LAMBERT SERIES IN ANALYTIC NUMBER THEORY

JORDAN BELL

1. LAMBERT SERIES

Let d(n) denote the number of positive divisors of n. For |z] < 1,

o0 oo n
;d(n)z”:ngllizn.

The first use of the words “Lambert series” did not refer to this series, but were
used by Euler to describe something to do with roots of an equation.

2. LAMBERT

Lambert [39, pp. 506-511, §875]

Monatsbuch, September 1764, “Singula haec in Capp. ult. Ontol. occurunt”,
and Anm. 5, Anm. 25, 1764, Anm. 12 1765, Anm. 19, 1765 [2].

Iohannis Henrici Lamberti Opera Mathematica. Volumen Secundum, no. 9

Youschkevitch [61]

Bullynck [7]

3. KRAFFT
Krafft [36, pp. 244-245]

4. SERVOIS
Servois [52, p. 166].

5. LACROIX

Lacroix [37, pp. 465-466, §1195]

6. KLUGEL
Kliigel [34, pp. 52-53, “Theiler einer Zahl”, §12]:
Ist N =a™B"yP---, wo «, 3,7, Primzahlen sind; so erhellet auch

leicht, daflalle Theiler von N, die Einheit und die Zahl selbst mit
engeschlossen, durch die Glieder des Products
(I+at+a®+-+a™) A+ B4+ -+ A+7y+7++7)

argestelle werden. Die Anzahl der Glieder dieses Products, d. i.
die Anzahl aller Theiler von N, ist offenbar = (m + 1)(n + 1)(p +
1)---. Fir das obige Beispiel = 4 -3 -2 = 24, wo die Einheit mit
engeschlossen ist.

Date: October 29, 2014.
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In der aus der Entwickelung von

T z? x3 z"

17x+17x2+17x3+.”+17x"
entspringenden Reihe:
x4 222 4+ 223 + 32 + 225 + 425 + 227 + - -

welche Lambert in seiner Architektonik S. 507. mittheilt, enthalt
jeder Coefficient so viele Einheiten, als der Exponent der entsprechen-
denden Potenz von x Theiler hat.

7. STERN
Stern [54]
8. CLAUSEN
Clausen [17] states that
= " > n2 1+

and that the right-hand series converges quickly for small z. Clausen does prove
this expansion, and a proof is later given by Scherk [48]. Scherk’s argument uses
the fact

142t 4207 +26° 42t + - = (LHt+2+8+t )+t (It 2+t ) = ——.

We write

oo xn oo oo

R ) DR

n=1 1—an n=1m=1

The series is
x4 +z3 +at +xP +z%  Hete.
+a2 +zt +28 +z8 4219 422 fete.
+z3 +28 +2° 1?2 4z 4218 tete.
4at 4a® 4xl2 416 14200 424 g
4ab 410 415 40200 4025 40800 ot
426 4pl2 418 424 40300 4036 g
+etc.

We sum the terms in the first row and column: the sum of these is

1
x+2m2+2x3+2x4+etc.:x(l+x).
-z

Then, from what remains we sum the terms in the second row and column: the
sum of these is

1— 22
Then, from what remains, we sum the terms in the third row and column: the sum
of these is

1 2
x4+2x6+2x8+2x10+etc.x4< R )

1 3
29 4 2212 4+ 2215 4+ 2218 4 etc. = 2° (14—333)’
—x

etc.
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9. EISENSTEIN

Eisenstein [23] states that for |z| < 1,

i z = : i(—l)"ﬂ nz"n /2
—l—am B (1-2)(1—2?)(1—2%). - &= (1—z)---(1—an)

For t = %7 Eisenstein states that

2 2'2 2’3 4

z
- tc.
1—z_|—1—,22_|_1—z3+1—z4+eC

is equal to
1
Pl (t—1)2
a1 t(t—1)2
1 t(t? —1)?
o1 t2(t2 — 1)2
. t2(t3 —1)2

o P17

t7 — 1 — etc.

