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1 Khinchin’s inequality
We will use the following to prove Khinchin’s inequality.!

Lemma 1. Let Xq,...,X, be independent random wvariables each with the
Rademacher distribution. For ay,...,a, € R and A > 0,

" 1/2
P |Sa] > A <Z aﬁ) < 2e /2,
k=1
where
n
Sn = Zaka.
k=1
Proof. For t € R,
tar X tarx 1 1 1 —ta tay
E(e )= [ e"**%d 55,1 + 5(51 (x) = 5(6 b 4 e") = cosh(tay).
R
Because the X are independent,

E(ets") _ H E(etaka) = H cosh(tay),
k=1 k=1

and because coshz < ¢2°/2 for all x € R, we have

242

n o t2 n
E(etSn) S H eTk = exp (2 ZCL%) .
k=1 k=1
Let 0% =Y"7_, a?, with which

t2 2
E(e!¥") < exp (;) .

1Camil Muscalu and Wilhelm Schlag, Classical and Multilinear Harmonic Analysis, volume
I, p. 113, Lemma 5.4.




Aot

Because t — €7 is nonnegative and nondecreasing, for ¢t > 0 we have

Aot tSn
’

].Sn>)\o-e <e

which yields P(S,, > \o) < e *?*E(e!*"), and hence
t2 2 t2 2
P(S, > Ao) < e ' exp <g> = exp <—)\ot + ;) .
The minimum of the right-hand side occurs when Ao = to?, ie. t = % at which

2
P(S, > X\o) < exp (_)\2 + /\2) — N2

For t > 0,

Aot tS,

1Sn<7)\ae <e" )

which yields P(S,, < —\o) < e *?*E(e*5»), and hence

_#)202 252
P(S, < =)o) < e *lexp (()U) = exp (—)\Jt + U) ,

2 2
whence
P(S, < —Xo) < e~ A/2.
Therefore
P(|Sp| > Ao) = P(S,, > Ao) + P(S, < —Ao) < 2772,
proving the claim. -

Corollary 2. Let Xq,...,X, be independent random variables each with the
Rademacher distribution. For ai,...,a, € C and A > 0,

" 1/2
P [Sn] > A (Z Iakl2> < de N2,
k=1

where

Sn = Z Oszk.
k=1
Proof. Write a, = ay + ibg. If

n 1/2
[Sn(@)] > A (Z Iakl2> ,
k=1

then N
|Sn(@)? > A2 (af +b).

k=1



But
|Sn(w)|? = (Zn: aka(w)> + <Zn: kak(w)> :
k=1 k=1

so at least one of the following is true:

n 1/2 n 1/2
>A<Za,§> : >A<Zb,§> :
k=1 k=1

Zaka(w) Zkak(w)
k=1 k=1

By Lemma 4,

. 1/2
PS> A (Z ai) < 2e™ /2

and (
<

el
Il
—

P
k=1
thus
n 1/2 n 1/2
P |Sn>)\<Z|ak|2> < PS> Zai)
k=1 k=1
n 1/2
+P|[S,] > A (Zbi)
k=1
<4e N2,
proving the claim. O

We now prove Khinchin’s inequality.?

Theorem 3 (Khinchin’s inequality). For 1 < p < oo, let

Cp)= (2% p-T (g))”p,

and let % + % =1. If Xq,...,X, are independent random variables each with
the Rademacher distribution and a1,...,a, € C, then

n 1/2 n p\ /P " 1/2
—1 2 2
co (Somr) e (o] | oo (Tmr)
k=1 k=1 k=1

2Camil Muscalu and Wilhelm Schlag, Classical and Multilinear Harmonic Analysis, volume
I, p. 114, Lemma 5.5; Thomas H. Wolff, Lectures on Harmonic Analysis, p. 28, Proposition
4.5.




Proof. First we remark that it can be computed that

(/Oooptpl ~4et2/2dt)1/p = (21+g p-T (g))l/p =C(p).

Let 02 = Y7, |ax|* and let ap = % if o = 0 then the claim is immediate.

