let

w@ﬂmw:f*FwJ@%:Af@W@wfyMy



This satisfies
&wﬁﬂtm:iéf@%@FWw—yMy
= [ 1) 00 n = iy

I
= Ot 2).

We also calculate

Q/J(f)(t,il}) = f(y) : F(t,CC - y)dy

R

i —mi(z—y)?
- Rf(y).\ﬂe (@=)*/t gy

1 mix?  2mizy  miy?
= . —_ _ — d
W \ﬂeXp< i T t ) Y

Let
N —_ 727r7,'xyd )
flo) = [ fa)e v

1 [2mi jJ?
/ exp (iaw2 + iJw) dw = o exp (—Z> ,
R 2 a 2a

Using



we get, with ¢ = 27t and J = 27u,

~

Lt x) - () (=1/t, —2/t)

—D(t,7) - / ()T ( 1fy>dy
=I'(t, z) - /Rf(—f - y) r (—11/) dy

i ([ )
—e T /t/ f u ezmum/t (/R e2miuytmity dy) du

J— / Fuyezrinelt \/7 <_47'Tt(2m)2) du
g /t\[t/ Fu)e2™ i/t oxp (_ : )du

) ’ miz? 2miux  wiu?
—\f/ﬂu)exp(— + 2T T ) du
i

R

=(f)(t, ).

In other words,

V() @) =Tt @) - w(f)(=1/t,—a/t)

_ \/7 —miz? / (&) -V—itexp (m’t (—% - 5)2) dg
/f exp( mie” | Tia” +2m£+mt£) dg

:/f 627r1:v£+7mt£ df
R




6 The Schrodinger equation on T

Given t and z, let y(y) = I'(¢t,2 — y). We calculate

A(6) = / Y (y)e v dy

:/\/Ze—m(az—yf/te—msydy
RVt
. . 2 . . 2
2
/\/?exp e + ey Ty —2mily | dy.
RVt t t t

1 2 . . 2
/ exp <iaw2 + z'Jw) dw = 4/ i exp <ZJ >
R 2 a 2a

with @ = —2% and J = 27£ — 27¢, for which J? = 4’;# - % + 4m2€2,
7 mix? it
\[exp (— ) -y —it exp <J2>
t t 4
mix? imx?
exp (— ; ) exp ( T 2mixé + 7ri§2t)

= exp (—27Tix§ + 7Ti§2t) .

Using

7€)

The Poisson summation formula tells us

Y ) =3 A,

neZ nez
ie. ] 2
E F(t,l‘ _ n) — E e—2mnx+mtn — E :e2mnac+mtn )
nez nez nez
Define
- 2 . 2 .
@(t7x) = E eﬂ'z(tn +2zn) _ E eTitn” J2mizn _ 2 :F(t,x _ n)
ne”Z nez nez

For ¢ € ., namely a Schwartz function, define
@t¢($) = Z/ (b(x)eﬂitnzeQTr'L'acndx7
nez R
which satisfies
Oud(a) = Y d(—n)e™™ = Gn)e™
nez nez

If f is 1-periodic, for n € Z let

~

1
f(n) = i fly)e?™ ™ dy.



Define
B(F)(tx) = O, % f(x) = / Otz — y) f(y)dy.

which satisfies

<
~
~—
=
8
~—
I

1
/ Z ewitn2627ri(zfy)nf(y)dy
0

neEZ

1
Z eﬂ'itn2 eQTriwn / f(y)e—27rinydy
0

ne”Z

_ Z em'th e27riznf(n)'

neEZ

‘We remind ourselves

@(t, I) = @t (.T) = Z eﬂitHQ e?frizn

neEZ

and
Say t = % Then for k € Z,

~ 2M
Oi(k+ N) =exp <7ri~N . (k+N)2>
M

2
= k).
exp (m N )