Expressing Lambert series using continued fractions is relevant to the irrational-
ity of the value of the series. See Borwein [3]. In fact, Euler wrote in E25 about
the particular value of a Lambert series.

10. MOBIUS
Mébius [44]
11. JACOBI

Jacobi’s Fundamenta nova [33, §40 and p. 185]

12. DIRICHLET’S PAPER

Dirichlet [21]

13. CAucHY

Cauchy [12] and [13] two memoirs in the same volume.

14. BURHENNE

Burhenne [8] says the following about Lambert series. For

F(z) =Y d(n)a",

n=1
we have -
F(0)
d(n) = n!
Define
s
Fy(z) =
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so that

It is apparent that if £ > n, then
FM(0) =0,

hence
n

FO0) =3 F"(0).

k=1

The above suggests finding explicit expressions for F (")(O). Burhenne cites
Sohncke [53, pp. 32-33]: for even k,

") (G~ D et )

= .
dxn kak—pr=1 \ (x — a)"+! (x4 a)nt!
ot RS cos (BEEE 4 (4 Do)
+ (_1) lkak*pfl 2h n+1
2 h=1 \/( — 2zacos 2T 4 a?)
and for odd k,
dm (‘zkx_ak) _ (_1)n n! 1
dzn kak—p=1 (z — q)nt1
. ! 5 cos (L(p]jl)ﬂ +(n+ 1)¢h>
+(=1) Llpgk—p—1 2h ntl’
2 h=1 \/( — 2xa cos 4% +a2)
where
T — acos 22” . asin 22”

cos ¢y, = ’ , singp = -
\/x2—2xac052,;”+a2 \/:v2—2ma0082 ”+a2

Fora=1and z =0,

cos¢h:—cos$, sin(bh:sin%%,
from which
_ 2hm
op=m— 0
and thus
cos <2h(k; Dl +(n+ 1)¢>h) = cos <2h(k]j Um +(n+1) (7r - 2Z7r)>

= COSs

2hm 2hm 2hm
= cos | 2hm —|——+ ——tn|T—-—
k k
< 2nh7r>

(n+1)m —

2nhﬂ

= (1) eos
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For even k, taking p = k we have

n z* ) lr—1
(1—zk n! 1 n! 2 2nhm
_ n+1 n+1 n+1
h=1
ie.,
! 2ol 5 o
F0) =201 - (—1m) + 253 cos T8
k k — k
For odd k, taking p = k we have
(%) 2
1—zk n! 1 n! 2nhm
_ N "7 (1 n+1' - -1 n+1 """ -1 n+1 e
e G A e T R G %k,;( )"+ cos =T
ie.,
k;l
I 2.n! 2nhm
F(n) — n
w (0) 3 + 3 ,;C S -

Using the identity, for h & 277Z,

M . 1
1 M+3)0 1 1 0
E cosh@z—f—i—wz—f—i—f sin M6 cot — + cos M@ | ,
— 2 2smg 2 2 2

we get for even k,

() 2 cot 2T sin n k fn
E7(0)=q Kk 7k .
¢ FA- U+ 5 3k —1) kln
o k fn
S\l = 2+ (D)"Y k.
For odd k,
n! nmw o
(n) Zescsinnmr  k fn
" (0){ff!+2.§!k1 kln
k E 2 :
I
n! k.
15. ZEHFUSS
Zehfuss [62]

16. BERNOULLI NUMBERS

The Bernoulli polynomials are defined by
tetw 0 tm
The Bernoulli numbers are defined by B,,, = B,,(0).

We denote by [z] the greatest integer < z, and we define {z} = x — [z], namely,
the fractional part of z. We define P, (z) = By, ({z}), the Bernoulli functions.




