Nonholomorphic Eisenstein series, the Kronecker
limit formula, and the hyperbolic Laplacian
Jordan Bell

jordan.bell@gmail.com
Department of Mathematics, University of Toronto

January 22, 2022

1 Nonholomorphic Eisenstein series

Let H={x+iyeC:y >0} Forr=x+iy € Hand s = o + it,0c > 1, we
define the nonholomorphic Eisenstein series

G(t,s) :% Z y
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The function (7,a,b) — a7+ b is continuous H x S — C, and for all 7 € H and
(a,b) € S* we have at + b # 0. It follows that if K is a compact subset of H
then there is some Cx > 0 such that |ar + b| > Ck for all T € K, (a,b) € S*.
Then, for all 7 € K and for all (0,0) # (m,n) € Z2,
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|m7’+n\2 = m T+ " (m2+n2) ZC’K(m2+n2),
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and hence . . .
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|mT 4+nl2s|  |mT+nl2 = (Cx(m?+n2))o’

Because 0 > 1,
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It follows that for any s = o + it with o > 1, the function 7 — G(7,s) is
continuous H — C.

It is sometimes useful to write G in another way. For 7 = = 4+ iy € H and
Res > 1, define

S

1 y
E(r,s) = = 3 ,
=3 e+ d|%

(¢,d)€Z?,gcd(c,d)=1



Theorem 1. For all 7 € H and Res > 1,
G(r,s) = C(25)E(r,s).
Proof. First we remark that for 0 # a € Z, ged(a,0) = |al. For (0,0) # (m,n) €
72, with v = ged(m,n),
ged (@, ﬁ) =1.
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Then
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v>1 (m,n)€Z?,gcd(m,n)=v

G(r,s) =
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v>1 (¢,d)€Z2?,gcd(c,d)=1
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(¢,d)€Z? ,gcd(c,d)=1 v>0
= ((25)E(7, 5).
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2 Modular functions

Theorem 2. For <Z z> € SLy(Z), T € H, and Res > 1,

at +b
G (C7‘—|—d’8> = G(T, S).

Proof.
ar+b ar+b +d  act|® + adr + beT + bd
cr+d crd+d FHd ler + d|?

so, for 7 = z 4 iy and % = u + iv, using that ad — bc =1,

_ac|t]? + bd + z(ad + be) . y o
N ler + d|? ’ e +dJ?’

we shall only use the expression for v. Also, for (m,n) € Z2,

m(aT—i—b) e (ma—l—nc)T—l—mb—i—nd.
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But (‘CL 2) € SLy(Z) implies that

(m,n) — (ma+ nc, mb + nd)

is a bijection Z2\ {(0,0)} — Z2\ {(0,0)}, so

)3 : D e
2s 25
(0.0) Loy ez |(ma + nb)T + mb + nd| 00 r)CE? |ur + v

G (M,s) = G(T,s),

ct+d
completing the proof. O

and thus we get

3 Fourier expansion

We now derive the Fourier series of G(- H K, 1 denotes the Bessel function.

Theorem 3. If 7 € H and Res > 1, then

1
G(1,5) = ((28)y* + 72 MC(% — 1)yt

I'(s)
+ 2% "; N o_gsiq (n)Fy_1(2mny) cos(2mna),

where

Proof. Define

yl® .
S(z, s) Z|z—|i—|n|2€ z=z+1iy,y#0, Res>1.

We can write G(, s) using this as
< 1 S(mr,s)
Z |n|25 Z )3 ey Imr +n\23 =y°C(2s) + 5 > im[s
m;ﬁO neZ m#0

The Poisson summation formuld?] states that if f : R — C is continuous and
of locally bounded variation, then for all x € R,

S fa4n) = 3 Flk)e,

nez keZ

1Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 211, Theorem
10.4.3.

