SUMS, SERIES, AND PRODUCTS IN DIOPHANTINE
APPROXIMATION

JORDAN BELL

ABSTRACT. There is not much that can be said for all  and for all n about

the sum
n

> o

= |sinkma|

However, for this and similar sums, series, and products, we can establish
results for almost all  using the tools of continued fractions. This story
includes various parts of late 19th century and early 20th century mathematics.
etc.

1. INTRODUCTION

In this paper we survey a class of estimates for sums, series, and products that
involve Diophantine approximation. We both sort out a timeline of the literature
on these questions and give careful proofs of many lesser known results. Rather
than being an open-pit mine for the history of Diophantine approximation, this
paper follows one vein as deep as it goes.

For z € R, we write ||z|| = min,ez |z — nl, the distance from x to a nearest
integer. In this paper we give a comprehensive presentation of estimates for sums
whose jth term involves ||jz|| and determine the abscissa of convergence and radius
of convergence respectively of Dirichlet series and power series whose jth term
involves ||jz||. We also give a detailed proof of a result of Hardy and Littlewood
that

n 1/n

lim H | sin k| =

1
for almost all x.

We either prove or state in detail and give references for all the material on
continued fractions and measure theory that we use in this paper. Many of the
results we prove in this paper do not have detailed proofs written in any books,
and the proofs we give for results that do have proofs in books are often written
significantly more meticulously here than anywhere else; in some cases the proofs
in the literature are so sketchy that the proof we give is written from scratch,
for example Lemma 9. Our presentation of Hardy and Littlewood’s estimate for
[1—, | sin kx| makes clear exactly what results in Diophantine approximation one
needs for the proof.
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In the next section we introduce the Bernoulli polynomials, the Euler-Maclaurin
summation formula, and Euler’s constant, which we shall use in a few places. Be-
cause the calculations are similar to what we do in the rest of this paper and because
we want to be comfortable using Bernoulli polynomials, we work things out from
scratch rather than merely stating results as known. In the section after that we
summarize various problems that involve sums of the type we are talking about in
this paper.

2. THE BERNOULLI POLYNOMIALS, THE EULER-MACLAURIN SUMMATION
FORMULA, AND EULER’S CONSTANT

For k > 0, the Bernoulli polynomial By (z) is defined by

ze

Tz > zk:
(1) — = ;Bk(m)ﬁ, 2] < 2.

62

The Bernoulli numbers are By = Bj(0), the constant terms of the Bernoulli
polynomials. For any z, using L’Hospital’s rule the left-hand side of (1) tends to 1
as z — 0, and the right-hand side tends to By(z), hence By(z) = 1. Differentiating
(1) with respect to =,

s Zk 22612 0 Zk:+1 St Zk:
!/ _ — —
D Bi@) gy = oy = 2 B T = ZB’H(I)(k— 1
k=0 k=0 k=1
so B{(xz) =0 and for k > 1 we have B;;C(II) = Ei’;g’_ll(ﬁ), ie.

By (z) = kBg_1(x).

Furthermore, integrating (1) with respect to  on [0, 1] gives, since [ e**dz = €1

z )

o0 1 k
z
1= g </0 Bk(x)dx> 'k |z| < 2m,

k=0

hence fol Bo(x)dx =1 and for k > 1,

/01 Bi(z)dz = 0.

The first few Bernoulli polynomials are

1 1 3 3 1
Bo(z) =1, Bi(z)==x— 3 By(z) =2? — 2 + 5’ Bs(z) = 2% — §x2 + 5%
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The Bernoulli polynomials satisfy the following:

e k (z+1)z
z ze

B o

Z k(m + 1) k! ez — 1

k=0

e —1
= ze"% + e
e —1
Ok kt1 > k
=D T By
k=0 k=0
O k—1,k o0 k
=D G- ot D Brl@) 7
k=1 k=0
hence
(2) Br(z +1) = ka*"' + By(z), k>1,2€R.

In particular, for k& > 2, Bi(1) = By(0). The identity (2) yields Faulhaber’s
formula, for k£ > 0 and positive integers a < b,

3) S k= By (b +k1J)rI Bi+1(a)

a<m<b

The following identity is the multiplication formula for the Bernoulli poly-
nomials, found by Raabe [117, pp. 19-24, §13].

Lemma 1. For k>0, q¢>1, and x € R,

qg—1 .
qBi(qzr) = ¢" ) By (x + 2) :

§=0
Proof. Using (2) with x = %‘H =n-+ %,
k . .
. q J J
n+j)* = B n+=+4+1)—-B n+=)),
(q 7) k+1 ( k+1 < q ) k+1 ( q>)
thus
Ng—1 N-1g-1
mb = (ng + 5)*
m=q n=1 j=0
qk qg—1 N-1 j
- B Ji1) B J
[ Z( k+1<n+q+> k+1<n+ >)
j=0 n=1
ka1 .
-4 By11 N2 — By |1+ =
k+1 q
7=0
Then by (3),
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Let Fy 4(z) = Bry1(qz) — ¢* Z?;é By+1(z + j/q), which is a polynomial of degree
< k + 1. The above means that for N > 1, Fj, ,(N) = F} ,(1), which implies that
the polynomial F}, ,(x)— F} 4(1) is identically 0 and, a fortiori, F,qu (z) is identically
0:
q—1 j
4By (qz) — " ZBI/cH <x + q> =0.
§=0

Using By () = (k+ 1)Bg(z),

qg—1 .
qBi(qr) = ¢" ) By <x + ‘2) :

Jj=0

O

We remark that for prime p and for £ > 0, one uses Lemma 1 to prove that
there is a unique p-adic distribution ppj on the p-adic integers Z, such that
pexk(a+pNZ,) = pNE=D By (a/p™) [77, p. 35, Chapter II, §4], called a Bernoulli
distribution.

For z € R, let [x] be the greatest integer < z, and let R(z) = = — [z], called
the fractional part of x. Write T = R/Z and define the periodic Bernoulli
functions P, : T — R by

Pk:BkOR.

For k > 2, because By(1) = Bg(0), the function Py is continuous. For f : T — C
define its Fourier series f : Z — C by

f(n) = /Tf(t)e_2m”tdt, n € Z.

For k > 1, one calculates ﬁk(O) = 0 and using integration by parts, Py(n) =

—m for n # 0. Thus for k > 1, the Fourier series of Py is

5 i 1 )
Pk(t) ~ Z Pk(n)€27rmt — _W Z n—keQ‘n'znt.
nez n£0

For k > 2, > 4 |]3k(n)\ < 00, from which it follows that >, <y Py (n)e2mint
converges to Py (t) uniformly for ¢ € T. Furthermore, for ¢ ¢ Z [98, p. 499, Theorem
B.2],

1 (o]

1
Pi(t)y=—— Z — sin 27rnt.
Tin

Thus for example,

1 1 1 <= sink
Bi|—)=P(=—)=-= .
! (27r) ! (27T> W]; k

The Euler-Maclaurin summation formula is the following [98, p. 500, Theo-
rem B.5]. If a < b are real numbers, K is a positive integer, and f is a C¥ function
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on an open set that contains [a, b], then
K
(—

b 1)* (k—1) (k—1)
S fm) = / Fadr + 3 S B0 14 6) - Pela) 5D @)
k

K| /P fE) (z)da.

Applying the Euler-Maclaurin summation formula with ¢ = 1,b = n, K =
2, f(z) = logz yields [98, p. 503, Eq. B.25]

1 1
Z logn =nlogn —n + alogn—k 510g277+0(n_1).

1<m<n

Using e!t0"™") = 1 4+ O(n~1), taking the exponential of the above equation gives
Stirling’s approximation,

n! =n"e "V2rn(l+0(n™1h)).

Write a, = —logn + > ;.. <, . Because z — log(1 — z) is concave,
1 1 1
an—an_1:n+log<l—) <1+1_EZO’

which means that the sequence a,, is nonincreasing. For f(x) = %, because f is
positive and nonincreasing,

n+1
> fm / f(z)dx =log(n + 1) > logn,
1<m<n

hence a,, > 0. Because the sequence a,, is positive and nonincreasing, there exists
some nonnegative limit, v, called Euler’s constant Using the Euler-Maclaurin

summation formula with a = 1,b=n,K =1, f(z) = 1, as Pi(z) = [z] — 1,
1 1 1 1 /M1 " 1
— =1 —— -+ —dx — R(z)—=d
Z m 8T g, 2+2/1 22 /1 (x)ﬁ “
1<m<n
which is

Z l:logn—/ R(f) x / R(Qx)dx.
m . n

l<m<n

As 0 < R(z)xz™2? < 272, the function x — R(z)z~2 is integrable on [1,00); let
C=1- [ R(z)z~2 Since 0 < [* R(z)z %dz < [ 2z 2dz =n"",

1
g — =logn+C+0(n™1h
m
1<m<n

f. But —logn+ Y, .,,<, = — v as n — oo, from which it follows that C'= v and
thus T

1
Z — =logn+~vy+0(n1).
m

1<m<n
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3. BACKGROUND

For x € R, let [z] be the greatest integer < z and let R(z) = = — [z]. It
will be handy to review some properties of z — [z]. For n € Z it is immediate
that [zt + n] = [z]. For z,y € R we have 0 < z — [z] + y — [y] < 2, which
means 0 = [0] < [z — [y] +y — [y]] < [2] = 2, and using [z + n] = [z] this is
0 <[z +y]—[z] - [y] <2, therefore

[#]+ ] < [z +y] < [2] + [y] + L.

Form,ne€Z,n > 1, and z € R,

r+m]  [[z]+m

n N n '

For n a positive integer and for real z,

1 -1

[z] = [m+0] < [;v—k} <--[az+n] < {x—kﬁ] = [z] + 1.
n n n n

There is a unique v, 1 < v < n, such that [z + *2] = [z] and [z + %] = [2] + 1,
and therefore [R(z) + *=1] = 0 and [R(z) + %] = 1, consequently R(z)+ -1 < 1
and R(z) + £ > 1, which means 1 — £ < R(z) < 1 — “=1, from which finally we
get n < [nz] —nlz] +v <n+1and so n = [nz] — nlz] +v. But

> |o+ 2] = lel+ Xoal + 1) = vla] + (0= v)(e] 4 1) = nle] 40
k=0 k=0 k=v

and using v = n — [nx] + nlx],
Z_: {x + ij =nl[z] +n — (n — [nz] + nlz]) = [nz].

k=0

This identity is proved by Hermite [62, pp. 310-315, §V].
The Legendre symbol is defined in the following way. Let p be an odd prime,
and let a be an integer that is not a multiple of p. If there is an integer b such that

a = b? (mod p) then (%) = 1, and otherwise (%) = —1. In other words, for an

a

integer a that is relatively prime to p, if a is a square mod p then (5) =1, and if

a is not a square mod p then <%> = —1. For example, one checks that there is no
integer b such that b* = 6 (mod 7), and hence (£) = —1, while 32 = 2 (mod 7),
and so (2) =1.

If p and ¢ are distinct odd primes, define integers uy, 1 < k < 5= L by
k
kq=p {q] + uk;
p

namely, uy is the remainder of kg when divided by p. We have 1 < uy < p—1. Let
(g, p) be the number of k such that ug > 1’2;1. It can be shown that [58, p. 74,

Theorem 92]
q
) (1 u(q,p);
()=
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this fact is called Gauss’s lemma. For example, for p = 13 and ¢ = 3 we work
out that

Uy = 3, Ug = 6, Uz = 9, Uy = 12, Uy = 2, Ug = 5,

and hence 1(3,13) = 2, so (—=1)*(>13) = 1; on the other hand, 4> = 3 (mod 13),
hence (3) = 1. With

S(q,p) = > [jq] :

it is known that [58, pp. 77-78, §6.13]
S(¢,p) = u(g,p) (mod 2).
And it can be shown that [58, p. 76, Theorem 100]

(4) S(q,p)+5(p,q)=%-%.

(p) (q) — (_1)/t(p7q)+u(q7p)
q p

- (_1)S(p,q)+5(q-,p)

Thus

= (-1

This is Gauss’s third proof of the law of quadratic reciprocity in the numbering
[6, p. 50, §20]. This proof was published in Gauss’s 1808 “Theorematis arithmetici
demonstratio nova”, which is translated in [134, pp. 112-118]. Dirichlet [36, pp. 65—
72, §842-44] gives a presentation of the proof. Eisenstein’s streamlined version of
Gauss’s third proof is presented with historical remarks in [89]. Lemmermeyer [90]
gives a comprehensive history of the law of quadratic reciprocity, and in particular
writes about Gauss’s third proof [90, pp. 9-10]. The formula (4) resembles the
reciprocity formula for Dedekind sums [118, p. 4, Theorem 1].

Gauss obtains (4) from the following [134, p. 116, §5]: if z is irrational and n is
a positive integer, then

(5) Z[ka:] + [

B
=%
o
=
=
5
ol
=
@]
2
o)
wn
o
»n
S
5}
e
@z
—
=
Bl
AN
ol
AN
e
a‘+
o

|, then [kx] = j. Therefore

n [nz] 1 j
S - $5((2)- )

k=1 j=1

Bachmann [5, pp. 654658, §4] surveys later work on sums similar to (5); see also
Dickson [33, Chapter X]. If m and n are relatively prime, then

(20 () () 22 )
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and so . )
- km\ <~k 1 (n—1)n n-1
ZR<n> = i a 3 7
k=1 k=1
Hence
n—1 n—1 n—1
km k km m—1)(n—1
o
n n n
k=1 k=1 k=1

There is also a simple lattice point counting argument [113, p. 113, No. 18] that
gives (6).
In 1849, Dirichlet [35] shows that

n n n
o) =3 7]
k=1 k=1
where d(n) denotes the number of positive divisors of an integer n. (This equality
is Dirichlet’s “hyperbola method”.) He then proves that

Z [%] =nlogn + (2y — 1)n + O(v/n).

k=1
Hardy and Wright [58, pp. 264-265, Theorem 320] give a proof of this. Finding
the best possible error term in the estimate for > ;_, d(k) is “Dirichlet’s divisor
problem”. Dirichlet cites the end of Section V Gauss’s Disquisitiones Arithmeticae
as precedent for determining average magnitudes of arithmetic functions. (In Sec-
tion V, Articles 302-304, of the Disquisitiones Arithmeticae, Gauss writes about
averages of class numbers of binary quadratic forms, cf. [34, Chapter VI].)

Define (z) to be 0 if z € Z + 3; if * ¢ Z + § then there is an integer m, for

which |z — m,| < | — n| for all integers n # m,, and we define (z) to be x — m,.
Riemann [120, p. 105, §6] defines

oy =3 o),

n=1
for any z, the series converges absolutely because |(—nz)| < 1. Riemann states
that if p and m are relatively prime and z = 52, then
. . 2 . 2
Flrt) = lim foth) = f@) - oo p f@)= lm febh) = f@) 4o
thus
_ T
F) ~ ) = o

and hence that f is discontinuous at such points, and says that at all other points
f is continuous; see Neuenschwander [103] about Riemann’s work on pathological
functions, and also [114, p. 37]. For any interval [a, b] and any o > 0, it is apparent
from the above that there are only finitely many x € [a,b] for which f(z7) —
f(zT) > o, and Riemann deduces from this that f is Riemann integrable on [a, b];
cf. Hawkins [60, p. 18] on the history of Riemann integration. Later in the same
paper [120, p. 129, §13], Riemann states that the function

o0
mzm
n
n=1
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is not Riemann integrable in any interval.
In 1897, Cesaro [27] asks the following question (using the pseudonym, and
anagram, “Rosace” [107, p. 331]). Let e(z) = z — [z] — 1. Is the series

7) 5 )

n=1

convergent for all non-integer 7 This is plausible because the expected value of
e(z) is 0. Landau [85] answers this question in 1901. Landau proves that if there
is some g such that

S lka] = "D T o)
k=1

n=1 nEqr(Lr—:-)l)
converges, then (7) converges. And he proves that if « is rational then (7) diverges.
We return to this series in §9.

