LAMBERT SERIES IN ANALYTIC NUMBER THEORY

JORDAN BELL

ABSTRACT. Tour of 19th and early 20th century analytic number theory.

1. INTRODUCTION

Let d(n) denote the number of positive divisors of n. For |z] < 1,

oo o0 z"

d n — X
dodm)" =3
n=1 n=1

2. EULER

The first use of the term “Lambert series” was by Euler to describe the roots of
an equation.
Euler writes in E25 [27] about the particular value of a Lambert series.

3. LAMBERT

Bullynck [7, pp. 157-158]: “As he recorded in his scientific diary, the Monatsbuch,
Lambert started thinking about the divisors of integers in June 1756. An essay by
G.W. Krafft (1701-1754) in the St. Petersburg Novi Commentarii seems to have
triggered Lambert’s interest [Bopp 1916, p. 17, 40].”

Bullynck [7, p. 163]:

Lambert did more than deliver the factor table. He also addressed
the absence of any coherent theory of prime numbers and divisors.
Filling such a lacuna could be important for the discovery of new
and more primality criteria and factoring tests. For Lambert the
absence of such a theory was also an occasion to apply the princi-
ples laid out in his philosophical work. A fragmentary theory, or
one with gaps, needed philosophical and mathematical efforts to
mature.

To this aim [prime recognition] and others I have looked

into the theory of prime numbers, but only found cer-

tain isolated pieces, which did not seem possible to make

easily into a connected and well formed system. Euclid

has few, Fermat some mostly unproven theorems, Euler

individual fragments, that anyway are farther away from

the first beginnings, and leave gaps between them and the

beginnings. [Lambert 1770, p. 20]

Bullynck [7, pp. 164-165]:

Date: May 17, 2019.
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In 1770, Lambert presented two sketches of what would be needed
for something like a theory of numbers. The first dealt mainly
with factoring methods [Lambert 1765-1772, II, pp. 1-41], while
the second gave a more axiomatic treatment [Lambert 1770, pp.
20-48]. In the first essay, Lambert explained how, for composite
number with small factors, Eratosthenes’ sieve could be used and
optimised. For larger factors, Lambert explained that approxima-
tion from above, starting by division by numbers that are close to
the square root of the tested number p, was more advantageous.
For both methods, Lambert advised the use of tables. The second
essay had more theoretical bearings. Lambert rephrased Euclid’s
theorems for use in factoring, included the greatest common divi-
sor algorithm, and put the idea of relatively prime numbers to good
use. He also noted that binary notation, because of the frequent
symmetries, could be helpful. Finally,Lambert also recognized Fer-
mat’s little theorem as a good, though not infallible criterion for
primality, “but the negative example is very rar” [Lambert 1770,
p. 43].

Monatsbuch, September 1764, “Singula haec in Capp. ult. Ontol. occurunt”,

and Anm. 5, Anm. 25, 1764, Anm. 12 1765, Anm. 19, 1765 [2].

Lambert [52, pp. 506-511, §875]

Youschkevitch [86]

Lorey [58, p. 23]

Léwenhaupt [59, p. 32]

4. KRAFFT
Krafft [49, pp. 244-245]

5. SERVOIS
Servois [71] and [72, p. 166]

6. LACROIX
Lacroix [50, pp. 465-466, §1195]

7. KLUGEL

Kliigel [45, pp. 52-53, s.v. “Theiler einer Zahl”, §12]:

Ist N =a™B"yP---, wo «, 3,7, Primzahlen sind; so erhellet auch
leicht, daflalle Theiler von N, die Einheit und die Zahl selbst mit
engeschlossen, durch die Glieder des Products

I+a+a®+ - +a™A+B+ 2+ +8NVA+7y+7 4+ +7)

argestelle werden. Die Anzahl der Glieder dieses Products, d. i.
die Anzahl aller Theiler von N, ist offenbar = (m + 1)(n + 1)(p +
1)---. Fir das obige Beispiel =4 -3 -2 = 24, wo die Einheit mit
engeschlossen ist.
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In der aus der Entwickelung von

T z? x3 z"

17x+17x2+17x3+.”+17x"
entspringenden Reihe:
x4 222 4+ 22% + 32 + 225 + 425 + 227 + - -

welche Lambert in seiner Architektonik S. 507. mittheilt, enthalt
jeder Coefficient so viele Einheiten, als der Exponent der entsprechen-
denden Potenz von x Theiler hat.

8. STERN
Stern [76]
9. CLAUSEN
Clausen [20] states that
= 2" > n2 1+

and that the right-hand series converges quickly for small z. Clausen does prove
this expansion, and a proof is later given by Scherk [67]. Scherk’s argument uses
the fact

142t 4207 +26° 42t + - = (LHt+2+8+t )+t (It 2+t ) = ——.

We write

oo xn oo oo

R B) DR

n=1 1—an n=1m=1

The series is
x4 +x3 +at +xP +z%  Hete.
+a2 +zt +28 +z8 4219 422 fete.
+z3 +28 +2° 1?2 4z 4218 tete.
4at 4a® 4xl2 416 14200 424 g
4ad 410 415 40200 4025 0800 ot
426 4pl2 418 424 40300 40360 g
+etc.