6 JORDAN BELL

17. EULER-MACLAURIN SUMMATION FORMULA

Euler E47 and E212; §142, for the summation formula. Euler’s studies the
gamma function in E368. In particular, in §12 he gives Stirling’s formula, and in
§14 he obtains I''(1) = —v. Euler in §142 of E212 states that

Z n+1 an

[\D\H

Bromwich [6, Chapter XII]

18. SCHLOMILCH

Schlémilch [49] and [51, p. 238], [50]

For m > 1,
[e’s) t2m71 32
1 ——dt = (1) =
(1) /0 et _ ] =
For a > 0,
> sinot 1 1 1 1
) —_—dt = - + - - —
@) /0 et —1 4+2<e‘11 oz)
and
*1—cosatdt 1 1 _
®) |t = et g (o1 ) ~loga).

For £ > 0 and n > 1, using (2) with o = &,2¢,3¢,...,2n& and also using

N 1
1 6 cos(N + 5)0
E Sink’ezﬁcota_(%ﬁ)
e 281115
we get
2n 2n .
1 1 1 * sinmét
_— | = ——+2 —dt
S (g mg) =2 (g2 )
m=1 m=1

e 1
=-—n —1—/0 o Z 2 sinmétdt

1 & cos(2n+ 1)t
= — feot > - IR gy
n /0 e?mt — 1 (CO 2 sin &

Using cos(a + b) = cosacosb — sinasin b, this becomes

2n
(4) mz::l <em§_1 - m{) =-n +A 627”7—1(1 — COs 2ﬂft) cot Edt

oo 1 .
+ A m Sin 2n£tdt
For o = 2n¢&, (3) tells us

*©1—cos2nétdt 1 ont
/O Temio1 {1 “2né + 5 (log(l—e ) —log 2n¢) .
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Rearranging,
(5) log2n - log(1 — e™2m¢) —log ¢ 2 (%1 —cos2nétdt
& £ §Jo e —1
Adding (4) and (5) gives
2n 2n
1 1 1
| —10e2 il
mzz:lemg_l ¢ ( og n+m§_:1m>
log(1 — e™2"¢) —log ¢ * /2 &\ 1 — cos2nét
= — — —cot = | —5———dt
¢ / ¢ ) Temt
oo 1 .
+/0 627_”:7_1 Sin 2n§tdt
Writing
1
C,=-1 —
ogn + mz:: -
and using (2) this becomes
2n
1 1
m221 7€m§ 1 - gCQn
_log(l—e—2”5)—log§_2/°c l_} tg cos2n§tdt
N 13 0 &t 2% et — 1

+1+1 1 1
4 2 \em&—1 2nE)°

/1 1 &t 1 — cos2nét
Ion(€) =2 S ot ) mORANST gy
n(8) /0 <§t 9 < 2) e2nt 1

and we shall obtain an asymptotic formula for Io, (£).
The Euler-Maclaurin summation formula [5, p. 280, Ch. VI, Eq. 35] tells us that
for f e C>([0,1]),

k
/ f(t)dt+By(f( +Z
m:l

Py (1 (
= [l ey

Let h > 0. For f(t) = cosht we have f’(t) = —hsinht, and for m > 1 we have
fCm™)(t) = (=1)™h?™ cos ht and fCP™=V(t) = (=1)™h?*"'sin ht. Thus the Euler-
Maclaurin formula yields

We write

W (FED (1) = £ (0)) + Ro,

where

1
1
1= / cos htdt — 5 cosh — Z Bzm )mh2m*1 sin h + Roy.
0
Using the identity cot Q = 1;‘;029 and dividing by sin h, this becomes

k
1

=1

1
mh2m71 )
-1 + sinthk
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Because P,,(1 —n) = P,,(n) for even m,

1
Poy(n) k7 2k
Rop = — —1)*n hnd
ok . 2h)! (=1)"h™" cos hndn
bl ' (Pok(n) — Bar)
- -B —1)*h?* cos hnd —/ 2k 28] (—1)*h2* cos hnd