Also in 1898, Franel [49] asks whether for irrational z and for € > 0 we have

i Ll) Dy ome).

2
k=1
]

where g is a nonnegative function such g(n) = o(n) and such that > 7

Then in 1899, Franel [50] asks if we can do better than this: is the error term in fact
O(1)? Cesaro and Franel each contributed many problems to L’Intermédiaire des
mathématiciens, the periodical in which they posed their questions. Information
about Franel is given in [79].

Lerch [91] answers Franel’s questions in 1904. If x is irrational and 2 is a con-
vergent of z (which we will define in §4), then using Theorem 2 (from §4) we can
show that if 1 < k < ¢ then [kz] = [%p]. Lerch uses this and (6) to show that if x
is irrational and E is a convergent of x then

q

1)z 1
> [k L) Y9 R 0<R<-:
— 2 2

Lerch states that if the continued fraction expansion of z has bounded partial
quotients (defined in §4) then, for any positive integer n,

1

> [ka] = nntlz _n +O(logn).
2 2

k=1

Lerch only gives a brief indication of the proof of this. This result is proved by Hardy

and Littlewood in 1922 [56, p. 24, Theorem B3], and also in 1922 by Ostrowski [105,

p. 81]. On the other hand, Lerch also constructs examples of x such that, for some

positive integer c,
n

1
> [ka] - nnt D nlg -t
2 2 2

Nevertheless, in 1909 Sierpinski [130] proves that if x is irrational then

n

Z[kzx] = M - g +o(n).

k=1
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A bibliography of Lerch’s works is given in [133]. Lerch had written earlier papers
on Gauss sums, Fourier series, theta functions, and the class number; many of
his papers are in Czech, but some of them are in French, several of which were
published in the Paris Comptes rendus. Several of Lerch’s papers are discussed in
Cresse’s survey of the class number of binary quadratic forms [34, Chapter VI].

In 1899, a writer using the pseudonym “Quemquaeris” [116] (“quem quaeris” =“whom
you seek”) asks if we can characterize ¢(n) such that for all irrational 6 the series

Z sin n7r9

converges. In particular, the writer asks if ¢(n) = % satisfies this. In the same
year, de la Vallée-Poussin [32] answers this question. (There are also responses
following de la Vallée-Poussin’s by Borel and Fabry) For a given function ¢(n), de
la Vallée-Poussin shows that if we have a,, > (25(7) for all n, for a,, the nth partial

quotient of # and ¢, the denominator of the nth convergent of 6, then the series

Z sin n779

will diverge. Hardy and Littlewood prove numerous results on similar series, e.g.
for ¢(n) = n~" for real r > 1 and for certain classes of #, in their papers on
Diophantine approximation [55]. In 1931, Walfisz [146, p. 570, Hilfssatz 4] shows,
following work of Behnke [12, p. 289, §16], that for almost all irrational x € [0, 1],
if € > 0 then

O(n(logn)>T°),
aneu )

where ||z|| = min(R(z), 1 — R(z)). Walfisz’s paper includes many results on related
sums.
In 1916, Watson [147] finds the following asymptotic series for S,, = >~ 11 cse (1)

B2](22] —2)r

Sy ~ 2nlog(2n) + 2n(y — log ) + Z §(25) 21

)

where 7 is Euler’s constant and B; are the Bernoulli numbers. Truncating the
asymptotic series and rewriting gives

2nlogn . 2log2 + 2y —2logm +O<1>.

Sy = —
™ T
For example, computing S1ggo directly we get S1go0 = 4477.593932. .., and com-
puting the right-hand side of the above formula without the error term we ob-
tain 4477.594019... A cleaner derivation of the asymptotic series using the Euler-
Maclaurin summation formula is given later by Williams [149].

Early surveys of Diophantine approximation are given by Bohr and Cramér [19,
pp. 833-836, §39] and Koksma [78, pp. 102-110]. Hlawka and Binder [63] present
the history of the initial years of the theory of uniform distribution. Narkiewicz
[101, pp. 82-95, §2.5 and pp. 175-183 §3.5] gives additional historical references on
Diophantine approximation. The papers of Hardy and Littlewood on Diophantine
approximation are reprinted in [55]. Perron [108] and Brezinski [22] give historical
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references on continued fractions, and there is reliable material on the use of con-
tinued fractions by 17th century mathematicians in Whiteside [148]. Fowler [48]
presents a prehistory of continued fractions in Greek mathematics.

4. PRELIMINARIES ON CONTINUED FRACTIONS
Let
= mi — k| = mi 1-— .
]l = min | — K| = min(R(z), 1 - R(x))

Let p be Lebesgue measure on [0, 1], and let Q@ = [0,1] \ Q.
For positive integers a1, ..., a,, we define

[a1,...,a,] =
a) +
..+
1

ap—1+ —
n

For example, [1,1,1] = %
Let N be the set of positive integers. We call a € NN a continued fraction, and
we call a,, the nth partial quotient of a. If there is some K > 0 such that a,, < K

for all n then we say that a has bounded partial quotients. We call [aq, ..., a,] the
nth convergent of a. For n > 1 let

p

L =Tay,...,an],

qn

with p,, g, positive integers that are relatively prime, and set

po =0, g0 = 1.
One can show by induction [42, p. 70, Lemma 3.1] that for n > 1 we have

® G i) =G o) (o) (o)
Qn  Qn-1 1 0 1 0 1 0
We have
P =1 q = a,

and from (8) we get for all n > 1 that

Pnt1 = Ani1Pn + Pn-1,
and

Gn+1 = Gni1qn + Gn—1-
Since the a,, are positive integers we get by induction that for all n > 1,
(9) P > 2(71—1)/27 qn > o(n—=1)/2
In fact, setting Fy = 1,Fy, = 1, F41 = F, + F,,—1 for n > 2, with F,, the nth
Fibonacci number, as a,, > 1 we check by induction that

pnana anFn—&-L

Taking determinants of (8) gives us for all n > 1 that

(10) PnQn—-1 — Pn—1qn = (71)n+17
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and then by induction we have for all n > 1,

Pn i (71)k+1'

dn B qrk—19k

k=1

For any a € NV, as n — oo this sequence of sums converges and we denote its limit
by v(a). We have for all n > 1,

N Vi

v(a)—@: Z

In 0 19k

Since the right hand side is an alternating series we obtain for n > 1,

1
(11) v(a) - 2| < ,
dn QnQn-‘rl
and
1 1 1
(12) v(a) - 22| > - = nt2 ,
dn dnqn+1 dn+19n+2 dndn+2 Qn(Qn-‘rl + Qn)
and
(13) p—2<p—4<---<v(a)<---<@<@.
q2 q4 q3 q1

For x € , we say that g € Q, ¢ > 0, is a best approximation to z if

llgz|| = |gz — p| and ||¢’z|| > ||gz|| for 1 < ¢’ < ¢. The following theorem shows in
particular that the convergents of a continued fraction a are best approximations
to v(a) [122, p. 22, Chapter 2, §3, Theorem 1].

Theorem 2 (Best approximations). Let a € NY. For anyn > 1,

lgnv(a)|| = [pn — gnv(a)l.
If 1 < q < gn1, then for any p € Z,

lqu(a) — p| = |pn — qnv(a)l.

Proof. By (11), |gnv(a) — pn| < —2—. But

qn+1
Gnt1 > @2 =0a2q1 +qo > q1+q =a1+1>2.

So |gnv(a) — pa| < %, which means ||g,v(a)|| = |grv(a) — ppl-

Write z = v(a) and let A = (Z”H Zn> Applying (10),
n+1 n

det A = pni1Gn — Pndn+1 = (=1)".
Let
<M) — Al (p) _ 1 < qn _pn> (p> _ (_1)n ( qn _pn> (p> )
v q det A \—qn+1 Pn+1 q —qn+1 Dn+1 q

Then

qx —p = (Uqn+1 + vqn)T — (Pns1pt + puv) = p(Gn1% — pry1) + v(gnx — pp)

(p> _a (u) _ (pn+1 pn) (u) _ (pnﬂu +pnl/> .
q v In+1 qn) \V In+1i + gnV
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In particular, u, v € Z. Suppose by contradiction that v = 0. Then (q — ugn+1)x =
D — Upnt1, and as x € Q it must then be that ¢ = pg,+1 and p = pppy1. But
q = UGn+1, 1 < q < gns1, and p € Z are together a contradiction. Therefore v # 0.
Either =0 or u # 0. For p =0,

lgz — p| = [V||gn® — pn| > |qnz — pnl,

which is the claim. For u # 0 we use the fact ¢ = ¢pr1p+qpv and 1 < g < gp4q. If
w,v > 0 then ¢ < g1 is contradicted, and if g, v < 0 then ¢ > 1 is contradicted.
Therefore 1 and v have different signs, say p = (=1)V|p| and v = (=1)V+1|y|.
Furthermore, we get from (13) that

sgn (an _pn) = (_1)n7 sgn (q’ﬂ+1$ - pn+1> = (_1)n+1.

Therefore

qr = p = p(qns1% — Pny1) + V(qn — Pn)
= (=D ul- ()" Mgnp12 — puga] + (DN Tyl (1) |gnx — pal,
hence

lgz — p| = |pllgn+12 — Pra| + [V]|@n® — Pu| > |V||gne — Prl| > |gnz — Pal,

which is the claim. O

The above theorem says, a fortiori, that the convergents of a are best approxi-
mations to v(a). It can also be proved that if g € Q, g > 0, is a best approximation
to v(a) then % is a convergent of a [88, p. 9, Theorem 6]. Cassels [26, p. 2, Chapter
I] works out the theory of continued fractions according to this point of view. Sim-
ilarly, Milnor [96, p. 234, Appendix C] works out the theory of continued fractions
in the language of rotations of the unit circle.

We define the Gauss transformation T': Q@ — Q by T(z) = R (1) for z € (,
and we define ® : Q@ — NN by

(®(2))n = [Tnll(x)] . on>1

One can check that if a € NY then v(a) € Q [42, p. 73, Lemma 3.2]. (Namely,
the value of a nonterminating continued fraction is irrational.) One can prove that
v : NN — Q is injective [42, p. 75, Lemma 3.4], and for x € Q that [42, p. 78,
Lemma 3.6]

(vo®)(z) = .

Therefore ® :  — NV is a bijection. Moreover, ® is a homeomorphism, when N has
discrete topology, NN has the product topology, and € has the subspace topology
inherited from R [42, p. 86, Exercise 3.2.2]. That NN and  are homeomorphic
can also be proved without using continued fractions [1, p. 106, Theorem 3.68]. In
descriptive set theory, the topological space .4# = NV is called the Baire space,
and the Alexandrov-Urysohn theorem states that .4 has the universal property
that any nonempty Polish space that is zero-dimensional (there is a basis of clopen
sets for the topology) and all of whose compact subsets have empty interior is
homeomorphic to A" [72, p. 37, Theorem 7.7]. Some of Baire’s work on 4 is
described in [68, pp. 119-120] and [4, pp. 349, 372].
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For I = [0,1] and for T : I — I, T(z) = R(1/z) for z > 0 and T(0) = 0. For

k>1let I, = (ﬁ %), soif & € Iy then T(z) = 2~ ' — k. Then for z € I = [0,1],

T(x) =Y 1p(x)(@ " — k).
k=1

ForS:{O}U{k’l:k21},I\S:Uk21Ik, and for z € I'\ S,

T'(z) = =) 1p(2)z,
k=1

and for z € Iy, k? < |T’(z)| < (k+1)2. Differentiability and dynamical properties of
the Gauss transformation are worked out by Cornfeld, Fomin and Sinai [29, pp. 165
177, Chapter 7, §4], as an instance of piecewise monotonic transformations.

For each n > 1 we define a,, : @ — N by a,(z) = (®(z)),. For example,
e —2 €, and it is known [88, p. 74, Theorem 2] that for k > 1,

asp(e —2) = agp—2(e —2) =1 and agx—1(e —2) = 2k.

The pattern for the continued fraction expansion of e seems first to have been
worked out by Roger Cotes in 1714 [47], and was later proved by Euler using a
method involving the Riccati equation [30].

For n > 1 and i € N", let

I,(i) ={w e Q:ar(z) =i, 1 <k <n}
For z € I,,(7),

= [ir,... i Pac1(®) _ i
i[lm.-,n]; qn,]_(x) [17"~7n—1]-

pu(2)
Qn($>

The following is an expression for the sets I,,(z) [66, p. 18, Theorem 1.2.2].

Theorem 3. Letn > 1,1 € Z%,, and for p, = pu(¥), gn = qu(z), v € L,(i),

. PntPn—1 n odd
u (Z) — qnt+qn—1
n Pn
— n even
dn
and
Dn n odd
) ('L) — qn
n PntPn—1

n even.
An+qn—1

Then
I,(i) = QN (un (7)), v,(7)).
It follows from the above that for i € N, n > 1,

1
QH((]n + Qn—l) ’

(I (i) =
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5. DIOPHANTINE CONDITIONS
For real 7,y > 0 let

D(r,v) = m {x €1[0,1]:

q€ZL>1,pEL

o]
q

= () {z<€l0.1): lgzl| = vg 7},
qE€ZL>1
and let
p(r) = | D(r).
>0
We relate the sets D(7) and continued fractions expansions [96, p. 241, Lemma
C.6], cf. [152, p. 130, Proposition 2.4].

Lemma 4. For 7 > 0 and x € Q, x € D(1) if and only if there is some C =
C(z) > 0 such that ¢,+1(z) < Cqp(z)™ for allm > 1.

Proof. For x € Q, write ¢, = qn(z). By (12), |lgnz|| > ! and by (11),

An41+qn’
1

lgnz|| < g+ Suppose x € D(7), so there is some 7 > 0 such that x € D(7,7).
Then
-1 7—1
Gn+1 < > 4y
lgn|

Suppose gn+1 < Cql, ! for all n > 1. For ¢ € Z>1, take ¢, < ¢ < ¢y+1. Using
Theorem 2,
1 1 1 1
> Z 70—1q;‘r+1 Z . q—T-i-l7
Gn+1+qn  2qny1 — 2 2C

which means that = € D(7, 7). O

lgzll = llgne] >

For K a positive integer, let
Brx ={x € Q:a,(zx) <K for all n > 1},
80 Ug>1 B is the set of those z € Q with bounded partial quotients.
Lemma 5. Forxz € Q, x € D(2) if and only if © has bounded partial quotients.