We sum the terms in the first row and column: the sum of these is

1
x+2m2+2x3+2x4+etc.:x(l+x).
-z

Then, from what remains we sum the terms in the second row and column: the
sum of these is

1— a2
Then, from what remains, we sum the terms in the third row and column: the sum
of these is

1 2
x4+2x6+2x8+2x10+etc.x4< R )

1 3
29 4 2212 4+ 2215 4+ 2218 4 etc. = 2° (14—333)’
—x

etc.
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10. EISENSTEIN

Eisenstein [26] states that for |z| < 1,
o n 1 0 nzn(n+1)/2

_ _1\n+1
Zl—z" B (1—x)(1—x2)(1—x3)~--z( 1 (1—z)---(1—an)

n=1 n=1

For t = %, Eisenstein states that
2 3 4

& + & + & + & + et
etc.
1—2 1—22 1-—2% 1-24
is equal to
1
t—1)2
P t—1)
tt—1)2
2 —1- 2 2
51 t(t*—1)
w1 t2(12 — 1)2
51 212 —1)2
61 33 —1)2
t7 — 1 — etc.

Expressing Lambert series using continued fractions is relevant to the irrational-
ity of the value of the series. See Borwein [3]. See also Zudilin [89).

11. MOBIUS
MGobius [61]

12. JACOBI

Jacobi’s Fundamenta nova [43, §40, 66 and p. 185]
Chandrasekharan [19, Chapter X]: using Lambert series to prove the four squares
theorem.
13. DIRICHLET
Dirichlet [24]
Fischer [28§]

14. CAucHY

Cauchy [12] and [13] two memoirs in the same volume.

15. BURHENNE

Burhenne [8] says the following about Lambert series. For

F(z) = d(n)a",
n=1

we have
_ FU(0)
ool

d(n)
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Define
k
x
F =
@) =%

so that

F(z) =Y Fi(z)

k=1

It is apparent that if & > n, then

hence

The above suggests finding explicit expressions for F,En)(O). Burhenne cites
Sohncke [73, pp. 32-33]: for even k,

= (-1)" S
dxm (=1) kak—r=1 \ (z — a)t1 ) (z + a)nt?
nl k=1 cos (L(p]jl)ﬂ +(n+ 1)q§h)

1 kak—p—1
~ka n+1
2 h=1 \/(:v2 — 2za cos 2}% + a?)

" (ﬁ) - n! ( 1 ( 1 )

+(-1)"

and for odd k,

dam (ﬁ) ( 1)n n! 1
dx™ o kak—p—1 ([L’ _ a)nJrl
o cos (ZBEUT 4 (04 1), )
+ (_1)nlkak—p—1 oh n+17
2 h=1 \/(ar? — 2zacos 2T + g?)
where
T —acos %Tﬂ . a sin %Tﬂ
cos ¢p, = , sin¢gp = )
\/UE2 — 2zacos % +a’ \/332 — 2zacos 2T + g2
For a =1 and z =0,
2h 2h
€08 ¢, = — cOs sin ¢, = sin —— ",
k k
from which
2hm
op=m— —
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6
and thus
2h(k+1 2h(k 2h
cos<(]:—)7r+(n+1¢h>—cos< + ( —l—l)(?r—];r))
2hm 2hm
( 2nh7r>
=cos|(n+1)m—
2nhw
1 n+1
= (1) cos
For even k, taking p = k we have
dr <1$ k) n! 1 n! phin 2nhm
_\") B LS o S R | 1)t 1)+l
dn Y k((—l)"+1 >+( "I hz::l( ) i
i.e.,
F(n)(O) o n'(l _ (_1)n+1) + 2-n! el 10 S 2nhm
k k — k
For odd k, taking p = k we have
dr <1z k) n! 1 n! - 2nhm
x —(_)ntrl - _1)ntr _1)ntt &
dIEn ( ) k (71)n+1 +( ) %]{3 ( ) COs k ’
h=1
ie.,
%
(n) _ n!  2.n! 2nhm
F, (O)—?-FT;COS -
Using the identity, for h & 277Z,
M . 1
1 M+3)0 1 1 0
Zcosh(?: ——+ M =——+4 — [ sin M6fcot = + cos M0 | ,
2 2smg 2
we get for even k,
- cot 2X sinnw k fn
F™y=1* k
fo= T gy
o k fn
S - 2+ (D)"Y k.
For odd k,
n csc Xsinnr  k fn
CRURS SR
ooy 2nikol .
I
n! k.
16. ZEHFUSS

Zehfuss [87]
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17. BERNOULLI NUMBERS

The Bernoulli polynomials are defined by
tetm e +m
et — 1 = z:OBm(I)%

The Bernoulli numbers are defined by B,,, = B,,(0).

We denote by [z] the greatest integer < z, and we define {z} = x — [z], namely,
the fractional part of . We define P,,(r) = By, ({z}), the periodic Bernoulli
functions.

18. EULER-MACLAURIN SUMMATION FORMULA

Euler E47 and E212, §142, for the summation formula. Euler’s studies the
gamma function in E368. In particular, in §12 he gives Stirling’s formula, and in
§14 he obtains IV(1) = —v. Euler in §142 of E212 states that

L& (),
2 2n )
Bromwich [6, Chapter XII]

The Euler-Maclaurin summation formula [5, p. 280, Ch. VI, Eq. 35] tells us that
for f € C>([0,1]),

/ f(t)dt+By (f( +Z

m(fC (1) = £Cm1(0))+ Rok,

where

1 J—
Ry = [0S0 %((;k)! D 125 ().

Poisson and Jacobi on the Euler-Maclaurin summation formula.