2k/0 (2k)!( )"h=" cos hndn ; o] (=1)"h"" cos hndn
pr1 Boh?® sinh vkt h2k

1
= (B S () s [ (Pauln) = B cos o

Since Py (1) — Bag does not change sign on (0, 1), by the mean-value theorem for
integration there is some 6 = 0(h, k), 0 < 6 < 1, such that (using fol Py (n)dn = 0)

1 1
/ (Pay(n) — Bay) cos hndn = cos h9/ (Pay(n) — Bax)dn = —Bay, cos h.
0 0

Therefore (6) becomes

k
1 h 1 1
—cot— — — = Bm 1mh2m71
29 Ty mz::l(zm)v 2m(=1)
By h?—1 h2k
—1 k+1 -1 k+273 Lo
+=D (2k)! =D (2k)!'sin h 2k COS A,
ie.,
k-1
1 h 1 1 12k
_ t— — — = Bmfl mh2m71 -1 kiB ho.
22 1 (2m)! zm(~1) =D (2k)!sin h 2k CO8
Write
IR
Ek(h) = (_1) WB% cos hf.
We apply the above to I5,(£), and get, for any k& > 1,
- m m—1 | 1 —cos2n&t
Ion(€) = 2 /0 <Ek £t) — Z (=)™ (1)* 1) o
m—l
o 1 — cos 2nét
-9 B m m 2m—1/ t2m 17(&
mzl ’ ) 5 0 627# -1
2nét
+2/ N §t — cos nf 1—cos2nét
Using (1),
/”tszlﬂdt_ /°° LA /°° 1 cos2nét
0 e2mt 1 o 0 e2rt 1 0 e2mt _ 1
B o ¢2m=1 cos 2nét
( ) 4m 6271'15 -1
Let
@)= -
Cer—1 =z
By (2),
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For m > 1,

e2'rrt —1

0o 1\ym—142m—1
£em=1) () = 2/ (=)™ 1t cos xtdt,
0

which for x = 2n& becomes
(—n)m=t o 0 ¢2m=1 cos 2nét
0

Therefore

o 1-—- 2nét Bom
2/ $2m—1 cos 2n dt = ( )m+1 + (_1)mf(2m—1)(2n£).
0

e2mt — 1 2m

Thus I, (§) is

k—1
- m+1Bam m ¢(2m—
anl€) = = X g Ban (-1 (1 g (1) g ong) )
m= 1
o0 1 — cos2nét
+ 2 ; Ek(ft) cont — 1 dt
k—1 k—1
B% 2m—1 Bom om-1 p2m—1
=D gt = Y et fEm e (2ng)
= (2m)2m = (2m)!
e 1 — cos2n&t

— cos 2nét o t)2k cos 2nét
/ E( gt 5 dt’ / (—1)’““(25;11&3% cos£t97£
O .
|Bor| [ (£6)%% 1 — cos2nét
— (2K Jy |sin&t] e?mt—1
Taking as given that for all u© € R,
1 — cos 2nu < zl — cos 2nu
[sinu| — 2 U ’
we obtain
2nét
/ B ft — cos n§ 1—cos2nét
7 | Bag| op_1 1 — cos2nét
<— t 7dt
(2k)! (€ ) e2rt —
T [Bog| o1 1 k+1 B2k k p(2k—1)
=— = ( (-1 — + (-1 2 .