Proof. Write a, = an(z) and ¢, = ¢n(z). If z € D(2) then there is some v > 0
such that x € D(2,7), hence for n > 1,

< LIPS
i1 < — <Y .
" llgn|| "

Now, ¢ni1 = @ni1qn + qn-1 forn >1, so

A1 < Qi1 < @ty g =77

which shows that x has bounded partial quotients.
If € Bk, let ¢ € Z>1 and let g, < ¢ < ¢p41. Using Theorem 2 and then (12),

1 1 1
qz| > [lgnz|| > = > '
lgz|| = [lgnz|l Uns1 + Gn Cn+1qn + qn—1 + qn (Ant1+2)qn

As x € By,
L

! > q -,
(K+2)q, ~ K+2

gl >

which means that z € D(2, ﬁ)
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A complex number « is called an algebraic number of degree d, d > 0, if
there is some polynomial f € Z[x] with degree d such that f(«) = 0 and if g € Z[z]
has degree < d and g(a) = 0 then g = 0. An algebraic number number of degree 2
is called a quadratic irrational. Let a € Q. It was proved by Euler [58, p. 144,
Theorem 176] that if there is some p > 0 and some L such that a;y,(a) = a;(a)
for all [ > L then « is a quadratic irrational The converse of this was proved
by Lagrange [58, p. 144, Theorem 177], namely that a quadratic irrational has
eventually periodic partial quotients. For example, o = /11 — 3 € Q is a quadratic
irrational, being a root of 2 + 6z — 2, and one works out that a1 (a) = 3, az(a) = 6,
and that a;42(a) = a;(«) for I > 1. In particular, if o € Q is a quadratic irrational,
then a has bounded partial quotients.

Liouville [58, p. 161, Theorem 191] proved that if 2 € Q is an algebraic number
of degree d > 2, then x € D(d). The Thue-Siegel-Roth theorem [46, p. 55,
Theorem 1.23] states that if z € Q is an algebraic number, then for any § > 0 there
is some ¢5 € Z>1 such that for all ¢ > gs,

gzl = ¢~

See Schmidt [126, p. 195, Theorem 2B].

6. SUMS OF RECIPROCALS

We are interested in getting bounds on the sum > This is an appealing

J=1 HJ»LH

question because the terms are unbounded.

1
[FE]l
Rather than merely stating that > ;- % = oo, we give more information by
giving the estimate
n
S 1 g+ 07
k=1
where v is Euler’s constant. Likewise, rather than merely stating that there are
infinitely many primes, we state more information with [86, p. 102, §28]

1 1
Zzloglogw—l—B—i—O( ),
P log x

p<z

for a certain constant B (namely “Merten’s constant”), or with [86, p. 226, §61]

Zp 2logx +0 ((10;23:)2> '

Because [sin(nz)| = sm(w |z])) < 7|z| and

. . 2
|sin(mz)| = sin(r [|z]]) = — [l«]| = 2 |l2[|,

we have
" | - 1
(14) ;;ﬁ 2:: blnﬂ'jl‘| zz:ﬁ
1

Thus, getting bounds on ZJ 1 HJIH will give us bounds on Z] 1 Tsinnmjz]

Let ¢ be a nondecreasing function defined on the positive integers such that
p(h) > 0 for h > 1 (for example, ¥(h) = log(2h)). Following Kuipers and Nieder-
reiter [81, p. 121, Definition 3.3], we say that an irrational number z is of type
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< if ||hzx| > ﬁ(h) for all integers h > 1. If 4 is a constant function, then we say
that x is of constant type.

Lemma 6. = € Q is of constant type if and only if it has bounded partial quotients.

Proof. Suppose that x € 2 is of constant type. So there is some K > 0 such that
lhzx| > ﬁ for all integers h > 1. For n > 2 we have ¢, = a,Gn_1 + ¢n_2, and
hence, by (11),

I _n=2 o O o K geez] < K,

dn—1 dn—1 qn—1

Ap =

showing that x has bounded partial quotients.

Suppose that x € 2 has bounded partial quotients, say a,, < K for all n > 1.
Let h be a positive integer and take g, < h < g41. Then first by Theorem 2 and
then by (12),

Ihal) > flgne] > —— > = : >
Gn + ant1 2041 2(An419n T @n—1)  2(@n+1Gn +Gn)
and so
e
2K +1) g~ 2(K+1)h
showing that x is of constant type. O

However, almost all « do not have bounded partial quotients [75, p. 60, Theorem
29]. Shallit [129] gives a survey on numbers with bounded partial quotients.

We state and prove a result of Khinchin’s [75, p. 69, Theorem 32] that we then
use.

Lemma 7. Let [ be a positive function on the positive integers. If
o0
> flg) < o0,
q=1

then for almost all x € Q there are only finitely many q such that ||qx|| < f(q).

Proof. For each positive integer ¢, let E, = {t € Q : ||¢t|| < f(q)}. If t € E,, then
there is some integer p with 0 < p < ¢ such that ‘t — g‘ < %. It follows that

B, C (0,@>u<1@,1>u“(pm,p+m>.

SN 4 a g

Therefore

Let E = limsup,_,,, Fy, ie. £ = {t € Q : t € E,for infinitely many ¢}. Then
by the Borel-Cantelli lemma [18, p. 59, Theorem 4.3] we have that p(E) = 0.
Therefore, for almost all £ € €2 there are only finitely many ¢ such that ¢t € Fg, i.e.,
for almost all ¢t € Q there are only finitely many ¢ such that ||¢t|| < f(q). O
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The above lemma is proved in Benedetto and Czaja [14, p. 183, Theorem 4.3.3]
using the fact that a function of bounded variation is differentiable almost ev-

erywhere. We outline the proof. Define F : [0,1] — Ry by F(z) = % if
T =2, ged(a,q) = 1, 0 < a < ¢, and F(z) = 0 if x € Q. Writing &, =

{g:Ogagq,gcd(a,q)zl},forO=t0<t1<~--<tN:1,

N oo N oo f() N oo
S Ft) =Y S F(ty) 1, (1) =S EUN 1, () <Y fla).

§=0 q=1j=0 o
It follows that the total variation of F' is < 2 Z;il f(q) and hence F' is a function
of bounded variation. Because F' has bounded variation, the set Dy of x € [0, 1]
at which F is differentiable is a Borel set with A\(Dp) = 1. Check that F'(z) =0
for x € Dp \ Q, and using this, if % — x with ged(ay,¢,) =1 and 0 < a, < g,

then for some N, if n > N then |z — % > %.

We use the above lemma to prove the following result.

Lemma 8. Let € > 0. For almost all x € Q, there is some K > 0 such that x is of
type < K(log h)'*e.

Proof. Let

E= {t €N |ht| < W for infinitely many h} .

Since >"p2; W converges, we have by Lemma 7 that u(E) = 0. Let t € Q\ E.
Then ||ht|| > W for all sufficiently large h. It follows that there is some K
such that t is of type < K (log h)' . O

The following technical lemma is from Kuipers and Niederreiter [81, p. 130,
Exercise 3.9]; cf. Lang [88, p. 39, Lemmal].

Lemma 9. Let x € Q be of type < . If n >0 and if 0 < hg < gn+1, then

1
T < 6an(¥(an) +loggn).
1<Z<In 15 + ho)|| n(¥(4n) )
Jtha<amiy
Proof. Since p,, and g, are relatively prime, the remainders of jp,, j = 1,...,¢n,

when divided by ¢, are all distinct. Then also, the remainders of jp, + hopn,
Jj =1,...,qn, when divided by ¢, are all distinct. Let A;, 7 = 1,...,q,, be the
remainder of jp, + hop, when divided by ¢,. We have {}\; : 1 < j < ¢,} =
{0,...,qn — 1} let A\j; =0, Aj, =1, and \j, =g, — 1.

Write x = % + qngzﬂ; by (11) we have |0,] < 1. If j + hy < gn41 then by
Theorem 2 we have |[(j + ho)z|| > |lgnz||, and since x is of type < ¢ we have

L
W¥(qn)

G+ ho)zll = llgnz|| =

Let, for : =1,2,3,

—_

4 = J b it ho <,
"0, if i+ ho > oy
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If j+ ho < gn+1 and j # j1, jo, j3, then

Gt (L L)
dn dndn+1 dn Gn dn qn
It follows that
> 1 _ Ay N Ay N Az
Sz G+ o)l [G1 + ho)zll — |I(J2 + ho)zll  [I(j3 + o)zl
J+ho<qn+1
1
+ 1; Ai . (G4ho)dn
]‘+}7I)J<7q(r1,:l+1 dn dndn+1
J#31,32,33
1
< -
S Sdlan) + 1; A (G+ho)dn
j+h70J<7q(:L+1 dn dndn+1
J#31,32,73
1
< Bgut(gn) + Y ]
1<j<an
j+’;)J<*;n+1 dn dn
J#31,32,73
1
P R Ev|
it }7:)J<7qq7:;1 qn dn
J#31,32,33
qn—1
< 3¢nt(gn) +2 Z
’ qn
1
But 17 < my T =R or Y # 2 s0
qn—1 qn—1 1
> < X :
k=1 qn k=1 R(qn> I_R(E)
- k. k
= YT
Qn_l
1
= 20 ) 7
k=1
< 3qnlog qn;

the last inequality is because, for all m > 1,

Zk: 10gm+1)
|

We now use Lemma 9 to obtain a bound on Zj 1 ”m' in terms of the type of
2. This is from Kuipers and Niederreiter [81, p. 131, Exercise 3.11]; cf. Lang [88,
p. 39, Theorem 2].
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Theorem 10. If x € Q is of type < ¢, then for all m > 1 we have

1

Proof. We shall prove the claim by induction. Because z is of type < 1, we have
1
Ty S V) < 120(1),
x

so the claim is true for m = 1. Take m > 1 and assume that the claim is true for
all 1 <m/ < m. We shall show that it is true for m.

Let g, < m < gn41. Either m < 2¢q,, or m > 2q,,. In the first case, using Lemma
9 we have

qn m—dn

m 1
S T LTt X G

< 12, (Y(gqn) + IOg qn)
< 12m(¢p(m) + logm).
In the second case, using the induction assumption (with m’ = m — ¢,) and
Lemma 9 we have, because ¢, < m — g,

m—qn dn
;HNH a Z ||J [ Z\|J+m—q )zl
< 12( —qn) (Y(m — qn) +log(m — gn)) + 6¢,(¢(gn) + log qn)
< 12(m — qn) (¥(m) + logm) + 12qn(1/)(qn) + log gn)
= 12m(¢(m) +logm) — 12¢, (¢ (m) — Y (gn) + logm — log ¢»)
< 12m(¢p(m) + logm).
The claim is true in both cases, which completes the proof by induction. ([l

We can now establish for almost all z € Q a tractable upper bound on the sum
S and thus by (14) also on " cf. Lang [88, p. 44, Theorem

Jj=1 HJfCH’ j=1 \sm'n’]x|;

Theorem 11. Let € > 0. For almost all x € ), we have

m 1 .
;m =0 (m(logm)l+ ) ,

while if x has bounded partial quotients then

O (mlogm).
Z Hlel

Proof. Let € > 0. By Lemma &, for almost all x € Q there is some K such that z
is of type < K(logh)'*¢. For such an z, it follows from Theorem 10 that for all
m > 1,

> L < 12m(K (logm)**€ 4+logm) = O (m (log m)l“) :
— |jz|
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FIGURE 1. —L— .S L for g = =15y — 20000, . . ., 25000

miogm * 24j=1 Tjal 2

If  has bounded partial quotients then by Lemma 6 it is of constant type, say
(m) = K for some K. It follows from Theorem 10 that for all m > 1,

1
Z < 12m(K +logm) = O (mlogm).

2 Tial
([l
For example, take x = %\/57 for which a,(z) = 1 for all n € N, and so in
particular z has bounded partial quotients. In Figure 1 we plot o3> | m

for m = 20000, ...,25000. These computations suggest that there is some constant
C for which Z;nzl m > C'mlogm for all m. In Theorem 13 we shall prove that
for almost all x € Q there is such a C(z).

However, the estimate in Theorem 11 is not true for all € Q. Define a € NV as
follows. Let a; be any element of N. Then inductively, define a,, 41 to be any element
of N that is > ¢?~!. Then for any n € N, using (11) and ¢, 11 = @ni1Gn + Gn_1 >
Gn+1qn We get

1 1
< < —,
dn+1 Gp41Qqn an

|an(a) - pn| <

hence ||gnv(a)| < qi;” and then

lgv@)] =~ llgnv(@)]] = ™

Using € = 1, it is then straightforward to check that there is no constant C such
that 327", m < Cm(logm)? for all m.

We will need the following lemma [18, p. 324, Lemma 3] to prove a theorem; cf.
Khinchin [75, p. 63, Theorem 30].
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Lemma 12. If ¢ is a function defined on the positive integers such that ¢(n) > 1

for all n and
S
250y =%

then for almost all x € Q there are only finitely many n such that a,(x) > ¢(n).

Proof. For a measurable set A C (0, define

1 1
A =
7(4) 10g2/Al+xdu(x),

Wdu(x). Thus for a measurable set A C 2 we have

in other words dvy(x) = =
1 1
< / dr = ——p(A)
log2 /4 log 2

1 1 1
>~ | Zdp=—" .
v(4) 2 log2 /4 de 210g2M(A)

We will use that v is an invariant measure for the Gauss transformation 7" : 2 —
Q [42, p. 77, Lemma 3.5], i.e., if A C Q is a measurable set then

(Te7)(4) = ¥(T 71 (4)) = 7(4).
Let A, ={x € Q:an(z) > d(n)}, n>1. As

- [

v(A)

and

we have
A, C {zeQ: Tn_ll(x) > o(n)}
_ {x €T (z) < ¢(1n)}
= @ (o) \2)-
Hence

IA
)
5}
O]
V]
2
~—
N~
3
|
|
—
7N
| — |
L
‘H
N~ ——
_—
(e]
~__
"

It follows that
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and thus by the Borel-Cantelli lemma [18, p. 59, Theorem 4.3] we have

p(limsup A,) = 0.

n—oo

O

Let A be Lebesgue measure on I = [0,1], let dy(z) = md)\(x), and let
T : I — I be the Gauss transformation, T'(z) = =1 —[z]~! for > 0 and T'(0) = 0,
for which Tyy = v [42, p. 77, Lemma 3.5]. Suppose that v is a Borel probability
measure on [0, 1] such that the pushforward measure T,v is absolutely continuous
with respect to v. For f € L'(v), define dvy = fdv, and define P, : L' (v) — L*(v)
by
Puf:M, feLl(v).

dv

Thus, for g € L*°(v), using the change of variables formula,

/Ig~P,jfd1/:/Igd(T*1/f):/Igonyf:/I(goT)-fdu,

in particular,
/Pl,fdl/:/fdu.
I I

We call P, : L'(v) — L'(v) a Perron-Frobenius operator for 7. It is a fact
that if f > 0 then P,f > 0 [66, p. 57, Proposition 2.1.1], namely P, > 0. It can be
proved that for f € L!(7), for almost all z € I [66, p. 59, Proposition 2.1.2],

- z+1 1
(qu)(x)zkd (@+k)(@+k+1) 'f<x+k>’

and for f € L*(\), for almost all z € T [66, p. 60, Corollary 2.1.4],

> 1 1
P = .
@ =3 g (18):
and with g(z) = (z+1) f(x), for n > 1 it holds for almost all z € I that (P{f)(z) =
(P;i)l(x). Tosifescu and Kraaikamp [66, Chapter 2] give a detailed presentation of

Perron-Frobenius operators for the Gauss map. We make the final remark that
P,1; = 1; is equivalent with [, 1pdv = [; 1p-1(gdv for all Borel sets E in I,
ie. v(E) = v(T~Y(E)), which in turn means T.v = v, c¢f. Markov operators. An
object similar to Perron-Frobenius operators for the Gauss transformation is the
zeta-function for the Gauss transformation, for which see Lagarias [83, p. 58,
§3.3].