19. SCHLOMILCH
Schlémilch [68] and [70, p. 238], [69]

For m > 1,
e e} t2m71 B2

1 - dt = (—1)mT =
&) | =
For v > 0

> sinat 1 1 1 1
2 - dt==+4= -
@ /0 et — 1 4+2<ea—1 a)
and

For £ > 0 and n > 1, using (2) with a = £,2¢,3¢,...,2n¢ and also using

/Oolfcosatdt 1
0

N 1
1 6 N+ 35)0
S stk = Lot £ OV F 20
2 2 231115
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we get

2n 2n .
1 1 1 * sinmét
— )= —Z 42 dt
Z(emf_l mf) mE:( 2+ /O 6271't_1 )

m=1 =1

Jore) 1 2n
=-n —|—/ PO Z 2sin métdt
0 m=1

> 1 & cos(2n+ 1)¢t
= — feot > - IR gy
" /0 et —1 (CO 2 sin &

2

Using cos(a + b) = cosacosb — sin asin b, this becomes
2n

1 1 o £t
(4) Z (emf—l - m{) =-n —|—/0 627”7_1(1 — cos 2nét) cot Edt

m=1

> 1
+ /0 m Sin 2n§tdt
For a = 2n&, (3) tells us

*1—cos2nétdt 1 1 —ong

Rearranging,

(5) log 2n . log(1 — e™2"¢) —log ¢ B g/"o 1 —Qcos 2nét dt
3 3 € Jo e?t—1 't

Adding (4) and (5) gives

2n 2n
1 1 1
| -1oe2 il
mzzleM§—1 §< 08 n+mz_1m>
log(1 — e=27¢) — 1 < /2 t\ 1— cos2nét
_ og(l—e ) —log& 2 ot §t cos 2n& it
£ 0 &t 2 e2mt 1
& 1
+ /C; 627”57—1 SiIl antdt
Writing
n 1
C, = —logn+ —
m=1 m

and using (2) this becomes

2n

1 1
Z emfi—ligc%

:log(l—e_2”5)—log§_2/°° 11 tg 1—c052n§tdt
é‘ 0 627”71

5_200 D)
i
42\ eE—1 2me)

/1 1 &t 1 — cos2nét
o (€) = 2 N e belda 11
20(8) /O <§t 2“9 ) ezt —

We write
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and we shall obtain an asymptotic formula for I, ().

We apply the Euler-Maclaurin summation formula. Let A > 0, and for f(¢) =
cos ht we have f'(t) = —hsin ht, and for m > 1 we have (") (t) = (=1)™h*™ cos ht
and f@7=1(t) = (=1)™h?>"1sin ht. Thus the Euler-Maclaurin formula yields

1
1
1= / cos htdt — 5 cosh — Z Bgm 1)™h*™ = sin h + Roy.
0
Using the identity cot Q = 1:#0;9 and dividing by sin h, this becomes
k
1 1 mip2m—1 1
(6) 5 co 5 =7 Z B2m 1)™h + oy ftek

Because Py, (1 —n) = P,,,(n) for even m,

1
P,
Ry, = */ Qk(ﬁ) (—1)*h?* cos hndn
O .

L L (Pon) — Bar)
-B T (_1)kp2k _/u_lk%
Qk/o (2k)!< )¥h*" cos hndn ; k)] (=1)*h*" cos hndn

Borh?* sinh L
= (—1)k*! (22kk;)! . + (—1)k+t o] /0 (Psy(n) — Bay,) cos hndn.

Since Pyi(n) — Bag does not change sign on (0, 1), by the mean-value theorem for
integration there is some 6 = 0(h, k), 0 < 6 < 1, such that (using fol Py (n)dn = 0)

1 1
| Pason) = Bas) cosgdn = coshd [ (Par) = Bax)d =~ Bas cos .
0 0

Therefore (6) becomes

1 h 1 1
+ e -1 mh2m—l
2% Gmy P2 (1)
1
Bo, h2k-1 h2k
k+1 D2k k+2
+(-1) o] + (1) oh)] sinhBQk cos hb,
i.e.,
k-1
1 h 1 mip2m—1 k h2k
2y TR T 2 gy P (DR P G P coshf
Write
1 h2k
Ei(h) = (-1)" 7(2k)!sinh32k cos hf.

We apply the above to I5,(£), and get, for any k > 1,

o0 k-l — cos2n
Ln(€) =2 /0 (Ek@t) -3 @1@32771(—1)”(&)2”—1) oo el i

-1
m=1
- meam—1 [ j2m—11— cos2nét
2 Gy Ben(-D" L L
m= 1 0

& 2nét
+2/ Ek(ft)%ngdt
0
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Using (1),
> 1 — cos 2nét oo gt > 2™ cos 2nét
/ (-t 2R TT net gy — / - / e nEt g
0 e?mt — 1 o €t —1 0 e?rt — 1
_ (—1ymH Bom /°° t2m—1 COSQn&tdt.
4dm e?rt — 1
Let
1 1
f@) = e —1
By (2),
1 ° sinxt
f@)+5 = 2/ .
o €~
For m > 1,

. * (=1)m=12m=1 cos at
fe D(x) = 2/ ] dt,
0

which for x = 2n& becomes

(=1)m=t o ¢2m=1 cos 2nét
g = | gt
0

Therefore

> o 11 —cos2nét By _
) t2m 1 di = m—+1 m —_1)™ (2m—1) 2 )
/ oS BE = (—1ym 2y (1 O (ang)

