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1 First kind

On the one hand,

(cos@ +isinfh)" = Z i <n) cos™ " fsin” 0
0<v<n v
= Z (—1)* (272) cos ¥ (6) sin®* (0)
0<2k<n
n
+1 Z (—1)* ( ) cos" 2k~ 1(g) sin?k 1 ().
0<2k+1<n 2k+1

On the other hand,

(cos B 4 isin®)" = ()" = e = cosnb + i sin nd.

Therefore
cosnf = Z (—=1)* (;ﬂ) cos™ 2 (0) sin?*(9)
0<k<n/2
= Z (—1)k <27;€) cos" 2% (0)(1 — cos? 0)"
0<k<n/2
= Z <272;> cos" 2k () (cos? 6 — 1)k
0<k<n/2
_ n n—2k k 2k—2j j
= Z of ) €05 (9) Z . ) cos 0)(-1)
0<k<n/2 o<j<k ™
B Y n\ (k
- Z (—=1)7 cos" % (6) | > (2k> (J)
0<j<n/2 j<k<n/2
Now,

B0 ()
j<hansz 2RI\ ST



Hence

cosnb = Z (—1)7 cos”zj(a)Q”le(n'])n

0<j<n/2 Jo/n=d
For z € C let
D S L e R P )
0<j<n/2 JosnTd
Note

T(2)[z"] = 2" 2"

Theorem 1.
T, (cos ) = cos(nh)

and
TyoTy =Tmnn.

Proof. For 0 € R,
T, (cosf) = cos(nh).

Then
T (T (cos 8)) = T, (cos(nB)) = cos(mnb) = Tpp(6).

That is, for z € [—1,1] we have T,,(T,(2)) = Tun(2). Then by analytic contin-
uation it follows that this is true for all z. O

Theorem 2.
To(2) + Tho(2) = 22T, —1(2).

Proof. Using cos(a + 8) = cos acos 8 — sin avsin 3,
cos(nf) = cos( + (n — 1)8) = cos cos((n — 1)0) — sin O sin((n — 1)0)
and
cos((n — 2)8) = cos(—0 + (n — 1)8) = cos @ cos((n — 1)8) + sin @ sin((n — 1)8).

Then
cos(nf) + cos((n — 2)0) = 2cos b cos((n — 1)0).

Therefore

T, (cos8) + T,,_2(cos ) = cos(nb) + cos((n — 2)8)
= 2cosfcos((n— 1))
=2cosf - T,,—1(cosh).

That is, for z € [-1, 1],
To(2) + Tho(2) = 22T, -1 (2),

and by analytic continuation this is true for all z € C. O



2 Second kind

Define
nUp—1(2) = T)(2).

n

Theorem 3.
sin(nf)

sin 0

Up—1(cosf) =

and
(1 — 22TV (2) = nUn(2) — n(n + 1)T,(2).

Proof. On the one hand,
(T (cosB)) = —sinf - T/ (cos §).
On the other hand,

(T (cos0)) = (cos(nh))’ = —nsin(nd).

Hence in(nf) in(nf)
, _ sin(n y_ sin(n
T, (cosf) =n g U,—1(cosf) = e
Now,
(T} (cos ) = —sinf - T/ (cos 6)
and

n cos(nf) sin @ — sin(nf) cos 6

(T (cos0)) =n

sin? 0
_ 7ncos(n0) sin 0 +2 sin(nd) cos 0 Fn(n+1) cos(7.192) sin @
sin” 0 sin” 0
sin((n 4+ 1)0) cos(nd)
= Y 1
" sin? 0 +nn+1) sin 0
~ Upn(cosb) T, (cos )
= sing +n(n+1) sinf
Hence U, (cos0) T, (cos0)
T (cos ) — nUn(c080) 1y In(cos
n(cosf) =n sin? @ n(n+1) sin? @
and then U (cosb) T, (cosh)
(cosd) = nUn(€050) T(cos0)
Tn(cose)—nl_cosza n(n—i—l)l_COSQo.