The following theorem gives a lower bound on the sum Z;n:1 ”j—lgE”, cf. [144, p. 4,
Theorem 3.1].

Theorem 13. For almost all x € Q there is some C > 0 such that

1
Z —— > Cmlogm.
2 7]
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Proof. For all z € Q, if n > 1 then ¢, > 2”7, by (9). Take ¢(n) =

2"7%. The

series > 0 ﬁ converges, so by Lemma 12, for almost all €  there are only
finitely many n such that a,, > ¢(n). That is, for almost all € € there is some

ng such that if n > ng then
an < d(n) =2"F < guo.
Hence, if n > ng then
Gn = Andn—1+ Gn-2 < Go_1 + qn-2 < 2q5_;.
It follows that for almost all z € Q) there is some K such that
(15) Gni1 < Kq;,
for all n > 0.

For such an z, let m be a positive integer and let ¢, <m < gp+1. For1 <j<m

we have by (11),

Therefore for 1 < j < m we have

J
dndn+1

JPn

n

JPn

n

Pn
n

<z -2 =jla - 22| <

Jr —

izl < ‘jx

H JPn

H JPn

Let L = [7*], so Lgn < m. Then,

1 " 1
D3 e R D Frow

vV

an

> Lgnlog gn.
But if y > 1 then [y] > 4, so L = [*] > 5’ Hence by (15),

LR | m m dn+1 m
— > —1 > —1 > —1
;Iljwll 5 0gan > 5 log /== > - log

and thus there is some C > 0 such that >"

J=1 HJI\

The following is from Kuipers and Niederreiter [81, p. 131, Exercise 3.12].

1

< —.

an

P> Cmlogm for all m > 1.

O
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Theorem 14. If x € Q is of type < ¢, then for all m > 1 we have

vi)
j

I

Z ||J95|| <24 [ (logm)? 4 ¢(m) +
j=1 1

J

Proof. Summation by parts is the following identity, which can be easily checked:

N N
Z An(bpy1 —bn) = an41by41 —arby — Z brti1(@ni1 — an).
n=1 n=1
Let a; = %, let sj = > 7, th\l’ let by = 0, and let b; = s;_; for j > 2. Doing
summation by parts gives
1 1 e 1 1 1 - 1
. . = Sm — Sj -~ 1 . :75m+ Sj—7 %~
;J\WH m+1 JZ_;J<J+1 J) m+1 ;jJ(J‘i‘l)

As z is of type < 9, we can use Theorem 10 to get s; < 125(¢(j) + log j) for each
j > 1. Therefore

| 1 12(y(j) + log j)
— < 12m(y +logm) + —_— 2
LT < e Z jH
()
12 1 12(1 12
< (¢(m) + logm) + 12(logm)? + le 1
— ¥(j)
< 24(logm)® +12¢(m) + 12y —==.
(g + 120(m) +123_ £
(I
Erdés [43] proves that for almost all z,
(1+o(1))(logm)?.
Z:: ||J=’E||
Kruse [80] gives a comprehensive investigation of the sums Y " =17 HJZHt’ s,t > 0.

The results depend on whether s and ¢ are are less than, equal, or greater than 1,
and on whether ¢ < s. One of the theorems proved by Kruse is the following [80,
p. 260, Theorem 7]. If t > 1 and 0 < s < ¢, and if € > 0, then for almost all x we

have
m
Zﬁ el

Haber and Osgood [53, p. 387, Theorem 1] prove that for real t > 1, A > 1,
M > 0, r > 0, there is some C = C(t,A,M,r) > 0 such that for all z € Q
satisfying ¢n4+1(z) < Mg, (x)", for all positive integers K,

(mt*‘q(log m)(1+6)t> .

[AK]
— {CKlogK t=1

Z 14+(t—1)/r
o CKHED/ ¢,
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We remind ourselves that according to Theorem 4, the elements of D(r + 1) are
those = € Q for which there is some ¢(z) > 0 such that ¢,4+1(z) < C(x)g,(x)" for
all n > 1.

For x € Z + §, define {{z}} = }. If 2 ¢ Z + 1, then there is an integer m, for
which |z — m,| < |x — n] for all integers n # m,, and we define {{z}} = x — m,.
Sinai and Ulcigrai [132, p. 96, Proposition 2] prove that if o has bounded partial
quotients, then there is some C(«a) such that for all M,

Moo
mZ:1 Tmalt ’ < C(a)M.

7. WEYL’S INEQUALITY, VINOGRADOV’S ESTIMATE, FAREY FRACTIONS, AND
THE CIRCLE METHOD
Write
o ={(a,q) € Z* : ged(a,q) = 1,4 > 1}.
We first prove four estimates following Nathanson [102, pp. 104-110, Lemmas 4.8

4.11] that we will use in what follows; cf. Vinogradov [143, p. 26, Chapter I, Lemma
8b].

Lemma 15. There is some C such that if « € R, (a,q) € &7, and
al o 1
a—— s -,
q| = ¢

then
1
> i < Cqlogg.
2 Tar]
<r<q/2
Proof. For ¢ =1, 31 <.y m =0. Forg>2let 1 <r <2 Asged(a,q) =1

and r Z 0 (mod q), ar Z 0 (mod q). So for p, = [%} , there is some 1 < 0, < ¢g—1
such that ar = u,.q + o,. Then

ar|l _ ||ox E{Or . Or}_{ar q—ar}
q q ¢ q ¢ q )
Put 22 = |15, so (i) s, = oy or (ii) s, = ¢ —op. Incase (i), % = 4 — pp. In
case (i), %= =1— (%" — pr ). In case (i) let & = 1,m, = i, and in case (ii) let
€, = —1,m, = p, + 1. Thus, whether (i) or (ii) holds we have
ST_Gr(ar_mT)’ SL: %7 ]-Ssrég
q q q q 2
Write
a 6
a——-=—,
¢ ¢

for some real 0, || < 1. For 6, = %0, which satisfies |6,| < |0] < 1,

ar 10 ar 0,
OLT:7+*2:7 —.
q q q 2q
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Then
Jarl = |+ 22
ar|| =||— + =—
q 2q
Sy 0,
=|ler— +mp + —
q 2q
o] - 2]
Z €p— || T a
q 2q
_sr_|br
q 2q
Sy 1
q 2q

Take 1 < 7rq,1rp < % and suppose that s,, = s,,. So

(arl ars
ey [— —mp, ) =€y | — — My,
q q

hence ar; = €., €,ar2 (mod q). As ged(a,q) = 1, r1 = €7, 6,72 (mod g). Because
1 <ry,rg <gq,if r; =ry (mod g) then 11 = ro and if r; = —ry (mod ¢) then
r1 = 2 and rp = 4, so in any case r; = ry. Therefore

27
Sr q S q
— el <r<=)r=<—-:1<s<=5.
{q T2} {q 82}

Using the two things we have established,
1

1
ZMSZE

1<r<gq/2 1<r<q/2 ¢ 24

1
:Zi

1<s<q/2 4 2q

1
=2 Z 2s—1

1<s<q/2

§2qZ§

1<s<q/2
<2¢q <logg + v+ O(q_l))
= O(qlogq).

Lemma 16. There is some C such that if « € R, (a,q) € <7, and

<1
Tt

then for any positive real V' and nonnegative integer h,

q
1
Zmin <V7 > < C(V +qlogq).

a
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Proof. Write
a 0
o= -+ >
q q
which satisfies |#] < 1, and for 1 < r < ¢ define

5, = R(Oh) + %7’

which satisfies —1 < §,. < 2. Then

ar 6h Or
=ah++ 45
= h+ﬂ+w+ﬂ;
q q
_ h+ar+[0h]+5r.
For m, = 2t

Rla(hg+ 1) = R (ar—i— [6R] +5r) _ar+ [0h] + 6,

q q

— M.

Suppose that ¢ € [0, 1- ﬂ and that ¢t < R(a(hq+71)) <t+ %. Then
gt < ar+[0h] 4+ 6, — qgm, < gt + 1.
This implies, as 6, > —1,
ar —qm, < gt +1—[0h] =6, < qt +1—[0h] + 1 = qt — [0h] 42
and, as 6, < 2,
ar — qm, > qt — [Oh] — &, > gt — [0h] — 2,
so ar — qm, € Jy, writing
Jy = (qt — [0h] — 2, qt — [Oh] + 2].

For 1 < ry,re < g, if ary — gm,, = ary — gm,, then ar; = ary (mod ¢), and
ged(a,q) = 1 implies 11 = 79 (mod q); and 1 < r1,79 < ¢ so r1 = ro. For

te |0,1— %], four integers belong to J;, hence

{1<r<gq:ar—qm, € Ji}

has at most four elements. But

1
{1§T§q:R(a(hq+r))E {t,tJrq]}C{lgrgq:arquGJt}.
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Now,
{199: la(hg +7)l| € [’f’”ﬂ}
:{1§r§q:R(a(hq+7’))e {t,tﬂﬂ}
U{1<T<q;1—R(a(hq+7‘))€ {t,’fﬂﬂ}
oo
U{lgrgq:R(a(hq-H"))e [1—;_’5’1_4}’
whence

1
{1§r§q:||a(hq+r)||€ [t7t+q]}c{lgrﬁq:ar—qmreJt}

U{l<r<gq:ar—gqm,€Jj_1_,}.
q

This shows that if t € [0, 1-—- %] then

{1<r<q: lee(hg + )l € [t’Hﬂ}

has at most eight elements. For 0 < k < 4, writing
kEk 1
Ik = |:7 -+ :| P
q9 9 (g
the set {1 <r < gq: ||a(hg+ r)| € I} has at most eight elements. Therefore

(I R S U (2 ety

1<r<q 0<k<q/21<r<q|la(hg+r)||€Tk

1
< 8V —
<8V D 2 Tata
1<k<q/21<r<q,||a(hg+r)| €l

<sv+ > 8-%
1<k<q/2

= O(V + qlogq).

Lemma 17. There is some C such that if « € R, (a,q) € <,
1
q72a

U > 1 is a real number, and n is a positive integer, then

1
E min <n7> gC(n—i—U—i—q) log 2qU.
k™ [lok]] q

1<k<U
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Proof. For 1 < k < U there is some 0 < hy < % and 1 < r; < ¢ such that
k = qhy, + r, and then

3" min (Z”alk> < ), ), min (qh+r |a<hq+r)ll>

1<k<U 0<h<U/q1<r<gq

1 n 1
< R i -
P R ”““(r’arn)

1<r<q/2 q/2<r<q

+ 5 % min (qh+7’ ||a(hq1+ )II)

1<h<U/q1<r<q

n 1
<Cavet 52 win ()

q/2<r<q

+ Y Y mm( htr ||a(hq1+ )II)’

1<h<U/q1<r<q

the last inequality by Lemma 15. If 4 < r < ¢ then % < % = (h+1 for h = 0,
andif 1 < h < % and 1 <7 < ¢ then h > % so hg+1 > hg > (hzl)q and hence

12
harr < hiDg whence

> i () XS ()

q/2<r<q 1<h<U/q1<r<q

=2 qmin<<h+n1>q ||ar|> 2 me(hmq ||a<hq1+r>||)'

1<h<U/q1<r<q

Consquently

2 m ( o kn)“lqk’gq“ 2 2 om (h+1>q ||a<hq1+r>||)

1<k<U 0<h<U/q1<r<q
Lemma 16 with V = ﬁ says
Z min( " , ! )gCQ(n+qlogq>,
5 (h+1)q" lahg +r)|| (h+1)q
<r<g
therefore
n n
min < qlogq+ ( +qlogq>
2 (& ) 2 \arm
<k< < q
n 1 U
< qlogg+ — Z 7 +q(logq) | —+1
q 1<h<Z 41 q

U
< qlogq+ glog (q +1> + Ulogq

U
< Ulog2qU + qlog2qU + glog (q +1> )
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If U <gthen & +1<2<2qU, andif U > g then & +1 < U +1 < 20U < 29U,
hence

Z min (n k ><<U10g2qU+qlog2qU+ log 2qU.
2 k]|

Lemma 18. There is some C such that if « € R, (a,q) € &,

and U,V > 1 are real numbers, then

1
Z min< ’ ) C’<q+U+V+UV) max{1,logq}.
2 Y o] 2

Proof. For 1 < k < U there is some 0 < hy < % and 1 < r; < ¢ such that
k = qhy, + r, and then, as in the proof of Lemma 17,

3 min(V,aIkH>< ) me( m)

1<k<U 0<h<U/q1<r<q
1
< Ciqlogq+2 min _—
aoseez 33 i (¥ )
g1<r<q
Using Lemma 16,
Z min( Ta k”><Clqlogq+QC’2 Z (V +qlogq)

0<h<U/q

U
< qlogq+ (V +qlogq) (q +1)

uv
<<q10gq+7+V+Ulogq.
O

Weyl’s inequality [102, p. 114, Theorem 4.3] is the following. For k& > 2 and
e > 0, there is some C(k,€) such that if & € R, f(x) is a real polynomial with
highest degree term ax*, (a,q) € <7, and
a

1
a_i 77
q| ~ ¢?

then, writing Sy (f) = Zj\;l e?™il0) and K = 2+,

<

1SN (f)] < C(k,e) - NN 4 g7t 4 N7Fg) %,

Weyl’s inequality is proved using Lemma 18.

Montgomery [97, Chapter 3] gives a similar but more streamlined presentation
of Weyl’s inequality. Chandrasekharan [28] gives a historical survey of exponential
sums.
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Vinogradov’s estimate [140, p. 26, Theorem 3.1] states that there is some C
such that for n > 2,1 < ¢ < n, ged(a,q) =1, and ‘oz — % < g72 then

%
(16) [fu(@)] < Clng™'2 4+ /% +n'/2¢' /%) (logn)*,

where f,(a) = 3 ., (logp)e™P; cf. Nathanson [102, p. 220, Theorem 8.5] and
Vinogradov [143, p. 131, Chapter IX, Theorem 1]. This is proved using Lemma 17.
Fix B > 0 and let P,, = (logn)?. For 1 <a < ¢ < P, and ged(a,q) = 1, let

M, (q,a) = {a eER:

a— a' < Pnnl},
q

called a major arc. One checks that there is some npg such that if n > npg, then
M, (q,a) and M, (¢',a’) are disjoint when (q,a) # (¢',a’). Let

m,, = U M, (q,a).