Thus I, (§) is

k—1
_ m Bam, m m—
anl€) = = X ey Bam (-1 (-2 4 (1) D 2n) )
m= 1
e lfcos2n§t
2o E
+ 0 k(gt) egﬂt_l dt
k—1 k—1
B3 2m—1 Bom rom—1 p(2m—1)
— __Team ¢im _ m— m— 92
mzﬂammmg mZ:l@ e (2n¢)
12 [ Euet) 7608 208t
0

But

> 1 — cos 2nét
/ Ek(ft)gtgdt‘ =
0 e<Tt — 1

/000(1)’6“(25?);:3% cos&t@%dt

|Bor| [ (£6)%% 1 — cos2nét

dt.
— (2K) Jy |sin&t] e?mt—1

It is a fact that for all u € R,

1 — cos2nu w1 — cos2nu

[sinu| — 2 u ’
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we obtain
/ N §t COSQnétdt
7 | Bag| ok_1 1 — cos 2n§t
—2 (2k)! ({t) e2rt — dt
T |Bok| pop—1 1 k+1B2k k p(2k—1)
=— = (-1 — 4+ (-1 2 .
3 @ g (VS DR eng)
Hence
k—1 k—1
B2 B
I n 2m 2m—1 _ 2m_ 2m—1 ¢(2m—1) )
2 Zl 2m) ‘2m mZ:l (2m)!€ ! (2nf)

By ok~ 12| o1 p2k-1) )
+0((k),2k§2 1>+0<(2k)!52 Lrk=D(ong) ).

Therefore we have

2n
1 1
— Oy,
21
log(1 — e 2") —log¢ 1 1 1 1 ©
- ¢ tatolee o1 e 2n
log(1 — e=27¢) — 1 1 1 1 1
_log(l—e®*)—logg 1 1/ 1
g 4 "2\ eE -1 2n¢
k— k—1

£2m 1f(2m 1) (an)

+O< B2'k2k§2k: 1> +O< 2k|€2k lf (2k— 1)(2715))

Taking n — oo,

oo

1 Y log§ 1 B% 2m—1 B%k 2k—1
_ Z L I — U (0] .
2 et —1 ¢ ¢ 1 SO Gk

20. VORONOI SUMMATION FORMULA

The Voronoi summation formula [21, p. 182] states that if f : R — C is a
Schwartz function, then

> dmin) = / " ) togt + 29yt + L0

+Zd /f 1) (4K o (4m(nt)/?) — 2rYy (47 (nt)'/?))dt,

n=1

where Ky and Y are Bessel functions.
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Let 0 <z < 1. For f(t) = e~ we compute

/Ooo F()(AKo(4m(nt)/?) — 27Yo (47 (nt) /?))dt
- %exp (47;2”> Ei (-47;2"> - %exp (_47;2”> Ei (47;271) :

: e
EI(I‘) = — Tdt, T 7é 0,

the exponential integral. Then the Voronoi summation formula yields

Z d(n)e™ ™

where

1 1
_J_osr -
x x 4
ad 2 472 4x2 2 472 472
+Zd(n) (—exp< 7Tn)Ei(— 71-n>—exp<— 7rn)Ei( wn))
X X X X s X

Egger and Steiner [25] give a proof of the Voronoi summation formula involving
Lambert series.
Kluyver [46] and [47]
Guinand [35]
21. CURTZE

Curtze [22]

22. LAGUERRE

Laguerre [51]

23. V. A. LEBESGUE
V. A. Lebesgue [55]:

24. BOUNIAKOWSKY

Bouniakowsky [4]

25. CHEBYSHEV

Chebyshev [79]

26. CATALAN

Catalan [9]
Catalan [?, p. 89]
Catalan [10, p. 119, §CXXIV] and [11, pp. 38-39, §CCXXVT]

27. PINCHERLE

Pincherle [62]
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28. GLAISHER

Glaisher [33, p. 163]

29. GUNTHER

Gilinther [36, p. 83] and [37, p. 178]

30. STIELTJES

Stieltjes [77]

cf. Zhang [88]

31. ROGEL
Rogel [64] and [65]

32. CESARO
Cesaro [14]
Cesaro [15]
Cesaro [16] and [17, pp. 181-184]

Bromwich [6, p. 201, Chapter VIII, Example B, 35]

33. DE LA VALLEE-POUSSIN

de la Vallée-Poussin [23]

34. TORELLI

Torelli [82]
35. FIBONACCI NUMBERS
Landau [53]
36. KNopPP
Knopp [48]

37. GENERATING FUNCTIONS
Hardy and Wright [40, p. 258, Theorem 307]:
Theorem 1. For f(s) =Y a,n % and g(s) =Y .2 byn~%,

n

oo T oo
PO i) DU IS
n=1 n=1

if and only if there is some o such that

C(s)f(s) = g(s), Re(s) > o.