5 @ g (VS A ene)

Hence
k—1 k-1
B%m 2m—1 Bom 2m—1 ¢(2m—1)
Ln(€) =) Wf - Wf f (2ng)
1

m=1 m=
|

+

1o} ((2§)§;¢2k£2k—1> +0 gzl;lgzk—lf(zk—n(zng)) )

dt
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Therefore we have
2n

1 1
P
_log(l—e2™) —logé 1 1 1 1
= ¢ +1+§ 627157—1_27% —IZn(g)
log(1 — e~27¢) — 1 11 1 1
_log(1—e™)—logf (1 1/ 1 1
£ 4 2 \em -1 2n¢
k—1 k—1
B%m 2m—1 Bam 2m—1 p(2m—1)
T2 Gment Y ”; emys L (@ng)
B3, on-1 B2kl pok—1 p(2k-1)
2 .
O ezt ) o @t ST @9
Taking n — oo,
) k—1
Z Ly logg " 1 B3, em=14 0 B3y on1
feemt—1 ¢ ¢ 4 = (2m)12m (2k)12k '

19. VORONOI SUMMATION FORMULA

The Voronoi summation formula [18, p. 182] states that if f : R — C is a
Schwartz function, then

i d(n)f(n) = /Ooo f(t)(logt + 2v)dt + %0)

+d() / " F () (Ao (dm(nt) V2) — 2o (4 (nt) /2))

n=1
where K and Yy are Bessel functions.
Let 0 <z < 1. For f(t) = e **, we compute using Mathematica that

/0 h F() (4K (4m(nt)/?) — 21Yy (4 (nt)/2))dt

2 A7’n\ . [ 4n’n 2 An’n\ . [ 4m3n
=— —exp Eil— — —exp|— Ei .
T x x x T x

Then the Voronoi summation formula becomes

Z d(n)e™ ™

&=

(Lo (2 (£22) Lo (2] (2.

Egger and Steiner [22] give a proof of the Voronoi summation formula involving
Lambert series.

20. CURTZE
Curtze [19]
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21. LAGUERRE

Laguerre [38]

22. V. A. LEBESGUE
V. A. Lebesgue [42]

23. BOUNIAKOWSKY

Bouniakowsky [4]

24. CATALAN

Catalan [9, p. 89]

Catalan [10, p. 119, §CXXIV] and [11, pp. 38-39, §CCXXVT]
25. PINCHERLE

, Pincherle [45]

26. GLAISHER
Glaisher [26, p. 163]

27. GUNTHER

Gilinther [28, p. 83] and [29, p. 178]

28. ROGEL
Rogel [46] and [47]

29. CESARO
Cesaro [14]
Cesaro [15] and [16, pp. 181-184]
Bromwich [6, p. 201, Chapter VIII, Example B, 35]
30. DE LA VALLEE-POUSSIN

de la Vallée-Poussin [20]

31. TORELLI

Torelli [57]

32. FIBONACCI NUMBERS

Landau [40]

33. Knopp
Knopp [35]

11
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34. GENERATING FUNCTIONS
Hardy and Wright [31, p. 258, Theorem 307]:
Theorem 1. For f(s) = fo_l ann™% and g(s) =Yo7 bpn~F,

n=1

Z L i |z < 1,
if and only if there is some o such that
((s)f(s) = g(s),  R(s)>o
For f(s) =372, uw(n)n™* and g(s) = 1, using [31, p. 250, Theorem 287]
1 oo
O T;,u R(s) > 1,

we get

Z p(n)x —
— 1—2am

For f(s) =377, ¢(n)n"* and
g(s) =((s—1) Z n=st = i nn”°,

using [31, p. 250, Theorem 288]

C(z(s)l) = Z d(n)n=%, R(s) > 2,

we get
AL < W
ngllfx” —;TME (1 —x)?