1<a<q< Py ,ged(a,q)=1

The Farey fractions of order NN are

3N={Z:oghgksN,gcd(hv’f):1}'

Cf. the Stern-Brocot tree [52, §4.5]. For early appearances of Farey fractions,
see Dickson [33, pp. 155-158, Chapter V]. It is proved by Cauchy that if A/k and
I /K are successive elements of §Fn, then kh' — hk’ = 1 [58, p. 23, Theorem 28|.
Let

¢(m) = {1 <k <m:ged(k,m) = 1},
the Euler phi function, and write ®(N) = ZlgmgN @(m). One sees that |Fn| =
1+ ®(N), and it was proved by Mertens [58, p. 268] that

3N?

7r
Let A be Lebesgue measure on R. For n > np, because the major arcs are pairwise
disjoint,

AON,) = > 2P,n~"
1<a<q< Py ged(a,q)=1

(i ¢(m)> 2P,n"!

6
= ﬁPSn_l +O(P?n"'log P,).

Let I,, = (P,n~!, 14+ P,n~1], which for n > 2P2 contains M,,. Let m,, = I,,\M,,,
the minor arcs. With f,(a) = Zpgn(logp)e%iap and

R(n)= > (logpi)(logps)(logps),
p1+p2+p3=n
we have

R(n):/ fn<a)36—2m‘nada:/ fn(a)Se—QTri7Lada+/ fn(a)Se—Qm'nada.
I, M., m

n
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Using (16), it can be proved that for A > 0 with B > 2A 4 10 [140, p. 29, Theorem
3.2],

[ Ifa@)fda = Ot togn) ).
Writing ’

&)= ([[a+@-)* | [[0-@E-1),
pin pln
called the singular series, it is proved, using the Siegel-Walfisz theorem on primes
in arithmetic progressions [98, p. 381, Corollary 11.19], that for A > 0 with B > 24
[140, p. 31, Theorem 3.3],

/ fo(a)de 2™ qq = 11126(11) + O(n®(logn)~™).
o, 2

Thus 1
R(n) = inQG(n) + O(n?(logn)~4),

and it follows from this that there is some ng such that if n > ng is odd then there
are primes p1, p2, p3 such that n = p; + ps + p3.

For integers a,b with ged(a,b) = 1, the Ford circle C(a,b) is the circle in C
that touches the line Im z = 0 at z = ¢ and has radius ﬁ; in other words, C(a,b)
is the circle in C with center § + ﬁ and radius ﬁ It is straightforward to prove
that if C(a,b) and C(c,d) are Ford circles, then they are tangent if and only if
(bc — ad)? = 1, and otherwise they are disjoint [3, p. 100, Theorem 5.6]. It is also
straightforward to prove [3, p. 101, Theorem 5.7] that if Z—i < % < Z—z are successive

elements of Fy, then C(hy, k1) and C(h, k) touch at
h k1 i
A CET IR
and C(h, k) and C(hg, k2) touch at
h ko i
R CE R T
Bonahon [20, pp. 207 ff., Chapter 8] explains Ford circles in the language of hyper-
bolic geometry.

We remind ourselves that |§y| =1+ ®(N) =1+ qu\[@:l ¢(m) and let pon <
<+ < pa(n),n be the elements of Fy. In particular, po vy = 0 and pgn) vy = 1.
For ppn = 122 with ged(hn n, kn,n) = 1, write Cp, v = C(hn n, knn). Let Poy
be the clockwise arc of Co,n from i to the point at which Cy x and C; n touch.
For 0 < n < ®(N), let P, y be the clockwise arc of C), x from the point at which
Cp—1,~n and C,, n touch to the point at which C,, x and )41,y touch. Finally, let
Pg(ny,n be the clockwise arc of Cg(n),n from the point at which Cyny—1,n and
Co(n),n touch to i + 1. Let Py be the composition of the arcs Py n, . .. s Po(ny,N)s
which is a contour from i to ¢ + 1.

Write H = {7 € C : Im7 > 0}. The Dedekind eta function n : H — C is
defined by

77(7) _ em‘r/12 H (1 _ eQm'mT)'
m=1
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It is straightforward to check that 7 is analytic and that n(7) # 0 for all 7 € H
(137, pp. 17-18, §1.44]. For (h,k) € o, let

s(h, k) = kf; (iz - {}Z] - ;) = ;2 = Py(hr/k),

r=1

called a Dedekind sum; P; is the periodic Bernoulli function. Also, for (Ccl Z) €
SLo(Z) write

fa+d
e(a,b,c,d) = exp (m (126 + s(—d, c))) )

The functional equation for the Dedekind eta function [3, p. 52, Theorem
3.4] is

n <z:iz> = e(a, b, c,d)(—i(cr + d)?n(r), (‘c’ Z) € SLy(Z), T € H.

Let p(n) be the number of ways of writing n as a sum of positive integers where
the order does not matter, called the partition function. For example, 4,3 +
1,242,224+ 141,14+ 1414 1 are the partitions of 4, so p(4) = 5. Denoting by
D(0,1) the open disc with center 0 and radius 1, define F': D(0,1) — C by

Fiz)=[[a—=="7"=> " nn)";

m=1 n=0

that the product and the series are equal was found by Euler. F' is analytic. On

the one hand, p(n) = %, and on the other hand, by Cauchy’s integral formula
[137, p. 82, Theorem 2.41], if C' is a circle with center 0 and radius 0 < R < 1 then
! F
£ (0) = e (2)

= — z.
27 Jo 2l

—27

Taking C to be the circle with center 0 and radius e and doing the change of

variable z = €277,

1 o F(eQTriT) - 2miT
p(n) = Tm/l m - 2me dr

i+1
_ / F(€2m'r)€—27rim-d7_
%

_ F(eQTFiT)e—Qﬂ'ianT.
Py

Using this and the functional equation for the Dedekind eta function, Rademacher
[3, p. 104, Theorem 5.10] proves that for n > 1,

1/2isinh (71'\/% %1/7’1— i)
dn \/E

)

1 o
p(n) = > ; Ag(n)k

for Ak (n) _ ZO§h<k,gcd(h,k):1 ewis(h,k)f%rinh/k.
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We make a final remark about the Farey fractions. Writing the elements of §y
as poN < '+ < PH(N),Ns let N = pn,N — ﬁ for 1 < n < N. For example,
®(5) =10 and

{p1,5a"'ap10,5} = {5747375a §a 5) 571757
and
1 1 1 1 1 1
{77175,“"7710’5}{10’20,30,07070’30’20,1070}.

Landau [87], following work of Franel, proves that the Riemann hypothesis is
true if and only if for every € > 0,

(V)
Z .| = O(N27°).
n=1
For example, for N = 5, the left-hand side is :1,)—(1). See Narkiewicz [101, p. 40, §2.2.3].

8. DISCREPANCY AND EXPONENTIAL SUMS

Discrepancy and Diophantine approximation are covered by Kuipers and Nieder-
reiter [81, Chapters 1-2 ] and by Drmota and Tichy [39, §§1.1-1.4], especially [39,
pp. 48-66, §1.4.1].

Let w = (x,), n > 1, be a sequence of real numbers, and let E C [0,1). For
a positive integer N, let A(E; N;w) be the number of z,, 1 < n < N, such that
R(z,) € E. We say that the sequence w is uniformly distributed modulo 1 if
we have for all ¢ and b with 0 < a < b <1 that

. A(la,b); N;w)

e
It can be shown [81, p. 3, Corollary 1.1] that a sequence x,, is uniformly distributed
modulo 1 if and only if for every Riemann integrable function f : [0,1] — R we
have
1 & !

(17) A;gnOON;ﬂRm)) = | fwa.
Thus, if a sequence is uniformly distributed then the integral of any Riemann
integrable function on [0,1] can be approximated by sampling according to this
sequence. This approximation can be quantified using the notion of discrepancy.

It can be proved [81, p. 7, Theorem 2.1] that a sequence x,, is uniformly dis-
tributed modulo 1 if and only if for all nonzero integers h we have

XN
lim — g e2mihen —
N—oco N 1 '

this is called Wey!’s criterion. But if z € ), then

2 1

18 — = .
(18) ~ |1 —e?mihz| | sinmha|

‘ 1— e27rihN:E

N
E 627mhnr _
n=1

We thus obtain the following theorem.

1— e27riha:

Theorem 19. If x € Q then the sequence nx is uniformly distributed modulo 1.
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The discrepancy of a sequence w is defined, for N a positive integer, by

Dy(w) = sup w

—(b—a
0<a<b<l N ( )

One proves that the sequence w is uniformly distributed modulo 1 if and only if
Dy(w) = 0 as N — oo [81, p. 89, Theorem 1.1].

For f:[0,1] = R, let V(f) denote the total variation of f. Koksma’s inequality
[81, p. 143, Theorem 5.1] states that for any sequence w = (z,), for any f : [0,1] —
R of bounded variation, and for any positive integer N, we have

N 1
v s - [ s

Following Kuipers and Niederreiter [81, p. 122, Lemma 3.2], we can bound the
discrepancy of the sequence nz in terms of the sum on the left-hand side of Theorem
14

(19) <V(f)Dy(w).

Lemma 20. There is some C > 0 such that for all x € Q, w = (nz), and for all
positive integers m we have

1 1 &
DN((.U)<O E—FNJZ:

— Jlljzll

Proof. We shall use the following inequality, which lets us bound the discrepancy of
a sequence in terms of exponential sums formed from the elements of the sequence.
The Erdés-Turdn theorem [81, p. 114, Eq. 2.42] states that there is some constant
C > 0 such that for any sequence w = (z,) of real numbers, any positive integer
N, and any positive integer m we have

(20) D (w) §j§

2miJ Xy
E €
N

Take x,, = nz. For each j > 1, by (18) we have

1 1
|sinmjz| sin(7r lliz])”

2mijnx

<

But sint > 2¢ for 0 < ¢ < I, so

— 27
1 1 1
P - S ; < —.
sin(r [|jzl]) = 2zl (72|

Using this in (20) gives us

1 &1 1 1 1 1 & 1
Dyw)<C| =+ = — = |=Cl=+3> —
W<C\ G+ 25 7 Tl W 2 7T

which is the claim. O
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It follows from Theorem 14 and Lemma 20 (taking m = N) that if x is of type
< K(logh)'*¢ then

N

Lemma 8 tells us that for almost all z € Q there is some K > 0 such that x is of
type < K(logh)'T¢, so for almost all x € €2, the bound (21) is true. It likewise
follows that if  has bounded partial quotients then

(g 07)

(21) Dy(w) =0 <W> .

(22) Dy(w) =0 ( a

In fact, it can be proved that if + € Bx then, for g = 1+2‘/5 [81, p. 125, Theorem
3.4],
1 K
N~1log N.
log g + log(K + 1)) 8

We use the above bounds in the proof of the following theorem.

Dy(w) <3N~!' 4 (

Theorem 21. Let € > 0. For almost all x we have

Z [zl = - + O((log N)**),

while if x has bounded partial quotients then

N
S linall = -+ O((log N)?)

n=1

Proof. Let f(t) = ||t]|. Then V(f) =1 and fol f(t)dt = 1, so we get from Koksma’s
inequality (19) that

N
Z \mll—* < Dy (w),
thus
al N
> llnal = 5+ O(N D ().
n=1
The claims then follow respectively from (21) and (22). O

Like we mentioned at the beginning of §6, because | sin(wx)| = sin(7 ||z||) < 7 ||=]|
and [sin(7x)| = sin(w ||z|) > 2 - 7 ||z|| = 2 ||z, we have

N N N
2 Z [lnz| < Z | sin(mnz)| < 7'('2 [lnx]| .
n=1 n=1 n=1

Thus Theorem 21 also gives estimates for 22[:1 | sin(mnaz)|.

We can investigate the sum ZnN=1 R(nx) rather than Ziv=1 |lnx||; see Lang [88,
p. 37, Theorem 1], who proves that for almost all z € Q,

ZR nr) = — +O((logN)2+€)
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For z € Q, let q,, = ¢, (), the denominator of the nth convergent of the continued
fraction expansion of , and let a,, = a,,(x), the nth partial quotient of the continued
fraction expansion of z. For m > 1, one can prove [17, p. 211, Proposition 1] that
m can be written in one and only one way in the form

[e'e] t
(23) m = sz%q = Z ZEqE—1,
k=1 k=1

where (1) 0 < z; < a3 —1, (i) 0 < 2z < ay, for k > 2, (iii) for k > 1, if zp41 = ag41
then z; = 0, and (iv) z; # 0 and 2, = 0 for &k > ¢. The expression (23) is called
the Ostrowski expansion of m. We emphasize that this expansion depends on x.
Berthé [17] surveys applications of this numeration system in combinatorics. For
n > 0, define da;, = gan® — p2n, and dopi1 = Pont1 — gant+1@. Brown and Shiue [23,
p. 184, Theorem 1] prove that for = € Q,
” 1 : 1 1 1
e Y (R0 - 5) =S 0¥a (5 - (meos+ a4 3 ) ).
k=1 k=1
where mg = 0 and if kK > 1 then m;, = 25:1 2jqj—1. If k >0, then by (11) we have

0<dp < . For k > 1, using the fact that g > my + 1 (for the same reason

1
dk+1
that if the highest power of 2 appearing in a number’s binary expansion is 21,
then the number is < 2¥ — 1),

+1 +1 1 +1
M — 2k Qp— - = M — —ZkQ— —
k—1 2ka12 kaQk12
< 1 L +1
— 1= Zziqgn_ -
S gk 21<:ka1 B
1 1
= — = — —ZpQk—
qk B 2ka1

< (k-
Using (24), this inequality, and the inequality 0 < dj < o we obtain

1
Z (R(k:ac) - ;)

k=1

M~

“k 2 2

1 1 1
5~ dr—1 (Mk—1 S zRa—1 5

~
Il

1

AN
N
MN

2k
k=
t

1
< ak.
1

N =

k=
If the continued fraction expansion of z has bounded partial quotients, say a < K
for all k, we obtain from the above that

- 1 Kt

; (R(ka:) 2)‘ <5

It can be proved [23, p. 185, Fact 2] that ¢ < 3logm. Thus, if ap < K for all k,
then for m > 1,

m

3 (R(k:x) - ;)‘ < @

k=1
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This is Lerch’s claim stated in §3. For example, if z = _1%‘/5 € Q then ag(z) =1
for all k¥ > 1. We compute that
1000000 1
> <R(k:x) — 2) =0.941799. . .;
k=1
on the other hand, we compute that
1000000 1
> (R(lmr) - 2) =19.223414. ...
k=1
Brown and Shiue [23, p. 185, Fact 1] use (24) to obtain the result of Sierpinski
stated in §3 that for all z € ,

Z R(kx) = % + o(m).
k=1

They also prove [23, p. 188, Theorem 4] that for A > 0, there exists some d4 > 0
such that for x € €2, if there are infinitely many ¢ such that 22:1 ar < At (which
happens in particular if # has bounded partial quotients), then there are infinitely

many m such that
m

1
> <R(kx) - 2) > dalogm,
k=1
and there are infinitely many m such that

m

> <R(kzx) - ;) < —dalogm.

k=1
It can be shown [88, p. 44, Theorem 4] that if k is a positive integer and € > 0,
then for almost all z we have

N
K
E 627rzn T
n=1

Lang attributes this result to Vinogradov. But it is not so easy to obtain a bound
on this exponential sum for specific z. For k = 2, one can prove [88, p. 45, Lemma]
that for any = € Q,

—0 (N%+f) .