To prove the claim it is equivalent to prove that

n p\ 1/p
Zaka ) SC(p)

k=1
Write S, = Y p_; axXy. Using the fact that for a random variable X with
P(X>0)=1,

Clq) ' <E (

E(XP):/ ptP~tP(X > t)dt,
0

we obtain, applying Lemma 2,
E(S) = [ PUS, 0 < [ gt e
0 0

and thus
E(|Sa[")"? < C(p). (1)

Using Holder’s inequality, because the Xy are independent and F(X) = 0

and E(|X|?) =1,
2 p\ 1/p q\ 1/q

n q\ 1/q
E(Zaka ) < C(q),
k=1

and as Y ,_, || = 1 we obtain
P> 1/p

Clo)™! < B(IS.")"7 < C(p),

which proves the claim. U

> arXy

k=1

n
> leuf? = B
k=1

n
D anXi
k=1

n
D X
k=1

Applying (1),

1<C(gE <

n
g o Xy
h=1

Thus we have



2 Etemadi’s inequality

The following is Etemadi’s inequality.?

Theorem 4 (Etemadi’s inequality). If Xi,...,X, are independent random
variables, then for any x > 0,

> < >
P (1?1?§n [Sk| > 3x) <2P(|S,| > x)—!—lrSn]?anP(|Sk| >x) < 31rSnkaSXnP(\Sk| > x),

where Sy, = Zle X;.
Proof. For k=1,...,n, let

Ay = {1 max |S;| < 336} N {|Sk| > 3z},

<j<k—1

with Ay = {|S1] > 3z}. Ay,..., A, are disjoint, and

For each 1 < k < n,
A NA{|Sn] < 2} C AN {|S, — Sk| > 22},
and also, the events Ay and {|S,, — Si| > 22} are independent, and thus

P(A) = P(AN{|Su| > 2}) + P(AN{|S,| < z})
< P(|Sp] 2 2) + P(AN{[Sn| < z})

< P(|Sn] = 2) + Y P(A N {[Sy — Sk| > 22})
k=1

= P(|S,| > 2) + > _ P(A)P(|Sy — Si| > 21)
k=1
< > _ . .
< P(|Sn]| > x) + 11;1}3%”]3(\5” Sk| > 2x) - P(A)
Then, because |a — b| > 2z implies that |a| > = or |b] > z,
P(A) < P(|S,| > z) + 1Ign1§lénp(|sn — Sk| > 2z)

< P(|Sn] 2 2) + max (P([Sn] > ) + P(|Sk] > 2)).

3Allan Gut, Probability: A Graduate Course, p. 143, Theorem 7.6.



The following inequality is similar enough to Etemadi’s inequality to be
placed in this note.*

Lemma 5. Let &1,...,&, be independent random variables with sample space
(©,.7,P). Let (o = 0 and for 1 < k <n let & = S0 &. If P(|Cn — G| <) >
a for 0 < k <n then

< —1
P<1I<nlgx Gl >2t> o P(IGal > 1).

Proof. For 0 < k <n let
Ap = {IG] <2t [Ce—1] < 2¢,[Ck| > 2t} B = {[¢n — G| < t},
where Ag = Q. Because |Cu| > |Ce] — [Cn — Ckl,
A 0 By, C {[Gnl > t},

and so
n

U (4k 0 Bi) € {[¢al > 1}

k=1

It is apparent that for j # k the events A; and Aj are disjoint, so the sets
Ay N By,...,Ax N By are pairwise disjoint, hence

P(lCn| > t) >P (O(AkmBk)> = iP(AkﬂBk).

k=1 k=1

For each k, using that &, ..., &, are independent one checks that the events Ay
and Bj are independent, and using this,

n n
|Cn| > t Z Ak Bk > Z Ak =aP (U Ak>
P =1 k=1
that is,

>
Plical > 1) > ap (a6 > 2¢) .

proving the claim. O

4K. R. Parthasarathy, Probability Measures on Metric Spaces, p. 219, Chapter VII, Lemma,
4.1.