13
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For f(s) =372, u(n)n™* and g(s) = 1, using [40, p. 250, Theorem 287]

ﬁ = 3 u(n)n=?, Re (s) > 1,

n=1
we get

o p(n)a"

(7) g it

For f(s) = 32,2, ¢(n)n~" and

gs) = Cs—1) =3 n = =S nn,
n=1 n=1

we get

For n = p{*---ptr, define Q(n) = a1 + -+ + a, and
An) = (—1)%M),
For f(s) =", AX(n)n~* and

g(s) = C25) =3 m 2 =3 (%),

using [40, p. 255, Theorem 300]

@2s) _ 3 n)n~*° e(s

we get

n=1 n=1
We define the von Mangoldt function A : N — R by A(n) = logp if n is
some positive integer power of a prime p, and A(n) = 0 otherwise. For example,
A(1) =0, A(12) =0, A(125) =log5. It is a fact [40, p. 254, Theorem 296] that for
any n, the von Mangoldt function satisfies

(8) Z A(m) = logn.

m|n

For f(s) =Y, A(n)n~* and

g(s) = =('(s) = lognn™*,

n=1
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using [40, p. 253, Theorem 294]

)~ &
we obtain
— A(n)z" & n

38. MERTENS
For Res > 1, we define
P(s)=Y_ i
» p
We also define

[ee]

1
H=> D
m=2 p mp
Mertens [60] proves the following.

Theorem 2. As 9 — 0,
1
P(1+p) =log <p) — H+0(1).
Proof. As o — 0,

! (1+~0+0(0%).

1
C(1+9)75+7+0(Q)*E

Taking the logarithm,

(9)  log¢(1+g) =log (Z) +1log(1 470 + O(¢?)) = log (2) + 70+ 0(0%).

On the other hand, for p > 0,

ci+o)=]]

p

1
1 Y
1- plte

and taking the logarithm,

log(1+ o) = fZIOg <1 - p11+9>
P

- 1
2 2 s

m=1

> 1
= P(l+p)+ Z Z mpm(+e)”
m=2 p

Then as o — 0,
log¢(1+ 0) = P(1+0) + H + o(1).
Combining this with (9) we get that as o — 0,

P(1+p) =log </1)> — H+0(1).

15
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Mertens [60] also proves that for any x there is some
4 2

)
o] < log(xz + 1) + xlogx
such that )
Zleoglogaqu’nyJré.
—p
pPsT
Thus,
1 1
Zleogloga:+7—H+O .
b log x

Mertens shows that

H=— Zu(n)w~

n

n=2
This can be derived using (7), and we do this now; see [57].
Lemma 3. For Res > 1,

1 L a(t)dt
glOgC(s)*/z -1

Proof. For p prime and Re s > 0,

> 1
/ t T ——dt
v 1—t

/oo t—s1 i(fﬂ”dt

n=0
oo o]
_ Z/ t—ns—s—ldt
n=0vP
i —ns—s |©
ne0 —ns — S p
S =1 n
1 —s
= —glog(l —p~7),

hence

o 1 B /°° dt
S\1—p—) " ° , (e —1)

dt [ w(t)dt
Zp:/p t(ts—l)_/2 t(ts —1)°

On the other hand, for Res > 1 we have

o (1) ] ()

On the one hand,
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Combining these, for Res > 1,

1 [ r(dt
glogC(S)—L -1

Theorem 4.

H—_ Z“(”)logi(n)'
n=2

Proof. For any prime p and for m > 1,

/mt_m_ldt: 2
» —m, mp™
and using this we have
- 1
H-y b
m=2 p
e e’}
=33 [ e
P

Rearranging (7),

n=2
With o = ¢!,
1 i pu(n)
tt—1) —n—1
SO
1 i p(n)
t—1) L t(tn — 1)

Thus we have

Hz—/jﬂ(t)<§:t(ﬁ> Z“ /:ot”—l)

n=2

Using Lemma 3 for s = 2,3,4,...

H=— Zu logC n),

completing the proof.

w(t)dt

dt.

17
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39. PRELIMINARIES ON PRIME NUMBERS

We define
) = Zlogp = log Hp
p<z p<z
and
d(a)= Y logp=Y_ An).
p" <z n<z

One sees that

0(o) = S llog, allogp = 3 [ 122 tog.

p<z p<z logp
As well,
(10) dla) = Y logp=>_ d(x'™);
m=1p<Lgl/m m=1

there are only finitely many terms on the right-hand side, as 9(z'/™) = 0 if z < 2™.

Theorem 5.
Y(x) = I(x) + O(«/?(log z)?).

Proof. For x > 2, 9(z) < xzlogx, giving

Z I(z/™) < Z xl/mélog:ﬂ

2<mg ae 2<m< s
L ) =M>T15g2

1
§x1/2logm Z —
m

log
ZsmSiogs

= O(z'/?(log z)?).

Thus, using (10) we have
W) =0+ Y 9 = 0(@) + O (loga)?).

2<m< leg
=" =Tog2

O
We prove that if lim,_, .o 195;”) =1 then 9571(7:;1 =1.
Theorem 6. 9
lim inf M = lim inf 7(95)
T—00 ,r/ log x T—00 X
and 9
lim sup (@) = lim sup 7(90) .
z—o0 x/logx I

Proof. From (10), 9(z) < ¢(z). And,

log z log =
Pla) = [logp} logp < og p 187 = logz .

p<z p<z p<z

Hence
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whence
lim inf M < liminf M
T—00 x T—>00 .’E/ lOg.’II
and p
lim sup ﬂ < limsup m(@) .
x—00 x T—00 (E/ log

Let 0<a< 1. Forax>1,
I(z) = Zlogp > Z logp > Z log 2% = alog z(m(x) — m(x®)).
p<w z<p<z r*<p<w
As w(x®) < 2,
Iz) > ar(x)logz — ax® logz,

ie.,

U 1 1
(z) S Oé7r(ar;) ogr _ olgjc
T T T

This yields

Y I 1 1
lim inf @) > Otliminfw — aliminf 2% — ¢ liminf m(z)logx
z—oo T T—=00 X T—00 T+ T—00 x
and
lirnsupM > ozlimsupM — alimsup Olgac = alimsup w.
T—00 xr r—00 X oo T ¢ T—00

Since these are true for all 0 < o < 1, we obtain respectively

lim inf M > liminf
xT—00 x T—00 X

m(x)logx

and p )
lim sup ﬁ > lim sup M.
T—00 T T—00

40. WIENER’S TAUBERIAN THEOREM

Wiener [84, Chapter III].