N 2 N 4N 1

27min’x 1
<N+4Y —— e N44Y ———
Z ¢ =N nz | sin 4dmnz| + ; | sin rnz|

n=1 =1
cf. Steele [136, Problem 14.2]. By (14) this gives us

N
.2
§ 6277271 T
n=1

If  has bounded partial quotients, it follows from Theorem 11 that

N

.2
§ :eQﬂ'ZTL x
n=1

Hardy and Littlewood [56, p. 28, Theorem B5] prove that if z € Q is an algebraic
number, then there is some 0 < «(z) < 1 such that 22[:1 R(nz) = § + O(N2®).
Pillai [110] gives a different proof of this.

2 AN
< N+2 _
- 2 72

=0 (N1/2(10gN)1/2) .
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Theorem 22 (Hardy and Littlewood, Pillai). For 7 > 2, if x € D(7) then for

_ T—2
®= -1

N
N [
;R(nx) =3 + O(N“).

Pillai [109] proves other identities and inequalities for 32| R(nz), some for all
x € 2 and some for all algebraic x € €.

For w = (x,), n > 1 and for E C [0,1), we remind ourselves that A(E; M;w)
denotes the number of x,,, 1 <n < M, such that R(z,) € E. Define for M > 1,

x A([0, B); M w
Di(w) = sup (0 ]\)4 ) - Bl.
0<B<1

It is straightforward to prove that D3, < Dy < 2D3%, [81, p. 91, Theorem 1.3]. For
N > 1 write 7 = log N. Let ¢y > 0 and let N%/2 < 7 < Nexp(—r). Suppose that
a € R and

6
a=24 2 gedla,g)=1, exp(r®)<q<7, [|0]<1.
q g7
For 0 < 8 < 1 denote by Hg(NN) the number of primes p < N such that R(ap) < S.
Vinogradov [143, p. 177, Chapter XI, Theorem] proves that for € > 0,

H(N) = Br(N) + O(N(q~' + gN"HE" + N379) N - o0,

Let w = (ppa), n > 1, where p,, is the nth prime. Using Vinogradov’s estimate, one
proves that for o € R\ Q, D (w) — 0 as N — oo, which implies that the sequence
(pna) is uniformly distributed modulo 1. A clean proof of this is given by Pollicott
[111, p. 200, Theorem 1], and this is also proved by Vaaler [139] using a Tauberian
theorem. See also the early survey by Hua [65, pp. 98-99, §38].

Defining Sq(n) = >p_; (R(ka) — 3), Beck [9, p. 14, Theorem 3.1] proves that
there is some ¢ > 0 such that for every A € R,

1 S sz(n) I u?
— k1 <n<N: <Ap| &> — —— | d
NH SN g m/_ooeXp 2) ™
as N — oo. Beck [10, p. 20, Theorem 1.2] further proves that if « is a quadratic

irrational, there are Cy = C1(«) € R and Cy = C3(a) € Ry such that for A, B € R,
A< B,

{0§n<N:A§ Sa(n) = Cslog N SBH

Cy/log N
B

:(277)’1/2/ e /2y + O((log N) /0 1oglog N).
A

1
N

Beck and Chen [11]

9. DIRICHLET SERIES

The result of de la Vallée-Poussin [32] stated in §3 implies that there is no s
such that for all irrational = the Dirichlet series Y, %
from this fact that there is no s such that for all irrational = the Dirichlet series

S°° I converges
n=1 [[nz]| VErges.

converges. It follows
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Lerch [92] in 1904 gives some statements without proof about the series
i cot vwm
L (2um)2mtl
He states that if w is a real algebraic number that does not belong to @Q, then
for sufficiently large m this series converges, and states, for example, that with

1+v5
2 b)

w =

\[Z cotywﬂ 8

(2vm)” 100
Writing ¢, (0) = > 7 C‘;téf_"f), Berndt [16, p. 135, Theorem 5.1] proves that if 0 is

n=1
a real algebraic number of degree d and 1 < d < 2r — 1 (to say that d > 1 is to say
that 6 is irrational), then ¢,(0) converges.

For a Dirichlet series Y~ | a,n™*, one can show [137, pp. 289-290, §9.11] that
if the series is convergent at s = og + itg, then for ¢ > 0 and any t the series is
convergent at s = o +1it. It follows that there is some oy € [—00, 00| such if o < oy
then the series diverges at s = o + it, and if ¢ > g then the series converges at
s = o +it. We call o the abscissa of convergence of the Dirichlet series. If each
an is a nonnegative real number, then the function

oo
= E ann”®, Res > og,

cannot be analytically continued to any domain that includes s = o¢ [64, p. 101,
Proposition 18].

Let a, be a sequence of complex numbers. It can be shown [137, pp. 292-293,
§9.14] that if s,, = a1 + ... + a,, and the sequence s,, diverges, then the abscissa of
convergence of the Dirichlet series Y~ | a,n™* is given by

o log |sn|
oo = limsup ———.
n—o00 10g n

By Theorem 11 and Theorem 13 (taking, say, € = 1), for almost all z € Q) there are
C1,C5 such that for all positive integers n we have

n 1
Cinlogn < Z el < Cyn(logn)?.
=1

j|
Thus, if a, = HMH’ then
log Cy 1 loglogn  log s, < log Cy 14 2loglogn
logn logn logn logn logn
and hence
log s,
lim =
n—oo logmn

It follows that for almost all x € € the abscissa of convergence of the Dirichlet
series Y o, HTIIHn_S is 09 = 1.

Likewise, by Theorem 21 (taking ¢ = 1), we get for almost all z € Q that
iz izl = 5§ +0 ((logn)?). We can then check that lim, lf’oggs; =1, and
hence that the abscissa of convergence of the Dirichlet series Y.~ , ||nz|[n™* is
og = 1.
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A 1953 result of Mahler [46, pp. 107-108] implies that if « € R is an algebraic

5(d—1)

number of degree d, then, for m = [20-27 =z |, the Dirichlet series
‘= sinna

has abscissa of convergence og < d(m + 1)log(m + 1), and the power series

has radius of convergence 1.
Rivoal [121] presents later work on similar Dirichlet series. See also Queffélec and
Queffélec [115]. Lalin, Rodrigue and Rogers [84] prove results about Dirichlet series

of the form >, W Duke and Imamoglu [40] review Hardy and Littlewood’s
work on estimating lattice points in triangles, and prove results about lattice points
in cones.

For 0 € Q, write

1

Ryo(C,m) = Z:% —Pr(C+ ),
where P, is a periodic Bernoulli function. Spencer [135] proves that for any € > 0
and almost all 0 € Q,

Ri9(¢,m) = O ((logm)'*).
Another result Spencer proves in this paper is that if ¢,(0) = O(¢"_;), then
R.g(¢,m) = O(m!~#) for 1 < r < h. SchoiBlengeier [127] gives an explicit for-
mula for Z,ICV;OI Py (ko).

10. POWER SERIES

For a power series Y a, 2™ with radius of convergence 0 < R < oo, the Cauchy-
Hadamard formula [119, p. 111, Chapter 4, §1] states

1
= = liminf |a, |~ */".
limsup,, . |an|/" n—oc jan]

(25)

The radius of convergence R is equal to the supremum of those t > 0 for which
lan|t™ is a bounded sequence.

Lemma 23. If x € ), then the power series

>
2 [nz]|

and
oo
>
|sin mnx|’
n=1
have the same radius of convergence.

Proof. The radii of convergence of these power series are respectively

lim inf ||nm|\1/" and liminf| sin(ﬂnm)|1/”.
n—oo n—00
On the one hand,

| sin(mnz)| = sin(rw ||nz||) < 7 ||nz|]
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Therefore, since lim,, o /" = 1,

1/n 1/n 1/n

liminf | sin(7nz)|/™ < liminf (7 ||nz|)™"" = liminf ||nz||
n—oo n—oo n—oo

On the other hand, since sint > %t for t > 0,
2

|sin(mnz)| = sin(w ||nx||) > = ||nz| = 2 ||nz|| .
s

Therefore, using lim, .o 2'/™ = 1, we have

1/n 1/71

lim inf | sin(7nz)|Y/™ > lim inf (2 ||nz])/" = hrn 1nf Inx||
n— o0 n—o0

showing that the two power series have the same radius of convergence. ]

P

We show in the following theorem that for almost all z;, the power series Y~ | Trall

has radius of convergence 1.

Theorem 24. For almost all x € ), the power series

oo Zn
26
(26) 2 Toua]

has radius of convergence 1.

Proof. For x € , 1et R, be the radius of convergence of the power series (26). We
have 0 < [|nz| < 3, so W > 2. Therefore Y., Hn:z:H
the power series (26) diverges at z = 1. Therefore R, <1 for all € Q.

We shall use Lemma 7 to get a lower bound on R, that holds for almost all
2€Q Let A={x € Q:R, <1}, let A, ={r € Q: R, <1— 21} and let

By, be those x € Q such that ||nx||1/n
1/n

— 00 as N — oo, and so

<1- % infinitely often. If z € A,,, then
R, = liminf, o ||nz| < 1— - and this implies that there are infinitely many n
such that |[nz|"/" <1- L, sox E Bm7 i.e. Ay C By, Butlet fro(n) = (1 - 1)".
Then 07 | fm(n) convergcs, since 1— E < 1, so, by Lemma 7, for almost all € Q
there are only finitely many n such that ||nz|| < fn,(n). Thus u(B,,) = 0. Hence
pw(Ay) =0, and since A =J;°_, A, we get that
pA) <> p(An) =0,
m=2

that is, R, > 1 for almost all z € Q. In conclusion, R, = 1 for almost all z € Q. O

In fact, we can prove the above theorem using the bounds we obtained in The-
orem 11. By Theorem 11, for almost all z € 2 we have that ZJ 1 Hﬂ” = O(m?).
(Here we will merely need the fact that the sum is subexponentlal in m.) For such
an x, take 0 < r < 1. Let a, = r", let s, = Z;l 1 ”N”, let by = 0, and let
b, = sp—1 for n > 2. Using summation by parts, namely

N N
Z an(bn+1 - bn) = GN+1bN+1 —aib; — Z bn+1(an+1 - an),

we get

n

Ny
Z =N sN—i—an (1—m7).
= |Inz|]
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Therefore

N N
Z T (rNTIN?) + 0 (Zn ) =0(1).

n=1

Since ZnN 1 W is increasing in N (being a sum of positive terms), we obtain that

the series > ¢
that R, > 1.

For # € Q let R, be the radius of convergence of the power series > -
We proved in Theorem 26 that for almost all x € Q, R, = 1.

el HMH converges. Since this is true for all r» with 0 < r < 1, it follows

Zq
a=1 Tqz[*

Theorem 25. For x € €, let R, be the radius of convergence of the power series
q
Py Tear» and let an, = an() and ¢n = qn(x). Then

1/qn
R, = hmlnfan+1 .

For any 0 < R <1 there is some x € §) such that R, = R.

Proof. From the Cauchy-Hadamard formula (25),
R, = liminf qu”l/q .
q—00
Then R, < liminf,_,o ||qn1:H1/q". On the one hand, by (11), [gmz|| < g, 11,
and ¢n41 = Gnt1Qn + Gn—1 > Ani1¢n hence |lgpz| < a;j_lqgl, and using that

—1/qn
hmn—N)o qn fan — 1

R, <liminfa_ 1/q”qn Van — Jim inf anj_/lq”.
n—oo n—oo

On the other hand, let ¢ > 2 and take ¢, < ¢ < ¢n+1. Applying (12),
I > 1 S 1 1 - 1
qnT = .
dn+1 + dn 2(]n+1 2(an+1Qn + anl) 4an+1qn

Then applying Theorem 2, and using that 0 < ||g,z|| < 1 and ¢ > ¢y,

1 1/qn

1 1 1/gn

ool > gl > Nl > (32 )
Gn+19n

As (4g,) Y% — 1 as n — oo, this implies
R, = hmmf llgz|] Va > hmmfa +/q".
For 0 < R < 1,let R=e"" for r > 0. Define a € NY as follows. Define a; = 1.
Suppose for n > 1 that we have defined aq, . .., a, and thus p1,...,p, and q1, ..., Gn-

1/qn
Define a1 = [e"?]. Then an{fl <e' s0a

R, > e ". Now, €% > 150 apy1 = [e""] > 271e". Then al{ff > 2 Vaner,
hence

ni{q" > e ". Therefore for z = v(a),

R, =liminfa_ + fan < liminf2Ydne™" = =",
n— oo n— o0

We have therefore established that when z = v(a), Ry, =e™".
For R = 0, define a € NY by a; = 1 and a,, 41 = [¢™I"], which satisfies a,+1 >
2= tendn For x = v(a),

R, —hmmfa +/1q" < liminf 2 Vang=n — ),
n—oo
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For R = 1, define a € NN by a,, = 1 for all n > 1. Namely, v(a) = _1%‘/5 e Q.
For x = v(a) it is immediate that R, > 1. O

Since R(nz) < 1, of course the power series Y. | R(nz)z" has radius of con-
vergence > 1. The following result, for which Pélya and Szeg6 [112, p. 280, Part
IT, No. 168] cite Hecke, shows in particular that the radius of convergence of this
power series is < 1 for z € € and is thus equal to 1.

Theorem 26. For z € Q, let

f(z) = ZR(nx)z”, |z| < 1.
n=1

We have 1
lim (1 —7)f(re*™) =

r—1- %
Proof. Since x € Q, the sequence nz is uniformly distributed modulo 1. Therefore,
with f(t) = te?™ we have by (17) that

1N 1 1 1
li E 2minx = i E — 2mit — .
Nllgo N 1 R(nm)e Nl—)oo N oyt f(R(nl')) /0 te d 21

We will use the following result [112, p. 21, Part I, No. 88]. If a sequence of

. . N
complex numbers a,, satisfies limy_, oo % Yy Gn =S, then

(o)
lim (1 —1¢) Z apt”™ = s.
n=1

t—1—

Let a, = R(nz)e* ™ and we thus have

e’}
. 1
li 1—¢ 2 R 27rzna:tn ——
t—lglf( )n:1 (nz)e 2mi

O

It follows from the above theorem that if x € Q then |2| = 1 is a natural boundary
of the function f defined on the open unit disc by f(z) = > .-, R(nz)z"; cf.
Segal [128, p. 255, Chapter 6], who writes about this power series, and who gives a
thorough introduction to natural boundaries in the same chapter. Breur and Simon
[21] prove a generalization of this result.

Hata [59, p. 173, Problem 12.6] mentions the appearance of the function f from

the above theorem in the study of the Caianiello neuron equations.

11. ProbuCT

We will use the following lemma proved by Hardy and Littlewood [57, p. 89],
whose brief proof we expand.