For n = p{*---pr, define Q(n) =a; +--- + a, and

For f(s) =", AX(n)n~* and

o) =29 = ot = Sy

using [31, p. 255, Theorem 300]

6(2s) _ i A=, R(s) > 1,

we get
oo ’I’L oo
> =2
n=1 n=1

We define the von Mangoldt function A : N — R by A(n) = logp if n is some
positive integer power of a prime p, and A(n) = 0 otherwise. For example, A(1) =0,
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A(12) =0, A(125) = log5. Tt is a fact [31, p. 254, Theorem 296] that for any n, the
von Mangoldt function satisfies

(7) Z A(m) = logn.

m|n

For f(s) =Y, A(n)n~* and

C(s) n=1
we obtain
o0 o0
A(n)z" n
> A0 ogna
n=1 n=1
35. PRELIMINARIES ON PRIME NUMBERS
We define
= Zlogp:long
p<z p<z
and
= Y loep= Y A
pm<z n<lz
One sees that
Y(x) =) [log, z]logp = [1 } log p.
ogp
p<z p<z

As well,
® -y ¥ 10%?‘219 Y
m=1p<Lgl/m
there are only finitely many terms on the right-hand side, as 9(z'/™) = 0 if z < 2™.

Theorem 2.

P(x) =9(x) + O(ml/Q(log x)?).

Proof. For x > 2, ¥(z) < zlogz, giving

Z D(xt™) < Z ml/m%logaj

1 1
2<ms< los 2<ms< los
1
< xl/? logz E —
m
2<m< oz
SM>15.3

= O(z?*(log z)?).
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Thus, using (8) we have

Y(a) =d(@) + Y ") =0(2) + O (logx)?).

log =
2Sm§ log 2

We prove that if lim,_,

@ —1 then —=®_ — 1

z/logx
Theorem 3. p
lim inf m(x) = lim inf &
z—oo z/logx =00 I
and 9
lim sup m(@) = lim sup ﬂ
z—oo &/logx rooo T

Proof. From (8), ¥(z) < ¢(x). And,
1 1
Pla) = [ Ogm} logp < 12§;logp=logx2~

p<z logp p<z p<z
Hence
IHx) < m(x)logx
xr T ’
whence p
lim inf ﬂ < liminf m(2)
To0 T z—oo z/logx
and p
lim sup ﬂ < lim sup m(@) .
T—00 X T—00 x/logx

Let 0 < a< 1. Forz > 1,
I(z) = Zlogp > Z logp > Z log 2% = alog z(w(x) — m(x®)).
p<z ¥ <p<lzx e <p<zx
As w(x®) < 2,
I(z) > ar(x)logz — ax® logz,

i.e.

) 1 1
(x) S aﬂ'(x) ogr _ olgix
T T M

This yields

I 1 1
lim inf 719(33) > «aliminf M — aliminf 98T _ o lim inf M
T—00 x xT—r00 x r—oo LT T—00 x
and
9 1 1 1
lim sup ﬂ > «alim sup M — alimsup Olgx = alimsup w‘
T—00 X T—00 X r—o0 LT T—00

Since these are true for all 0 < o < 1, we obtain respectively

lim inf M > liminf
T—00 X T —r00 x

m(x)logx

and 9
T
lim sup L > limsup
T—00 x T—00

m(z)logx
—
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36. WIENER'S TAUBERIAN THEOREM

Wiener [59, Chapter III].
We say that a function s : (0,00) — R is slowly decreasing if

liminf(s(pv) — s(v)) > 0, v—o00, p—1T.

Widder [58, p. 211, Theorem 10b]: Wiener’s tauberian theorem tells us that if
a € L*(0,00) and is slowly decreasing and if g € L'(0, 00) satisfies

/ tg(t)dt # 0, teR,
0

then

implies that
lim a(v) = A.

vV— 00

It is straightforward to check the following by rearranging summation.

Lemma 4. If > 7 | a,2" has radius of convergence > 1, then for |z| <1,

i i Zam z".

m|n

Using Lemma 4 with a,, = A(n) and z = e™* and using (7), we get

(9) > A= = > log(n)z

Using (9) we have

Z(A(n) — 1 __emm Z (logn — d(n))e™"*.
n=1 =1

We follow Widder [58, p. 231, Theorem 16.6].