Wiener-Ikehara [18]

Rudin [66, p. 229, Theorem 9.7]

We say that a function s : (0,00) — R is slowly decreasing if
liminf(s(pv) — s(v)) > 0, v—o00, p—1T.

Widder [83, p. 211, Theorem 10b]: Wiener’s tauberian theorem tells us that if
a € L*(0,00) and is slowly decreasing and if g € L'(0, 00) satisfies

o0
/ tg(t)dt # 0, xr € R,
0

lim 1/ g (t) a(t)dt:A/ ()t
z—o0 T J T 0

lim a(v) = A.

vV—00
It is straightforward to check the following by rearranging summation.

then

implies that
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Lemma 7. If Y07 | a,2™ has radius of convergence > 1, then for |z| < 1,

oo

> s =3 (o

n=1 \'m|n

Using Lemma 7 with a,, = A(n) and z = e~* and applying (8), we get

(11) ZA = Zlog

From (11), and Lemma 7 with a,, = 1, we have

oo

> (A(n) —1) 7—Zlogn_ )e

n=1

We follow Widder [83, p. 231, Theorem 16.6].

Theorem 8. Asz — 07,

oo

2
Y (ogn —d(n))e ™ = ~ =L + O~ 1/?).
x
n=1
Proof. Generally,
(1-2) Z”Zam:(l—z) amZz"
n=1 m=1 m=1 n=m
_ (1 B Z) i . Zm
— ™ —z
m=1

Using this with a,,, = logm — d(m) and z = e~ gives

Zlogn— e "t =(1-e" Z (Zlogm Zd >
n=1 n=1 =1
(1—e" Z "I<logn' Zd >
n—=1 =1
Using
log(n!) = nlogn —n+ O(logn)
and
> d(m) =nlogn + (2y — )n+ O(n'/?),

we get

log(n!) Z d(m) = —=2yn + O(n'/?).



LAMBERT SERIES IN ANALYTIC NUMBER THEORY 21

Therefore,
S (ogn —d(m)e™ = (1 =) 3 e~ (—29m + O(n'/2)).
n=1 n=1

One proves that there is some K such that for all 0 <y < 1,

1 1/2 oo
o) S
Y

whence, with y = e™7%,

> —1/2
an/26 nr o pe T
= l1—e%
Also,
n=1 (1 -¢ I)2
and thus we have
Z logn —d(n))e ™" = =2y < +O(z71/?)
= l—e*
1 —1/2
:—2fyew_1—|—0(x ).
But
1 1
-1~ 3 to0W
SO
— —nx 2y —1/2
Z(lognfd(n))e =——4+0( ).
T
n=1
O
Define
el e~ N
= Aln)—1
o) = A0 D
and
A(n) -1
W) —
(=3 22,
n<zx
and

-2 (L
I =g \1 et )

First we show that h is slowly decreasing.
Lemma 9. h(x) is slowly decreasing.

Proof. Using
1
E Ezloga:—l—'y—FO(n_l), T — 00,

1<n<lz
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we have, for 0 <z < oo and p > 1,

Mpr) —n(r) =y AL

z<n<px
1
> E —
n
z<n<px
1 1
n n
1<n<pz 1<n<z

—log(pz) +logz + O((pr) ™) +O(x™")
—logp+O((px)~") + Oz~ 1).

Hence as x — oo and p — 17T,
h(pz) — h(z) = 0,

which shows that h is slowly decreasing.

The following is from Widder [83, pp. 231-232].

Lemma 10. As x — oo,

1 /0oo g (;) h(t)dt = 2y + O(z~/?).

x
Proof. Let I(t) =0 for ¢t <0 and I(t) =1 for ¢ > 0. Writing
- 1y
= Z[ x—n) )
n=1

we check that for z > 0,

/Ooolt_e:tm i /0001_6 = ”fl d(I(t - n))
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On the other hand, integrating by parts,

f(z) = / T )

1—e=t

oo —xt
_ / 1 xte dh(#)
0

1 — e

1 wte !
:/ =T an)
o wl—e 7t

- /000 %1716;;‘% (i)
)
_ _/000 %g(t)h (i) dt

_ /O ~ g(at)h(t)dt.

By Theorem 8, as x — 0,

2
f@) ===+ 0",
ie,asxz — 0T,

* 2y —1/2
/ g(zt)h(t)dt = = + O(z~/?).
0 X
Thus, as * — oo,

/OOo g (i) h(t)dt = 2vz + O(z*/?).

The following is from Widder [83, p. 232].

Lemma 11.

* —ix _ -1 =0
/0 T gle)dt = {mg(l —ix)D(1 —iz) x#0.
Proof.