By analytic continuation,

(1= 22TV (2) = nUn(2) — n(n + 1)T,(2).



Theorem 4.
Thi1(2) = 2T (2) — (1 = 22)Up_1(2).

Proof.
T41(cos @) = cos(nb + 0)
= cos(n#) cos f — sin(nf) sin @
=T, (cosf) cosf — U, _1(cosf) sin @
=T, (cosf)cosf — U,_1(cos ) (1 — cos? §).

Therefore by analytic continuation,

Thi1(2) = 2T (2) — (1 — 22)Up_1(2).

Theorem 5.
Un(z) = Ty (2) + 2Up—1(2).

Proof.

sin(nd + 0
U,(cosb) = %

_cos(nf) sin 0 + cos 0 sin(nf)

sin
= T, (cos ) + cosb - Uy, _1(cosB).

Therefore by analytic continuation,

Un(2) =Ty(2) + 2Up-1(2).

Theorem 6.
Un(z) = 22Up_1(2) + Up—2(2).

Proof. Using Theorem 4 and Theorem 5,

Un(2) = Tn(2) + 2Up—1(2)
= 2T 1(2) — (1 = 22)Up_2(2) + 2U,_1(2)

= 2|Un_1(2) = 2Up_o(2)| = (1 = 22 Upn_2(2) + 2Up_1(2)

= 22Un71(2’) + Un,g(z).



Theorem 7.
(1= 2T (2) — 2T, (2) + n*T,(2) = 0.

Proof. Using Theorem 3, and Theorem 5,
(1 = 2*)T;/(2) = 2T;,(2) + n*To(2)
=nU,(2) — n(n + 1)T,,(2) — nzU,_1(2) + n*T,,(2)

=n(Ty(z) + 2Up—1(2)) = n(n+ V)T, (2) — nzUp—_1(2) + nZTn(z)
=0.

From Theorem 1
T (1) = T, (cos0) = cos(n - 0) = 1.

From Theorem 3,
T, (1) = nU,_1(1) = n%

Thus, T;, is the unique solution of the initial value problem
(1 —a?)y"(x) — 2y (z) +n’y(z) =0,  y(1) =1,'(1) =n*.

Theorem 8.
To(2)? = (22 = 1)U, 1(2)? = 1.

Proof. Using Theorem 1 and Theorem 3, for z = cos ¥,
Th(2)* = (22 = DU,_1(2)? = Ty (cos 0)* + (sin? ) U,,_1 (cos 6)*

sin?(nf)

sin® 6

= cos?(nf) + (sin®0)

= cos?(nh) + sin*(nd)
=1

By analytic continuation, this is true for all z.

3 Inner products
For 0 < 0 < 7 let y,,(0) = cos(nd).
yn+ 1y, =0,  y,(0)=0,y,(7) =0.

Theorem 9.

LT (2) T () g T
L @) () , undf = 5
| e = [ ydo = 55,



Proof. Let W = ynyl, — ynyl,. We calculate

W' = Yr Y + Ymn — YnYrm — YnYmYmYn — YnYm,
= YmYn — YnYm,
= ym(_n2yn) - yn(_mQym)
= (m2 - n2)ymyn~
Using W(0) =0 and W (r) = 0,
W' (0)do = W (x) — W(0) = 0.
0
Then .
/ (m? = n?)Ymyndd = 0.
0

Doing the substitution ¢ = nf,

/ yndf =
0

s

cos?(nf)d

™14 cos(2nd)

5 do

NN S— S—

Therefore -
T
mUndd = = - Opn-
/0 Ymy 9 ,

For 0 < 6 <7, V1 ——cos?26 =sinfl. Then doing the substitution x = cos 6,
dx = —sin0d#,

/ ymyndez/ cos(m#) cos(nf)df
0 0

T — sin 0d6
= /0 cos(md) cos(nh) ot
_ / cos(m@) cos(nb (— sin 6)d6

0o —V1—cos28

_ ! TM<x)Tn(w)
/1 i dx
= /_11 Tm(f)fﬂr;(;) dx.