Lemma 27. Let ¢ : (0,00) — R be positive and nondecreasing. If
> o <
2 (k)
then for almost all x € 1, there exists some H such that for all n > 1 and for all

real h > 1H, there are at most max{%(h), 1} integers m € {1,...,n} that satisfy
|mz|| < 5.
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Proof. By Lemma 7, for almost all = € ) there is some K such that if £ > K then

(27) k] >

(k)
Let H be large enough so that

2
in [|kx| > —;
min [[kz]| 2 2
also let ¢p(H) > 1. Now suppose by contradiction that there is some n > 1 and some
h > H such that there are more than max{™ }fh) ,1} integers m € {1,...,n} that
satisfy |[mz|| < +. Then there are some 1 < m; < my < n satisfying ||mz| < +

and ||moz|| < + and such that

nw=m my < " n
=M2 =M S TTmy T )
ni) (k)

so p(h) < h. On the other hand,

] < ] + maz] < - + 3+ = 2
pxl| < ||lmix mal BT LT

so h < HALQIH' Thus pp(h) < H;?TH’ ie.,

el < —2— < 2,
pp(h) = pap(p)

i < h because p < ﬁ and (h) > ¢(H) > 1. Moreover, since ||uz| < 2 < %,

we have p > K. This contradicts (27). O
Hardy and Littlewood [57, p. 89, Theorem 4] prove the following theorem that
gives us the conclusion (17) for certain functions that are not Riemann integrable

on [0, 1].

Theorem 28. Let f : (0,1) — R be nonnegative, let f be nonincreasing on (0, 3)
1
5,1
2

and nondecreasing on ( , and let

/ "oyt < oo,
0

Let ¢ : (1,00) — R be a positive and nondecreasing function such that

=1
— < Q0.
2w

[roe) s () e

then for almost all x € §Q,

If

Jim =7 f(Rma) = [ poy
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Proof. For 0 < § < %, define

f(t), d<t<1-4,
fs(t) =
0, 0<t<d or 1-0<t<l.

From Lemma 27, for almost all z € Q there is some C' such that for all n and h
there are at most C%(h) integers m € {1,...,n} satisfying ||maz|| < . Let

Su =1 3" F(R(ma) = 55(6) + S306),

where

and

w(2E
There are at most C'— gké) integers m € {1,...,n} that satisfy ||mz| < 2%,
5

| | v () _ | nn()
thus, as ¥ is nondecreasing, there are at most 2C et < 2CT terms
in Ty (). For each term f(R(mz)) in Ty ,(0), since Q%H < ||mz]|| we have, by
assumption on f, either f(R(mx)) < f (2{%) or f(R(mz)) < f(1- 2,;%), and

hence 5 5
f(R(mzx)) < f (2k+1) +f (1 - 2k+1) )
Therefore,
& ndy (T 5 5
s = 255000 (5 () s (1 55)

=6 ok+1 ) =6 Qk+1 )
- 4022k+2w( S >f<2k+1>+4022k+2¢( S )f(1_2k+1
k=0 k=0

IN

40/0g ” (1) i+ ac | w (11_t) F(t)dt.

1-3

Let € > 0. Because fol f) (d) (%) + (ﬁ)) dt < oo, there exists a d; such that
if § < 4y then S2(8) <e.

)
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On the other hand, since f5 is Riemann integrable on [0, 1] and because, by (18),
the sequence ma is uniformly distributed modulo 1, we obtain from (17) that

1 1-6
lim $(5) = /0 Fo(t)dt = /5 F(t)dt.

n— oo

As fol f{t)dt < oo, there exists a dy such that for 6 < d, and for sufficiently large n,

1-5 s
ss0) - [ s+ | [ s
5 0
Therefore, for sufficiently large n and for sufficiently small 4,

Sn—/o f(t)dt s;(a)—/o f(t)dt’+|s,%(5)\ < 4e.

Thus for sufficiently large n,

1
- + f(t)dt’ < 3e.
1-06

A%Q)—Alﬂﬂﬁ‘<

<

1
S, —/O f(t)dt‘ < 4e.

O

By the Birkhoff ergodic theorem [42, p. 44, Theorem 2.30], if f € L'[0,1] and
x € Q, then for almost all « € [0, 1],

n 1
Jim =37 f(Rla+ o) = [ e
j=1

This equality holding for o = 0 is the conclusion of Theorem 28.
Baxa [8] reviews further results that give conditions when a function f : [0,1] —
R U {400} that is not Riemann integrable on [0, 1] nevertheless satisfies

Jim S f(Rma)) = [ poy

for certain x € €. Oskolkov [104, p. 170, Theorem 1] shows that if f : (0,1) —
R satisfies lim; o4 f(t) = 400 and lim;,;_ f(t) = 400, and also the improper
Riemann integral of f on [0, 1] exists, then, for x € Q,

1o !
lim — f(R(mz)) = / f(t)dt
i 2 i
if and only if
1
lim —— f(R(gn(x)x)) =0,
Jim s FR(a (2))
where g, (x) is the denominator of the nth convergent of the continued fraction
expansion of x.
Driver, Lubinsky, Petruska and Sarnak [38]
Using Theorem 28 we can now prove the following theorem of Hardy and Little-
wood [57, p. 88, Theorem 2].

Theorem 29. For almost all x € €,

n 1/n 1
nh—>Holo (l}_ll | sin k;ﬂx|> =3
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Proof. Let f(t) = —logsinmt. Using cos(t — §) = sint and sin 2t = 2sint cost, one
can check that fol logsin mtdt = —log 2. (The earliest evaluation of this integral of
which we are aware is by Euler [44], who gives two derivations, the first using the

Euler-Maclaurin summation formula, the power series expansion for log (H‘z) and
the power series expansion of zcot(z), and the second using the Fourier series of

log | sint|.) Thus, fol f(#)dt =log2 < co. So f satisfies the conditions of Theorem
28.
Let (t) = (logt)?. First, upper bounding the series by an integral,

- 1 * 1 1
dt = log 2 .
;;2 k( logk 2(log 2)? +/2 t(logt)? 2(log 2)? +log2 < o0

Second,

[ro(e()re(5))a = [rowor-na

= / —2log sin(mt)

0
((logt)* + (log(1 —¢))?) dt

1

< /2 —2log(2t) ((logt)? + (log(1 —t))?) dt
0
< 0.

Therefore by Theorem 28, for almost all x € €,
MR . ! .
nlgrgo - mzzjl log sin(mR(mx)) 7-/0 log sin wtdt,
ie.
lim — Z log | sinTmz| = 1og1.
2

n—oo N
m=1

O

Hardy and Littlewood give another proof [57, p. 86, Theorem 1] of the above
theorem, which we now work out. This proof is complicated and we greatly expand
on the abbreviated presentation of Hardy and Littlewood.

We remind ourselves that the Cauchy-Hadamard formula states that the radius
of convergence R of a power series Y a,z" satisfies

1

" limsup,_, . |an| /"

= liminf |a, | ~1/"
n—oo

Theorem 30. Fiz x € Q and write qo = €*™*. Let p and R respectively be the
radii of convergence of the power series

Taar FOTtR

n=1

n

(1-q)1—gq3)---(1—qf)

Then R = p, and if |z| < p then F(z) = /().



50 JORDAN BELL

The functions f : D(0,p) — C and F : D(0,R) — C are analytic [137, p. 69,
Theorem 2.16].
Using the Cauchy-Hadamard formula we have

p = liminf n'/"|1 — ¢2|/™ < liminf(2n)/" =1
n—00 n—00

and
(28) R =1liminf(|1 - gol[1 = g5 --- |1 — g5 /" < 2p.
Lemma 31. For |u| =1 and for 0 <r <1,

’11— 7"1; <2

Proof.

1—ul<|1—rul+pru—ul=[1-ru+1-r
Because Reu < 1 we have 1 — 7 < 1 —rReu = Re(1 —ru) < |1 — ru|. Hence
|1 —u| < 2|1 — ru|, from which the claim follows. O

We assert the following as a common fact in complex analysis.
Lemma 32. For |w| <1 define

L(w) = Z %n

n=1
If lw| < 1, then e*) = (1 —w)~.

For |g|,|z| < 1, we define

zZ,q) = T N FZ,q :1+ .
fed =2 tagy el g
For |q| < 1, define ¢y(q) = 0 and for n > 1,
1
Cn = T
@ n(l—q")

and thus for |z]| < 1,
Flz.q) = enlq)2™
n=0
Furthermore define v9 = 0 and for n > 1,
1
T = v
"on(l - a)
and thus for |z| < p,

f(z) = Z'Ynzn'
n=0
For |g| < 1, define Cy(q) = 1 and for n > 1,

Cn(q) = !

(1-q)(1=¢*) - (1—q")
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and thus for |z| < 1,

Q) = Z Cn(CI)Z
n=0

Furthermore define I'g = 1 and for n > 1,
1

B G R R R

and thus for |z| < R,
= Z T, 2"
n=0

We prove directly the following, which is an instance of the g-binomial formula
[2, p. 17, Theorem 2.1].

Proposition 33. If |q|,|z| <1 then
F(z,q) = ef ()

Proof. By Lemma 32,

£ (E)-

n=1

Because eX(") = (1 —w)~! for |w| < 1,

ef (29 = H el(za™) — H (1- zqm)_l.
m=0 m=0
Define
G(zq) = [[(1—2¢™)" Zgn
m=0

On the one hand, go(¢) = G(0,¢9) = 1. On the other hand7
G(qZ, q) = (1 - Z)G(Zaq)a
thus

> gnlg)z" T = Z gn(9)(1—q")
n=0

and therefore for n > 1 we have g, (q) = (1 —¢") " 'gn_1(q). Thus by induction, for
n>1,
1

(1-q)(1—-¢?)--(1—q)

gn(q) =

Hence

of =) — 1 +; — 22).”(1 5 = F(z,q).

Proposition 34. R > p, and if |z| < p then ef*) = F(2).
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Proof. If p = 0 then the claim is immediate. Otherwise, 0 < p < 1. Let 0 <t < p,
0 < r < 1, and define G(0) = F(te?,rqy). On the one hand,

ZC’ rqo)( te“9 ZC’ rqo)t"e me

which implies that G(n) = Cy(rqo)t" for n > 0 and G(n) = 0 for n < 0. On the
other hand, for n € Z, using Proposition 33,

~ 1 [2m )
Gn) = o G(#)e~"%dp
1 2w » ind
=5 F(te,rqo)e”"""do
1 2 i 0 —ind
= — el tera0) g =inf gy
2m

By Lemma 31,
o0 n o0

tet? <y ——— <2y ———— = M(t
e el < 0 =g <2 2 gy ~ MO
and because t < p it is the case that M(t) < oo. Then for n > 0,
~ I 0 M
C,u(rgo)t™| = |G(n)| < 27/ |6f(te ,rqo)|d9 < M®),
T Jo

Cn(rq) — Ty, as r — 1, and therefore

T, t"] < eM®), 0<t<p, n > 0.
Now fix |z| < p, take t such that |z| < ¢t < p, and write 0 < § = % < 1 and
M, = eM®gn, Because I, t"| < M),

M(t)

Z\r z”|-ZJ"|F t”|<ZM 00,
which implies that |z| < R. Therefore R > p. Furthermore, because
|Cn(rqo)z"| = 6"|Cn(rqolt"| = My, 1 €(0,1),

by the Weierstrass M-test [123, p. 148, Theorem 7.10], the sequence ZnN=0 Cr(rqo)z"
converges uniformly for r € (0,1) and therefore [123, p. 149, Theorem 7.11]

N
}E F(z,7qp) = lim lim Z Chn(rqo)z

r—1 N—oo
n—

= lim lim » C,(rq)z"
N—ocor—l1
n=0
N

= lim r,z"
N—o0
n=0

= F(2).
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Now, for 0 < r < 1, by Lemma 31,

n n

z
n(L= 1)

_
n(l—qf)

Because |z| < p, the series > °  m,, converges, and therefore by the Weierstrass

len(rgo)2"| = =my,.

M-test, the sequence ZnN:() ¢n(rqo)z"™ converges uniformly for r € (0,1). Then
N
lim f(z,7qp) = lim lim cn(rgo)z™
r—1

r—1 N—oo
n=0

N
= lim lim ch(rqo)z"
n=0

N—ocor—1

N
= lim E 2"
N—o0 0 Tn

Then using Lemma 33,

exp(f()) = exp (lim f(z,7q0))
= lim exp(f(2,7qo))
r—1
= lim F(z,7qo)
r—1
=F(2),
completing the proof. |

Lemma 35. If |[u| =1 and u # 1 then

N
S e
— [1—ul
Proof.
i“n A R R o2
1w | 1w | T 1=l
n=1

O

Lemma 36. Let 0 < a <1, let x € Q, and suppose that there is some C such that
o’ < C for all n. Then

| sin nmz|

Proof. Take 0 < e < % and let

Ey={n:1<n<N,|nz| <€}
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Thus f 1 < n < N and n ¢ Ey then ||nz|| > e. Write Sy = ijzl %
Because |sinnrzx| = sin(7 [|nz||) > 2 ||nzx||,
2n 2n

a a
SN = Z sin® nwx * Z sin® nwx
neEN ngZEN,1<n<N
9 a2n
< C?|En|+ Z 12
nZEN,1<n<N
1
4€2(1 — a?)’
Because z is irrational, by Theorem 19 the sequence nzx is uniformly distributed
modulo 1. Therefore

< C*En| +

E
%—m N — o0,

and this implies

S
lim sup 2N < 2-C2
N—o00
Because this is true for each 0 < € < % it follows that limy_, o SWN = 0, proving the

claim. (]
Proposition 37. R < p.

Proof. We have found in (28) that R < 2p, i.e. p > g. Assume by contradiction
that R > p; in particular R > 0, which implies p > % > 0. By Proposition 34, we
have F(z) = ef(®) for |z| < p and so F(z) # 0 for z € D(0, p).

Let uyp,...,usp be the distinct zeros of F on |z| = p, with respective multi-
plicities p1,...,ps; if there is none, take s = 0, and use » , = 0 and [[; = 1
Define

s —p;
5 .
G(z)=F(z 1-— , z€ D(0,R).
= re]] (-2) (0.5)
Because G : D(0,R) — C is analytic and G(z) # 0 for z € D(0, p), there is some
T, p < T < R, such that G(z) # 0 for z € D(0,T) [124, p. 208, Theorem 10.18].
As D(0,T) is simply connected, there is an analytic function g : D(0,7) — C such
that G(z) = e9) for z € D(0,T) [124, p. 274, Theorem 13.11]. Thus

e H (1 _ )pj, 2 € D(0,T).

u;p

Z_

wp| = L~ 1, and then by Lemma 32, eL(“Ji"’) =

p

For z € D(0,p) we have
1

(1 - i)_ . Therefore for z € D(0, p),

u;p

ef(z):F(z)—eQ(z)H e (“7”)—exp g(z ij (u p) )
j

j=1

i.e.

exp | f(2) ij (up> =1, z € D(0, p).
j
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But the image of a continuous function D(0, p) — 27iZ is connected, and because

27iZ has the discrete topology it follows that the image is a singleton, thus there
is some v € Z such that

> z
z) + p»L(>:2m'1/, z € D(0,p).
+ 3ot (5 00
But 99 = G(0) = F(0)-1 =1, s0 g(0) = 0, and f(0) = 0, hence v = 0. Therefore
- z
I e B
j=1 ip

Now, for z € D(0, p),

Z s

Zm( ) ;p]z;(y 3 i;p]qu —n | on

n=1
g(m
Let g, = (0) . For z € D(0, p),
o0 o0
R S M £ MR I
n=1 n=1 n=1

so forn > 1,

1 1o _
m =Yn = Ggn — ﬁ ;pj(ujp)
Then
o, ~
(29) T = W 9n - pu;
—qp —

Cauchy’s integral formula [137, p. 82, Theorem 2.41] tells us that for 0 < V < T,
C(t)y=Vet, 0<t<2m,

In =

9™() _ i/ g(w) .
C

n! 2mi wntl

whence, as the length of C' is 27V,

X |g(w)].