. < te—t
t "g(t)dt = tT"— [ — | dt
| ewa= [ (1 - )

oo —t
= lim t*””i ( te > dt

§—0 0 dt 1 - e_t
t —t S o] . t —t
— lim (¢—ietd € + iz —0) [ ¢l gy
50 1—et], 0 1—et

= lim (iz — 6)/ o ——dt
6—0 0 1—e—

00 y(—izt+d+1)—1,—t
= lim (iz — 5)/ ————dt.
50 0 1—et
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Using

this becomes

/OO t™g(t)dt = lim (iz — §)((1+ 0 —ix)[(1+ 6 — iz).
0

§—0+

If £ = 0, then using

()= +7+0(s—1), 51,

1
we get
lim (—=6)C(1+6)I'(1+6)=—1.
Jim (=6)¢(1+8)I'(1+9)
If x > 0, then
lim (iz —§)C(1+d —ix)I'(1 + 0 —ix) = ix((l —iz)I'(1 —ix).
6—0+

By Wiener’s tauberian theorem, it follows that

oo

Z A(ngl— 1 _ 9.

n=1

Lemma 12.

G@) =S I —n)Am),  [o] = I(e—n),

we have

Thus, we have established that

F ) —[t) _
/é — 3 - —27.

41. HERMITE

Hermite [41]
Hermite [42]
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42. GERHARDT

Gerhardt [32, p. 196] refers to Lambert’s Architectonic.

43. LEVI-CIVITA

Levi-Civita [56]

44. FRANEL

Franel [31] and [30]

The next theorem shows that the set of points on the unit circle that are sin-
gularities of Y7 | ﬁ—z is dense in the unit circle. Titchmarsh [81, pp. 160-161,
§4.71].

Theorem 13. For |z| < 1, define

f(Z) = Z 1 inzn :
n=1

Suppose that p > 0,q > 1 are relatively prime integers. Asr — 17,

(1- r)f(re%i/q) — 00.

Proof. Set z = re* /4 and write

>~ 2" _ 2" 2"
Zlfz”_ Z 1fz"+ Z 1—2n'
n=1 n=0 (mod q) nZ0 (mod q)

On the one hand,

z" =
1— =(1-
( T) Z ]_ — n ( T) Z 1 — zmq
n=0 (mod q) m=1
- 0 (T.eQﬂ'ip/q)mq
- (1 o T) Z 1— (T.eQﬂip/q)mq
m=1
e ma
= (1 —
-3
1—r «— rmd
:1—7’QZ_:11+7"(1-|- + r(m—1)q
1 > rma

1 & rm
> = 7
ik
1
= ——log(1—17r%)
— 00

as r — 1.
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On the other hand, for n £ 0 (mod ¢) we have
|1 — 2 | ‘1 g 2mpn/q|2
_ (1 _ e 27szn/q)( ,r,n6727rzpn/q)

-1- ( 27ipn/q e—QTrzpn/q) + 7‘2”

=1—2r"cos2mpn/q + r*"

=1—2r" 4+ 4r" sin® o + 2
q

= (1 —7r")2 + 47" sin? .
So far we have not used the hypothesis that n =0 (mod ¢). We use it to obtain
sin apn > sin I.
q
With this we have

1— 272 >47""Sin2Z
| > ;

and therefore, as r < 1,

a-n > 1in <1-rn Y |1|j|’;n|

nZ0 (mod q) nZ0 (mod q)

n

r
s(1=m) Z 2rn/2gin T
nZ0 (mod q) q

1—r > n/2
2sin * Zr

q n=0
1—r 1
QSing 1—/r
L+ /r
2sin Z

q
1

sin

45. WIGERT

The following result is proved by Wigert [85]. Our proof follows Titchmarsh [80,
p. 163, Theorem 7.15]. Cf. Landau [54].

Theorem 14. For \ < %w and N > 1,

i oz 1 logz

as z — 0 in any angle |arg z| < A.

N—

B2 1+2 2n+1 2N
n n O
7;) mriensy” | O
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Proof. For 0 > 1, s =0 +it,

o
d(n)
2 —
¢*(s) = ; et
Using this, for Re z > 0 we have

2400 o0 241400
L D(s)¢3(s)z ds = | d(n)i /2 ['(s)(nz)"*ds

Tm 2—i00 n=1 2mi —100
(12) =Y d(n)e .
n=1

Define F'(s) =T'(s)(°(s)z~°. F has poles at 1,0, and the negative odd integers.
(At each negative even integer, I' has a first order pole but ¢? has a second order
zero.) First we determine the residue of F' at 1. We use the asymptotic formula

()= 2= 474005~ 1), 51,
the asymptotic formula
[(s)=1-7(s=1)+0(s—1), s—1,
and the asymptotic formula
1 logz

S = - ~1)+0(s—12 -1,
z S, -1 +0(s—1F), s

to obtain

(6% (5)27* = (1= s = )+ Ol = 1) (o + 52 + Olls = 1))

. (1 _ 1°§Z<s 1)+ 0(s— 1|2))

z
1 ~y 27 log 2
— — — O(1
z(s —1)2 z(s—l)+z(s—l) 2(3—1)+ (1)
1 vy log z
= - O 1 .
2(371)2+z(5—1) z(s—l)+ (1)
Hence the residue of F' at 1 is
v log 2z
z z

Now we determine the residue of F' at 0. The residue of I at 0 is 1, and hence
the residue of F' at 0 is