2Henri Cohen, Number Theory, vol. I: Tools and Diophantine Equations, p. 46, Corollary
2.2.17.



where
o= [emapwa,  cer
R
Let z = x +1y,y # 0, let Res > 1, and define f, : R = C by
f@) =lt+iy™> = (t+iy)(t —iy)~* = +y*)™°,  teR

Applying the Poisson summation formula we get

Z |x+n+iy\_28 _ Z};(k)e%rikx’

nez kEZ

ie.,

S(z,8) = [y > fy(k)e*™ k=, (1)
keZ
with

f‘y(k) _ / e—2m‘kt(t2 +y2)_sdt.
R
As y # 0, doing the change of variable ¢t = yu we get
F) = [ 2y g2)

— |y|f2s+1/6727rikyu(u2_|_l)fsdu
R

= 2|y| 2! / cos(2mkyu) (u? + 1)~ du;
0

the final equality is because the function u + (u? + 1)~* is even.
We use the following identityﬂ for a > 0 and Re s > %,

/Ooo cos(au)(u? +1)"*du = /2. (%)Si% . % - K,_1(a).

For k € Z \ {0}, using this with a = 27 |ky| > 0 gives

T —2s sS—5 1
Fy(k) = 2Jy[ 251 72 (mlky|) ™% - - K,_1(27|ky])

I(s) 72
_ —s+1 s 5—% . 1 A
Therefore becomes
1

s s —s+1 s s—1 ik
S(z,8) = y[*F,(0) + [y[* > 2yl 2w (k[ 2 - () - K,_1(27lky|) - >

k50

sf 3.5 1 s—1 Tikx
= |y|*fy(0) + 2yl 27" - == D [k°"7 - K,_1 (2nky]) - >™*
I'(s) P 2
~ 1 &
= [y f,(0) + Aly|z 7 - () ;k‘**% (K, (27k]y) - cos(2mkz).

3Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 117, Theorem 9.8.9.



We use the following identity for the beta functionﬂ For Reb > %Re a >0,

[T orta=ga(go- ) - HETEED

Using this with a = 1 and b = s, and since I' (%) = W%,

1
; - - )
—9 725+1-/ 2 )5 du = 9yl 251 2)

Therefore

I'(s)
1 &
+ 4‘y| 275 @ Z kS*% Ks_;(QTFMyD . COS(Zwkx)
k=1
:7r%.|y—s+1 F(S_%)
I'(s)
s o0
+ 2Fﬂ(-5) Z k3_1F57%(27Tk‘|y‘) . COS(27T]€$).
k=1

We now express G(7, s) using this formula for S(z,s). For 7 € H and Re s >
1, since S(z,s) = S(—z,s),

N S )
G(1,5) =y°C(2s) + % Z (|T:17|-SS)
m#0
. = S(mr,s)
=y°C(2s) + mz:; e
) r 1 e3¢} —s+1
=y°C(2s) + 7> (;(8)2) Z (m?i)"ﬁ
m=1
+ 21“725) mz::l mi ; k*TUF, s (2mkmy) - cos(2mkma)
_1
=y°(C(2s) + W%MQ_SHC(QS —1)

s s—1
r Z b —F,_1(2rkmy) - cos(2mkma).
(8) k,m>1 m

Z Es—1 _ Z M — N1 Z m~25 = N5 lo o 1 (N),

ms m2571
km=N km=N km=N

4Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 93, Corollary 9.6.40.



this can be written as
I'(s—1
G(r,s) = y*((25) + w2 (129(8)2)31‘”1((28 -1

s 00
+ QI‘ﬂ(-s) Z NS—10_23+1(N)FS_% (2rNy) cos(2rNz),
N=1

completing the proof. O

We use the above Fourier expansion to establish that for all ¢ € H, G(r, s) has
a meromorphic continuation to C and satisfies a certain functional equation[]
The meromorphic continuation and functional equation of G(7,s) can also be
obtained without using its Fourier expansionﬂ

Theorem 4. For any 7 € H, G(r,s) has a meromorphic continuation to C
whose only pole is at s = 1, which is a simple pole with residue 7. The function

G(r,s) =7 °I(s)G(7, )
satisfies the functional equation

G(r,1—s5)=G(r,s).

Proof. For v € C and for w > 0 we have[]
o)
K, (w) :/ e~ st cosh(vt)dt
0

andﬁ

20w\ "2
K, (w) ~ (w) e, w — +00.
T

Using the above identity, one checks that for w > 0, the function s — K,_1(w) is
entire, and that for any s € C, the function w — K,_1(w) belongs to C*(R>o).
We have a fortiori that for any s € C,

K, 1(w)=0(e™"), w — +00.

5Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 212, Corollary
10.4.4.

SPaul Garrett, The simplest Fisenstein series, http://www.math.umn.edu/~garrett/m/
mfms/notes_c/simplest_eis.pdf

‘Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 113, Proposition
9.8.6.

8Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 115, Proposition
9.8.7.
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Let A(s) = 72T (£) ¢(s). The functional equation for the Riemann zeta
function states that A has a meromorphic continuation to C whose only poles
are at s = 0 and s = 1, which are simple poles, and satisfies, for all s # 0, 1,

Al —s) = A(s).
Using the Fourier series for G(-, s), we have that for 7 € H and Re s > 1,

G(r,s) = °T(s)G(r,s)
= A(28)y* + A(2s — 1)yt

+2 Z n* o _get1 (n)F,_1(2mny) cos(2mn).
n=1

The residue of A(2s) at s = 0 is —1; the residue of A(2s) at s = L is 1; the
residue of A(2s—1) at s = 3 is —1; and the residue of A(2s—1) at s = 1is . It
follows that the residue of G(7, s) at s = 0 is —3; the residue of G(7,s) at s = 1
is $y/2 — Iy/2 = 0; the residue of G(7, s) at s = 1is &; and these are no other
poles of G(7,s). Because I'(s) has a simple pole at s = 0, G(7,5) = %Q(T, s)
does not have a pole at s = 0. The residue of G(7,s) at s = 1 is ﬁ . % =Z,

and this is the only pole of G(7, s).
For s € C,

175)710—2(1—5)“ (n) =n"*09,_1(n)

— Z (ef)—se2s—1

n(

ef=n

— Z esflffs
ef=n

= Y ey
ef=n

=n""lo_s.i1(n).

Generally, K, = K_,, so F 1= F(lfs)fé. Thus each term in the series in the

above formula for G(7, s) is unchanged if s is replaced with 1 — s, and together



with A(1 — w) = A(w) this yields
G(r,1—s) = A2 —2s)y' 5 + A(2 — 25 — 1)y~ 1=+

=+ 2 Z n8710725+1(n)F577

1(2mny) cos(2mna)

n=1

=A(1— (25— 1))y~ + A(1 — 2s)y°

+2 i n5710_25+1(n)E9_% (2mny) cos(2mn)
n=1

= A(2s — 1)y'~* + A(2s)y*

+2 i nsfla_gs_s_l(n)Fs_% (2mny) cos(2mn)
n=1

=G(,s).

4 Kronecker limit formula

For 7 € H, Theorem [4] shows that G(7, s) is meromorphic and that its only pole
is at s = 1, which is a simple pole with residue 7. It follows that G(7,s) has
the Laurent expansion about s =1,

s 1
G(T’S):i's—l

+ao(r) +ar(r) - (s=1)+---,

and so defining 5C(7) = ao(7),

1
G(T,s):z +C(r)+0(s—-1)) ), s— 1.
2\s—1
We define the Dedekind eta function n: H — C by
. o0
) =¥ [[A-a7), reml
n=1

where g = €2™" = e~ 2™e2™® for 7 = x + iy. We now prove the Kronecker

limit formulaﬂ which expresses C(7) in terms of the Dedekind eta function.

Theorem 5. For 7 = x + iy € H,

Glr,s) = 5 <Si1+0(f)+0(|s—1|)>, s 1,

with
C(r) =2y —2log2 — logy — 4log |n(7)].

9Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 213, Theorem
10.4.6.




Proof. Define

Then
1 [(s—1
log G(s) = B logm +log((2s — 1) + (—s + 1) logy + log <(832)> . (2)
We use the asymptotic formula

1
C(S):S_il+7+0(|5—1\)7 s— 1,

and with
log(1 + w) :w+0(|w|2), w— 1,

this gives, as s — 1,

log ¢(s) = log (fl Ty O(ls 1>)

= —log(s — 1) +log(1 + (s — 1) + O(]s — 1|?))
= —log(s — 1) +7(s — 1)+ O(|s — 1),

and hence
log ¢(2s — 1) = —log(2s — 2) + (25 — 2) + O(|s — 1]?), s— 1.

The Taylor series for logI'(z) about z = 3 is

9] k
1 1
logT(z) = 5 logm — (2log2 + ) (z - 2) + ;(—1)’“(2’“ —1)= <z - 2) ,
for |2 — 4| < 1, and the Taylor series of logI'(1 + z) about z = 0 is

logT'(1+2) = —vz+ i(—l)k%zk,
k=2

for |z| < 1. Using these we have

1 1
logT (s— 2) = §log7r— (2log24+7)(s — 1) + O(|s — 1]?), s—1

and
log['(s) = —y(s — 1) + O(|s — 1]?), s— 1.