9] < —
9n V"\|

Fix p <V < T, with which

Inp™gn| <n (%) max |g(w)],
and for {f <0 <1 we have
Inp"gn| = O(6").
Using this and

ijuj_" < ij =0(1)
j=1 j=1
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(29) yields

o3

p
=0(1).
1—qp o
As
pn pn pn ,L'efﬂinmpn
1—qp 1—e2mine — _jemintgingny  2sinmna’
we get
2n
p
.2 = o(1).
sin”® mnx

For any M, there is some np; such that sin® inyz > M, and thus the above
estimate is contradicted if p = 1; hence 0 < p < 1. (We emphasize that p < 1 is de-
duced from the assumption R > p, which we are showing to imply a contradiction.)
By Lemma 36 we then get that

N
(30) > L =oN).

Now, multiplying each side of (29) by its complex conjugate and using that
[np"gal = O(6") and that |¥35_, pyu; | = O(1),

2n S S
P —n n n
= | 2w (ZW%) +0(5"),
i=1 k=1

4sin® mna
i.e.
p2n s ) 1
31 [ — 2 ) - " O™,
oy 4sin® mnx Zp]+2p1pk(uj up)™ + O(6")

=1 j#k

Let E = {(j,k): 1 < j,k <s,j#k} and letNP = ijlpf > 0. Then summing
. N _

(31) forn=1,...,N, using 3, _, 6" = - =2 = O(1),

N 2n N
p —
2 Tointons ~ NP D pime (Duj >) +0(1).
n=l (G,k)€E n—=1

Because u; # uy, for (j, k) € E, we have according to Lemma 35 that
N

- n 2
> (uitup)"| < —— =0(1).
— [T —u; g
Thus
N 2n
Y L —unP o),
‘= sin” mnx
and because P > 0 this contradicts (30). Therefore, it is false that R > p, which
means that R < p, proving the claim. [

Theorem 38. Let x € Q and let p; and Ry respectively be the radii of convergence
of the power series

oo n

o0
Z - -
. b) . . . .
SINNTT sinwx - sin27wx - - - sinnwx
n=1 n=1
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Then Ry = &

Proof.
11— qf| = |1 — e*™*| = 2|sinnz|.

By the Cauchy-Hadamard formula,

1
= liminf | si Un — 2 limi —g0) - (1= g/ ==
Rl—llnrr_1>1£f|sm7rx sin nmz| 5 hnrr_1>1£f|(1 q) - (1 —qp) 5

and

p1 = liminf | sin nmz|'/" = p.
n—oo
Theorem 30 says R = p, hence Ry = g =£=2£. O

e’} 2™

By Lemma 23 and Theorem 24, for almost all x, the power series ) |~ | =% —
has radius of convergence 1. Then using Theorem 38, for almost all = the power

. n .
series > 07 | = —= . has radius of convergence %, and thus for almost
n=1 sin wrz-sin 27z - sin nwx

2
all z € Q,

n 1/n 1
lggloréf (H |s1nl<;7m:|> =3
k=1

Hardy and Littlewood give a separate argument [57, p. 83, Eq. 4.3] proving that
for almost all z € €,

n 1/n
1
lim sup (H | sin k7r:v|> =35

and combining the formulas for the limit inferior and limit superior yields Theorem
29.

Lubinsky [93] proves more results about products of the form [ _, (1 — e2*?).
For example, Lubinsky [93, p. 219, Theorem 1.1] proves that for all € > 0, for almost
all 8 € Q2 we have

log

H (1 - 627rik0)
k=1

The first author [13, p. 532, Theorem 2] gives asymptotic expressions for the
L?[0,1] norm of [[;_, (1 — e**%) as n — oo, for 1 < p < oo.

For w € R let P,(w) = []_, |2sin7rw|. Let F, be the nth Fibonacci number
and let g = _1%\/5 Verschueren and Mestel [142, p. 204, Theorem 2.2] prove that
there is some ¢ = 2.407. .. such that

| = O((log n)(loglog n)***).

Pr (9) — ¢, n — 0o
and
P,
1 (9) SN , n — 00,
Fn 2’/T\/5

and that there are Cy < 0 and Cy > 1 such that for all n,
nc < P,.(g) < n®2.

Let X be a measure space with probability measure . Following [131, p. 21,
Definition 3.6], we say that a measure preserving map 7' : X — X is r-fold mixing
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if for all g, f1,..., fr € L™ (X) we have

_ ( /X g(t)d/\(t)> k]:[l ( /X fk(t)d/\(t)> :

If for each r the map T is r-fold mixing, we say that 7" is mixing of all orders.

Let ¢ > 2 be an integer, and define T, : [0,1] — [0,1] by T,(t) = R(qt). We
assert that 7T, is mixing of all orders. This can be proved by first showing that
the dynamical system ([0, 1], u, Ty,) is isomorphic to a Bernoulli shift (cf. [42, p. 17,
Example 2.8]). This implies that if the Bernoulli shift is r-fold mixing then T, is
r-fold mixing. Omne then shows that a Bernoulli shift is mixing of all orders [42,
p. 53, Exercise 2.7.9]. Using that T, is mixing of all orders gets us the following
result.

Theorem 39. Let g > 2 be an integer For each n > 1 we have

2 n+1
lim / | sin(27t)] |sm (27qumt) | dt = < ) .
m— 00 ™
Proof. Define g(t) = f1(t) =--- = fn(t) = |sin(2nt)|. For any nonzero integer N
we have
2
/ |sin(27Nt)|dt = —
7’
and it follows from (32), using my; = m, ..., m, = m, that
2 n+1
lim / | sin(27t)] |Sln (2mg"™t) | dt = < > .
m—00 ™

]

Write Sk (o) = Z§:1 X, (), where X;(a) = log|2—2cos(2mja)| and o = %\/g
Knill and Tangerman [76] talk about motivations from KAM theory for caring
about these sums. See Lagarias [82] and Ghys [51] for more on small divisors in
Hamiltonian dynamics, and Carleson and Gamelin [25, p. 48, Theorem 7.2] and
Yoccoz [152] for Arnold’s theorem on analytic circle diffeomorphisms.

Marmi and Sauzin [94]

12. CONCLUSIONS

Kac and Salem [70] prove the following. Let ¢; be a sequence of nonnegative
real numbers for which Y 72 | ¢ < oo. If the series
= 1
kz:l ck | sin kx|
converges in a set of positive measure, then

e ()
chlog — ] <
k=1 Ck

and if this condition is satisfied then Y ;- ckm converges for almost all x.
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Muromskii [100, p. 54, Theorem 1] proves that if ¢ is a sequence of nonnegative
real numbers, if a > 1, and if there is a set of positive measure on which the series
o0
>t
Pt | sin kx|
converges, then for any é > 0, the series
ot
k
k=1
converges.
Let X be a random variable that is uniformly distributed on [0, 1]. Kesten [74,
p. 111, Theorem 1 | proves that if > -, |cx| < oo, then the series
[ee]
> X
sin(272k X)
k=0
converges with probability 1. Stated using measure theory, the conclusion is that
for almost all x € €, the series

o0

> nrais)
sin(272kz)

converges. Kesten [74, p. 114, Theorem 3] also proves if a,, € R and a,, — 0o, then

sin(272k X)

a
" k=0

in probability. Stated using measure theory, the conclusion is that for each € > 0,

26}20.

For T¢ = R?/Z? = (R/Z)%, let o be Haar measure on T and let oq = Q1<j<ac
be Haar measure on T?, with o(T) = 1. A sequence t(n) € T, n > 1, is said to be

lim ,u{xEQ:

n—oo

1 ’f 1
an = sin(2m2kz)

uniformly distributed if for any arcs I,...,I; in T, with I = H?Zl I;
1 <n<
lim {t(n) e I:1<n< N}

=oq(I).

N—oc0 N Ud( )
Kronecker’s approximation theorem [138, p. 108, Theorem 6.3] states that
if ag,...,aq € Rand {1,a1,...,a4} is linearly independent over Q, then the se-

quence (nay + Z,...,nag + 7Z), n > 1, is uniformly distributed in T¢. Meyer [95]
is a thorough presentation of multidimensional Diophantine approximation and
Diophantine approximation with locally compact abelian groups, and harmonic
analysis involving sets satisfying various Diophantine properties.

Measure theoretic results in Diophantine approximation are presented in Khinchin
[75], Einsiedler and Ward [42, Chapter 3], Rockett and Sziisz [122, Chapters V and
V1], Billingsley [18, pp. 13-15, 319-326], Kac [71, Chapter 5], Bugeaud [24], and
Kessebohmer, Munday and Stratmann [73]. The significance of continued fraction
expansions of irrational numbers in the early history of axiomatic probability theory
is described by Barone and Novikoff [7], Durand and Mazliak [41], and von Plato
[145]. Veech [141] presents material on Diophantine approximation in the setting
of topological dynamics.
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We have been interested in results about almost all x € 2, using Lebesgue
measure g on [0,1]. If B C Q has u(E) = 0, one can ask what the Hausdorff
dimension dimg E of the set F is. Let Bg be the set of those x € Q such that
an(xz) < K foralln > 1, and let B = |J;~,; Bxk, the set of those €  with bounded
partial quotients. We have already stated that w(B) = 0 [75, p. 60, Theorem 29],
and Jarnik [37, Theorem 4.3] proves that the Hausdorff dimension of B is in fact
1; cf. Falconer [45, p. 155, Theorem 10.3] and Wolff [151, p. 67, Chapter 9] on
Hausdorff dimension. Hensley [61] proves

6 72
dimpgBg =1— 5K ' = 5K ?logK+0(K?), K —oc.
™ ™

Dodson and Kristensen [37] give a survey of results on the Hausdorff dimension of
various sets that appear in Diophantine approximation.
For a decreasing positive function v, the set

W (¢) ={x €10,1] : ||gz|| < q¥(q) for infinitely many ¢ € N}
can be written as the limsup of a sequence of sets,

W (y) = hmsupW P, n) ﬂ U W, n)

N=1n=N

ww,n) = |J U ( — (g + w<q>) n1[o,1].

on— 1<q<2n 0<p<q

where

One can exploit nice properties of limsup sets, such as the Borel-Cantelli lemma and
invariance under ergodic transformations, to prove fundamental results in Diophan-
tine approximation. Beresnevich, Dickinson and Velani [15] use this motiviation of
Diophantine approximation to build a framework for a natural class of limsup sets
on compact metric spaces. Their general results readily imply the divergent case of
Khinchin’s theorem: u(W(vy)) = 0if > qip(q) < oo (Lemma 7) and p(W(y)) =1
if > qi(q) = oo. Their framework also establishes the divergent case of Jarnik’s
theorem: the f-Hausdorff dimension of W (4) is 0if Y ¢f(¢0(q)) < oo and is infinity
if > qf(¥(q)) = oo, where f is a dimension function such that 7= f(r) — oo as
r — 0, and =1 f(r) is decreasing.

As well, rather than making statements about subsets of € of measure 1, we can
talk about sets whose complements are meager. (Measure theoretically, the notion
of a negligible set is made precise as a set of measure 0, and topologically the notion
of a negligible set is made precise as a meager set.) Some results of this type are
proved in Oxtoby [106, Chapter 2].

Let p be prime, let N, = {0,...,p — 1}, and let Q, C [[, N, be the p-adic
numbers. For z € Q, let

vp(@) = inf{k € Z: a(k) £0}, ol =p~®,
and let Z, = {z € Q, : v,(z) > 0}, the p-adic integers. Let u, be the Haar measure
on the additive locally compact abelian group Q, with p,(Z,) = 1. We call X € Z,
a p-adic Liouville number if v(A\) = liminf,, . |n — )\|11,/n = 0, and let .%), be
the set of p-adic Liouville numbers. One checks that if A € Z> then v(\) =1 [125,
p. 201, Exercise 66.A]. It can be proved that .7, is a dense Gy set in Z,, [125, p. 204,

Theorem 67.3] and that p,(%,) = 0 [125, p. 205, Theorem 67.4]. One reason for
caring about p-adic Liouville numbers is that if x € Z, is algebraic over QQ then
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v(z) = 1, and hence a p-adic Liouville number is transcendental over Q [125, p. 203,
Theorem 67.2].

Unlike in estimating exponential sums, the sums that we have been estimating
in this paper do not have cancellation. Instead we have estimated them by showing
that the terms are only occasionally large. For A,(t) = >7_; %, it can be
proved [113, p. 74, no. 25] that

T gin@

|An(t)] < / ST a0 =1.8519. ..
0 9

On the other hand, let M,, be the maximum of ", _, % It can be proved [113,

p. 77, no. 38| that

2
M, = —logn+ O(1).
™
Walfisz [146] presents results of his, of Oppenheim, and of Chowla on sums
> gt
j<n
for g(j) = rk(j), the number of ways to write j as a sum of k squares, and for

g9(j) = d(j), the number of positive divisors of j. One of the results of Chowla is
that if z € ) has bounded partial quotients, then

Zd 2T — (n% log n) .

One of the results Walﬁsz proves is that if € > 0, then for almost all x € ),

Zd )e2miIT — (n%(log n)2+6) .

Wilton [150] proves some similar results. For example, Wilton proves that for any
T €,

Z cos 2mjz = o((logn)?),
=1
See Jutila’s book on exponential sums [69].
Let f(t) = Pi(t) for t € Z and {t} = 0 for ¢t € Z, where P; is a periodic Bernoulli
function. Namely, for all t € R,

1 <X sin27mt
H=——3y ==
f(t) W; —

Define Sy(0) = N %f(n@), where p is the M6bius function. Davenport

n=1

[31, p. 11, Theorem 2] proves that there is some C such that for all N and for all 0,
N
win
>
n=1 n

Davenport [31, p. 13, Theorem 4] also proves that for almost all 4, Zg "(n”) f(nd) —
—Lsin2n6. See Jaffard [67].

It would be a useful project to give an organized presentation of Hardy and
Littlewood’s results on Diophantine approximation. Their papers in this area are
all included in Hardy’s collected works [55]. Hardy and Littlewood proved many

)| <c.




62

JORDAN BELL

pleasant results on various sums and series with coefficients related to sin(nmx) and

R(n

x). It would be desirable to streamline and systematically prove these results,

to let a modern reader to be able to understand them without having to read the
whole series of papers to figure out what results are being tacitly used from earlier
work or assumed as general knowledge. There is only a bare summary of Hardy and
Littlewood’s work in the commentary in Hardy’s collected papers. Hardy’s work on
Diophantine approximation is briefly summarized by Mordell [99]. See also lecture
V of Hardy’s lectures on Ramanujan [54].
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