L0 == (-4) =%

Finally, for n > 0 we determine the residue of F' at —(2n 4 1). The residue of T

at —(2n+1) is %, hence the residue of F' at —(2n + 1) is
n 2
(71)2 + . C2(2n+ 1) . 22n+1 - _ B271+2 2n+1
2n + 1) 2n +2)!(2n + 2)

using
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Let M > 0, and let C be the rectangular path starting at 2 — M, then going to
2 + M, then going to —2N + iM, then going to —2N — iM, and then ending at
2 —i¢M. By the residue theorem,
N—1

. Y log z 1 B§n+2 2n+1
13 F(s)ds =2 - — 4= - " .
(13) /C (s)ds m(z z +4+; (2n—|—2)!(2n—|—2)z
Denote the right-hand sideof (13) by 2miR. We have
24iM —2N+iM —2N—iM 2-iM
/ F(s)ds = / F(s)ds+/ F(s)ds+/ F(s)d5+/ F(s)ds.
c 2—iM 24iM —2N+iM —2N—iM

We shall show that the second and fourth integrals tend to 0 as M — oo. For
s =0 +it with —2N < ¢ < 2, Stirling’s formula [81, p. 151] tells us that

ID(s)| ~ V2me 31t)7=2,  |t| = oo.
As well [80, p. 95], there is some K > 0 such that in the half-plane ¢ > —2N,
¢(s) = O(|t[).
Also,
L5 — o—slogz

— 67(0'+it)(log |z|+iarg z)

—e log |z|+t arg z—i(o arg z+t log | z|)
- )

and so for |arg z| < A,

|z—s| — e—alog\z\+targz < e—alog\z\+)\\t| — |Z‘_U€Mt|.
Therefore
—2N+iM . .
/ F(s)ds| < (242N) sup |F(o+iM)| = O(e 2 M Mo=2 M?K 2|77,
24iM _oN<o<2

and because A < 7 this tends to 0 as M — oo. Likewise,

| / T peds

—2N—iM

—0

as M — oo. It follows that

24100 —2N —i0c0
/ F(s)ds + / F(s)ds = 2miR.
2

—100 —2N+1i0c0
Hence,

2tico —2N+ioco
/ F(s)ds =2miR + / F(s)ds.
2 —2N—ico

We bound the integral on the right-hand side. We have

—2N+i0c0
/ F(s)ds :/ F(s)ds+/ F(s)ds.
—2N —io0 o=—2N,|t|<1 o=—2N,|t|>1

The first integral satisfies

/ F(s)ds
o=—2N,|t|<1

—i00

</ L))l -7eNds = |2PN-0(1) = O(122Y),
o=—2N,|t|<1
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because I'(s)(?(s) is continuous on the path of integration. The second integral
satisfies
< / e Bl o =2 |tK | 2|7 M ds
o=—2N,|t[>1

_ ‘Z|2N/ 67%‘”|t|72N7%|t|K6>\|t‘dt
o=—2N,|t|>1
= [2[*"-0(1)
O(|21*Y),

because A < 7. This establishes

/ F(s)ds
o=—2N,t|>1

1 24100 .
— F(s)ds = .
2wt )y (s)ds =R+ O(|z]*")

Using (12) and (13), this becomes
N-1

- T 1ogz an+2 2n+1 —2N
d nz _ | n 1o}
Z ;) i ienta”  TOETT),
completing the proof. O
For example, as By = % By = 30736 427 the above theorem tells us that

5

—nz _ logz 1 z 23 z 6
d(n)e™™ = = — - —— — .
Z z z + 4 144 86400 7620480 +O(I=")

46. STEFFENSEN

Steffensen [74]

47. SzEGO
Szegd [78]
48. POLYA AND SZEGO

Pélya and Szegb [63]

49. PARTITION FUNCTION

Let

00 00
=2 rma" =[] =
n=0 n:l

Taking the logarithm,

log F'(x Zlog :—Zlog(l—x"):—zz:—(x;)m,
n=1

and switching the order of summation gives

=1
log F(x Z Z D D

m= 1 m=1




30 JORDAN BELL

On the one hand, for 0 < z < 1 we have mz™ (1 —x) < 1 — 2™ and using this,
m & 1 & 2

1 =z ™ x 1 ™ x
— < — — _———
Zml—avm mex’”—l(l—m) 1—J:Zm2 61—

m=1 m=1 m=1

On the other hand, for —1 < z < 1 we have 1 — 2™ < m(1 — z), and using this, for
0 <z <1 we have

1 2™ =1 ™ 1 = ™
— >y — —.
A~ ml—am mz::lmml—x l—acmz::lm2
Thus, for 0 < x < 1,
> 2 2
Z " <(1—-2)logF(r) < —x
m=1
Taking z — 17 gives
2 2
% < lim (1-2)log F'(z) < %,
i.e.,
1
log F'(z) ~ — 1-.
og F(x) c 1= T —
See Stein and Shakarchi 75, p. 311].
50. HANSEN

Hansen [38]

51. KISELJAK

Kiseljak [44]

52. UNSORTED

In 1892, in volume VII, no. 23, p. 296 of the weekly Naturwissenschaftliche
Rundschau, it is stated that for the year 1893, one of the six prize questions for the
Belgian Academy of Sciences in Brussels is to determine the sum of the Lambert
series

T .’Ez 1’3

Tz 1—a2 1=
or if one cannot do this, to find a differential equation that determines the function.
Gram [34] on distribution of prime numbers.
Hardy [39]
Bohr and Cramer [1, p. 820]
Flajolet, Gourdon and Dumas [29]
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