Theorem 5. Asx — 07,

oo

Z(logn —d(n))e ™ = _2% + O(Z‘_l/Q),

n=1

Proof. Generally,

n=1 m=1 m=1 n=m
o0
(1 ) ZTYL
= —Zz E QA
1—2
m=1
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Using this with a,,, = logm — d(m) and z = e~ gives

Zlogn— e =(1-e" Z (Zlogm—Zd(m)

n=1 m=1 m=1
(1—e™) Z e " <log(n!) - Z d(m))
n=1 m=1
Using
log(n!) = nlogn —n + O(logn)
and
Z d(m) = nlogn + (2y — 1)n + O(n/?),
m=1
we get
log(nl) — 3 d(m) = ~27m + O’
m=1
Therefore,
Z (logn —d(n))e ™™ =(1—e" ") Z e "% (=2yn 4+ O(n'/?)).

One proves that there is some K such that for all 0 <y < 1,

1 1/2 oo
1-— log — n1/2 "
( y)( gy) Z

whence, with y = e™%,
r—1/2

1—e 2

oo
an/Qe—nz <K

n=1

Also,

—x

> e
—nr __
2 e

and thus we have

Z logn —d(n))e™™* = —2v c +0(z"1?)
1—e®
n=1
= —2v ! +O($71/2)
er —1 '
But
1 1
o1z 210w
SO

S en =2 o

n=1
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Define
flz) = i(A(n) S
and -
M) = 3 A(n7)1—1
and _

-2 (L
T= g \1 et )"

First we show that h is slowly decreasing.
Lemma 6. h(z) is slowly decreasing.

Proof. Using

1
Z E:loga:+7+0(n*1), T — 00,

1<n<z

we have, for p > 1,

hpr) —n(r) = Y AL

rz<n<px
1
Z _ g —

n

z<n<px
1 1
n n

1<n<px 1<n<lz

= —log(pz) + logz + O((pz) ') + O(z™")

= —logp+ O((pz)~") + O(x™).
Hence as x — oo and p — 17,
h(pz) — h(z) = 0,

which shows that h is slowly decreasing.

The following is from Widder [58, pp. 231-232].

Lemma 7. Asz — oo,

1 /Ooo g (t> h(t)dt = 2y + O(x~1/?).

€T €T

Proof. Let I(t) =0 for t <0 and I(t) =1 for ¢t > 0. Writing

ha) = S 1 —n) 2 =1

n )
n=1

17
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we check that for z > 0,

o et A(n) —
/O 1—e— a:t Z/ 176 xt n

On the other hand, integrating by parts,

= [ Y

1—e7t

e e] —xt
- / 1zte ™ dh(t)
0

1 —ert
1 gte*t
g
o0 —t
()
z1—e
—t
1 te h(t)
xl—et xz) |,
t
o z)dt
—/ glat)h(t)dt
0

By Theorem 5, as x — 0T,

ie,asx — 07,
>~ 2y —1/2
g(xt)h(t)dt = — +O(x=/%).
0

Thus, as x — oo,

/OOo g (i) h(t)dt = 2yz + O(x72).

The following is Widder [58, p. 232].

Lemma 8.

* —ix _ -1
/0 g(t)dt = {m;g(l —ix)P(1 — ix)

% t)h(

t

X

)

z=0
x # 0.
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Proof.

Sy < d te~?
t " g(t)dt = T — dt
[ soa= [T ()

e e] —t
= lim t—i“‘Sg ( te ) dt

5§—0 Jq dt \1—e~t
. t —t o o] ) t —t
= lim (7o S | 4 (i —5)/ grimho-1 0 gy
60 1—e7t|, 0 1—et
o0 . t —t
= lim (iz — 5)/ priats—1 T g
50 0 1—et
oo t(—ix+5+1)—le—t
= lim (iz — 5)/ LA
5—0 0 1—et

Using

/OO isildt:((s)l"(sL R(s) > 1,
0 e

this becomes

/OC t~g(t)dt = lim (iz — 6)C(1+ 6 —iz)T(1 + & — ix).
0

6—0t

If £ = 0, then using

1
C(s):ﬁ+7+0(\s—1|), s— 1,
we get

lim (—8)C(1 + 8)[(1+6) = —1.