Applying these approximations with we get, as s — 1,
1
log G(s) = 3 logm —log(2s — 2) + (25 — 2) + O(|s — 1]*) + (—s + 1) log y
1
t3 logm — (2log2 +7)(s — 1) + O(|s — 1)
+9(s = 1) +O(|s — 1)
=logm —log2 —log(s —1) +2y(s — 1)+ (—s+1)logy
—(21og2+ ) (s — 1) + (s — 1) + O(|s — 1)
= logg —log(s — 1) + (2y — 2log2 — log y)(s — 1) + O(]s — 1]?).
Taking the exponential and using
eV =14+w+ O(|w|?), w — 0,

as s — 1 we have

T
G(s) = 5 a1 (14 (2y —2log2 —logy)(s — 1) + O(|s — 1%))
m 1 s
=3 5:-1t3" (27 —2log2 —logy) + O(|s — 1]).

Using this and the fact that

2

C@s)y" =Ty +0(s 1), s,

Theorem |3| thus yields that as s — 1,

2 T 1

Grs)=gv+3 523

+ g +(27 = 2log2 —logy) + O(|s — 1|)
+ 2% 2 n°"to_ggp1(n) Fy_ 1 (2mny) cos(2mna).

‘We have

S

I'(s)

=7+ O0(]s —1]), s— 1.
As well,
n*t=1+0(s —1|), s—1,

and

o ger1(n) = _d T =3 "(d7'+0(]s-1])) = o1 (n)+0(|s—1]), s 1.
d| d|n

Finally, we use the fact that that for all ¢t > OH

— |t
K%(t)_ Qte )

10Henri Cohen, Number Theory, vol. II: Analytic and Modern Tools, p. 112, Theorem 9.8.5.
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giving

and hence
F, 1 (2mny) = e 2™ 4 O(|s — 1)), s— 1.

1
2
Therefore, as s — 1,
7'('2 e

Grs)=5v+3 53

+ g (27 —2log2 — logy)
+ 2 Z 1-0_1(n)e”*™ cos(2mnz) + O(|s — 1]).
n=1

This implies that the constant term in the Laurent expansion of G(7,s) about
s=1is

2 o0
ap(T) = %y + g (27 —2log2 —logy) + 27 Z o_1(n)e”*™ cos(2mnz).

n=1

But, with ¢ = *™,

Re (Z U_l(n)q"> =

o_1(n)Re (e2™"7)

gk

1

3
I

o_1 (n)Re (6727rnye27rinm)

M

1

3
Il

o_1(n)e” 2™ cos(2mnz),

M

3
Il
-

SO
2

ag (1) = %y + % (27— 2log 2 — logy) + 2mS(7),

where
S(t) =Re (Z o_l(n)q"> .

Using the power series for log(1 + z) about z = 0,

log [T(1—q¢") = log(1—¢")
n=1 n=1

11



S(t) = —Re (log H(l - q”)) :

Then, because
Re log z = log ||

and because

In( =‘H1—q %H\l—qnl,
n=1 n=1
this becomes
logH 1-q"| = —*—log\n( )l

Thus

2 2

ao(7) = -y + 5 (27— 2log2 —logy) — —y — 2mlog [n(7)]
=3 (2v —2log2 — logy) — 2 log [n(7)],
SO
C(1) =2y —2log2 — logy — 4log |n(7)],

completing the proof. O

5 Hyperbolic Laplacian
For f € C?(H), we define Agf : H — C by
(Auf)(r) = —y*(02f + 05 f)(7), T=x+iycH.

For more on Ay see the below references[]
Let (0,0) # (m,n) € Z? and Res > 1, and define f : H — C by

S

f@,y) = y°lmax +n +imy| ™ = y* (ma +n + imy) = (mz +n — imy)~

Write

—S

g(z,y) = (mx +n+imy)”°*(mx +n — imy)

'Daniel Bump, Spectral Theory and the Trace Formula, http://sporadic.stanford.edu/
bump/match/trace.pdf; Fredrik Stromberg, Spectral theory and Maass waveforms for modular
groups— from a computational point of view, http://www.cams.aub.edu.lb/events/confs/
modular2012/files/lecture_notes_spectral_theory.pdf; cf. Anton Deitmar, Automorphic
Forms, p. 54, Lemma 2.7.3.
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We calculate

)—s—l

(0z9)(x,y) = —s(mx +n + imy m(mz +n —imy)~°

— s(max 4+ n + imy) "% (ma +n — imy) 5" Im,

and
(029)(z,y) = s(s + 1)(mzx + n + imy) " 2m?(max +n — imy) ~*

x
+ 8% (ma 4+ n + imy) "5 (ma + n — imy) " im?