§—0+

If x > 0, then

lim (iz — 0)¢(1 40 —ix)I'(1 4+ 6 —iz) = ix¢(l — iz)[(1 —ix).

§—0+

By Weiner’s tauberian theorem, it follows that

=1

S

Lemma 9.

Proof. Let I(t) =0 for ¢t <0 and I(t) =1 for ¢ > 0. Writing

Pa) =3 I@—mA@m), [l =3 Iz —n),

n=1
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we have

37. HERMITE

Hermite [32]:

38. LEVI-CIvITA

Levi-Civita [43]

39. FRANEL

Franel [25] and [24]

The next theorem shows that the set of points on the unit circle that are sin-
gularities of Y7, % is dense in the unit circle. Titchmarsh [56, pp. 160-161,
84.71].

Theorem 10. For |z| < 1, define

n

&)=Y =
n=1

Suppose that p > 0,q > 1 are relatively prime integers. Asr — 17,

(1—7r)f(re*™/) — oc.
Proof. Set z = re?™/4 and write
n n

2" z z
Zlfz”: Z 1fz"+ Z 1—2n'

n=1 n=0 (mod q) nZ0 (mod q)
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On the one hand,

Z" > z™ma
(1771) Z 1_Zn:(lir)21_zmq
n=0 (mod q) m=1
00 )
B (Te%w/q)ﬂw
= (1 - 7') z_:l 1_ (TeQwip/q)mq
oo Fma
== Z 1 — ymq
m=1

1 & rma
> = R
K
1
= ——log(l —19)
— 00

asr — 1.
On the other hand, for n # 0 (mod ¢) we have

|1 — 2" = |1 — rhe2Pn/a)?
=(1- r"ezmp"/q)(l - r”ef%’-p”/q)
=1- r"(e%ipn/q + e—QTripn/q) 4+ 20
=1-—2r"cos2mpn/q + r*"

mon

=1—2r" + 49" sin® + 2

= (1 —r")2 + 47" sin” .

21

So far we have not used the hypothesis that n = 0 (mod ¢). We use it to obtain

. Tpn .om
sin — > sin —.
q q

‘With this we have

1— 272 >47’"sin2z
| > ,
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and therefore, as r < 1,

=n| > R I D
1—z2 [1— 27|
nZ0 (mod q) nZ0 (mod q)
,',.’I’L
< (11— _
<(-n Z 2rn/2gin T
nZ0 (mod q) q
1—7r «—
< n/2
_QSinﬂzr
q n=0
1= 1
725in§ 1—r
1L+
~ 2sinT
q
1
< —.
sin
q
O
40. WIGERT

The following result is proved by Wigert [60]. Our proof follows Titchmarsh [55
p. 163, Theorem 7.15]. Cf. Landau [41].

Theorem 11. For A\ < %ﬂ' and N > 1,

N—

00
7nz ’Y IOg Z BQn+2 2n-+1 2N
_ 1 0]
z:: z nz% 2n +2)! 2n+2)z +O(=™)

as z — 0 in any angle |arg z| < A.

41. UNSORTED

In 1892, in volume VII, no. 23, p. 296 of the weekly Naturwissenschaftliche
Rundschau, it is stated that for the year 1893, one of the six prize questions for the
Belgian Academy of Sciences in Brussels is to determine the sum of the Lambert
series

T .’132 .’1?3

1f:c+1f:c2 + 1— 23
or if one cannot do this, to find a differential equation that determines the function.
Gram [27] on distribution of prime numbers.
Hardy [30]

Bohr and Cramer [1, p. 820]

+...7
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