+ 8% (mx +n +imy) T im (me +n —imy) !

+ 5(s 4+ 1) (max + n + imy) " (ma +n — imy) 5" ?m?
= s(s + 1)m?(maz + n + imy) 2g(z,y)

1

+ 25*m?(mx + n + imy) " (mx +n — imy) gz, y)

+5(s + Dym*(max +n — imy) g (z, y),
from which we have

(021)(w,y) = s(s + 1)m*(ma + n + imy) > f(z,y)
+282m?|m7 +n| "2 f(x,y)
+ 5(s + 1)m?(mz 4+ n — imy) "2 f(x, y).

We also calculate

—s—1:

(Oyg)(x,y) = —s(mx + n +imy) im(mx +n —imy)~°

— s(mx +n +imy) " (mx +n — imy) "5 (—im),

(859)@, y)=s(s+1)(mz+n+ imy)*sfz(—mQ)(mx +n—imy)°
+ 8% (ma +n +imy) "5
+ 8% (ma +n + imy) "5
+ 5(s + 1)(max 4+ n + imy) ~ (mz + n — imy) ~°"2(—im)
= —s(s + )m?(mz +n +imy) 2g(z,y)

+ 25%m?*(mx + n + imy) " (ma +n — imy)~

)7571Wf

mx +n —imy
_3_1(—im)
2

im)(mx + n — imy)

Yg(x,y)

— s(s 4+ 1)m?*(max +n —imy) 2g(x,y).

Now,
Oy )@, y) = sy* g, y) + y°(9y9)(z,y)
and
(02f)(x,y) = s(s — Dy* 2g(z,y) + 2sy° ' (9y9)(x,y)
+y°(079)(x,y),

13



from which we have

(02 f)(x,y) = s(s — 1)y*?g(z,y)

—25%imy* Y (mx +n + imy) !

9(x,y)
9(,y)
= s(s+ D)ym*y* (mx + n + imy) " *g(z,y)

+ 25%imy* " (max +n —imy) "

+282m2y* (mx +n + imy) " (ma +n —imy) "L g(z, y)
— s(s + Dy (ma + n — imy)~2g(z,)

— s(s — L)y f(a,y)

— 25%imy Y (max +n +imy) " f(z,y)
+ 2s%imy ™ (mx +n — imy) "1 f(z, )
— s(s + \ym2(mz +n + imy)~2f(z,1)

T 252 e+l 2 (2, y)
— s(s 4+ 1)m*(mx +n —imy) "2 f(z,y).

Combining the above expressions we get

(O2f + 85)(90, y) =m2f(x,y) - (2s2|m7 + 0|72 + 252 |mT + n|_2>

+s(s — D)y *f(z,y)

— 25%imy " Y(ma + n + imy) " (2, y)

+ 2s%imy ! (mx +n — imy) " f(z,y)

=1 (a) (274 + 02+ 25 07
s(s = Dy~ 2 f(x,y) — 4s*m*[m7 +n| "2 f(z,y)
=s(s — Dy~ f(z,y).

+

Thus
(Auf)(z,y) = s(s = 1)f(z,y),
ie.,
Agf=s(s—1)f.
Thus we immediately get that for Res > 1,

AgG(-,s) = s(s — D)G(+, s).

Because the coefficients of the differential operator L = Ay — s(s — 1) are real
analytic, a function f : H — C satisfying Lf = 0 is real analyticE Therefore,
for Res > 1, G(-, s) is real analytic.

12Lipman Bers and Martin Schechter, Elliptic Equations, in Lipman Bers, Fritz John, and
Martin Schechter, eds., Partial Diferential Equations, pp. 207-210, Chapter 4, Appendix.
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