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ABSTRACT

Completing the description of the possible radii of convergence of g-series

g /
F@ =1+ % (1 (A-g*'Dz/,
Jol k=1
it is shown in this paper that, for any given 1 <R <oo there is a g-series with A =exp(2nia),
g =exp(2rif) such that its radius convergence is R. If « is a rational number, then for any irrational

£, the radius is always 1.

1. The study and applications of the g- or basic hypergeometric series

(1) Fo=1+Y (AI/[1 (A-qg")z' = L@ Qw! (a=A7'q w=Az)
j= ¢ = =

is a standard subject in approximation theory (see [GR]). The radii of con-
vergence of these and related series have been investigated in several papers
(see, p.e. [DL], [DLPS], [HL]). In the most interesting case |A4|=|q|=1 it has
been proved in [DLPS], that the radius is 1, if A =1, and also that choosing
the irrationals ¢, £ in a suitable way and putting A =exp(2nic), g =exp(2nif),
one can obtain a transcendental entire function in (1). Our aim in this paper
is to fill the gap between 1 and o by showing, that any 1<R< oo can be
prescribed as the radius of convergence, which makes the list of radii in [DLPS]
complete. We also prove (Theorem 5), that the case of rational ¢ is analogous
to A =1, that is the radius of convergence is 1 for any irrational . Our main
result is the following theorem.
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THEOREM 1. For every 1 <R< oo there exists a pair of irrationals ¢, £ such
that with A =exp(2ria), g =exp(2nifl), the radius of convergence of the power
series in (1) is R.

2. For any given real number x we denote by a,=a,(x) (n=0,1,...) the par-
tial quotients of the simple continued fraction expansion of x={[a;; a;, 4, ...].
The corresponding approximants in their lowest terms are denoted by
P.(x)/q,(x)=p,/q,. This notation will be applied throughout in this paper.

The recursions

@ P = Pt +Dk_2s Gu=qx—1+k—2> Qe Px—1~Prdr—1 = (1),
(k=2)
and relations
(=1
3) GX—pp=—""""""" (0<a,,,;<1),

Qi1 T 019k

as well as the best approximation property: if a, b are integers and a<g; .,

4) lax ~b| = |qy x— py|

are well known facts in the theory of continued fractions (see [HW] or [NI]).

LEMMA 1. Let a,,q,,p, denote as above and let s,= Y7 ; g;. Then
@) $,<3q,,
(i) and if a, - o, then s,/q,— 1.

PROOF. Adding the inequalities ;. ,=a,,19;+q;_1=q;+q;_;, (j=1,...,n—1),
we obtain g, =¢q, +5,_,>S5,_, and hence 5, <3q,,. Thus s,=s, | +q9,<3q,_+
q,. This implies

S _ 3
j<dm g dnt o2y,
qﬂ q" an

and the statement follows.

LEMMA 2. For any given ¢>0 there exists an irrational number x=[0; @, a,, ...]
which is defined inductively by

eUIA
(5) a,\,H:[ ] k=1,2,...,
qx

such that x admits the following properties:

(6) a,<a,,, n=12..;
log q,
) lim —£9n+1 _ .
oo qy
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Any irrational satisfying (7) also satisfies

n

-
(8) 11 q;=q,, n=nye).

j-

PROOF. Let ¢>0 be given. The partial quotients g, will be defined by induc-
tion. If ¢ is large (say, c=1), then the inductive definition is automatic by (5).
If however ¢ is small, we have to be more careful to make sure, that the frac-
tions in (5) are large enough. Let ¢, =2 so large, that

et e al+a,
5 >1, then > =a,+1,
ai+a a a

| "] “]

thus defining @, by (5) for k=1 and taking into account g,=a,, we get
a,=a;+1=3. Suppose that for 1 <k=<n we have defined a;, g, such that (5)
and (6) hold for 1 =k <n. To show that the inductive definition (5) makes sense
for n and that (6) holds true for n+ I as well, we need to estimate the fraction
in (5) from below. (5) implies exp(cq,)=a;.,q;, 1<k=n-1, (6) implies
a,=3, 2<k=n, thus we obtain for any 2<k=<n

exp(cq;) = exp(c(ar gy + qr_2)) = (exp(cg - 1)) - explcgy _2)
> (@i ) = @@ ) @qp ) *>qlag+1).

That is,

€4y

>ak+1,
dx

and we can complete the induction by putting & =#. Notice that by (6) we ob-
viously have a,>n, in particular a, — .
As an upper estimate for g, ,, we have

(9) qn+1 :an+lQn+qn~l<e(lq”+qnfl<2’e(‘q”'

For the other side, notice first that

Al o . 1N\
=a,,,>n, which implies e‘“>ngq,, e“—q,> <1 —— )eh,
n
n
and
o
_'1<an+l9 that is e(q”-qn<an+IQIz<Qn+]9
4n
and hence

1
<1 _‘>ecq"<Qn+l'
n

By this and (9) we get

1
Iog<1——>+cq,,<logq,,+1<cq,,+log2,
n
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and dividing by g, and letting n — o we obtain (7). We have to show that (7)
implies (8). Taking the logarithm in a,,,9,<q,,,<2a,.,4q, and dividing by
g, we obtain
. loga, .,
lim ——=¢
H— oo qn

as an obvious consequence of (7). This implies in particular a, —» o, and
(10) el < (@, ) < (g

if »n is large enough. Also

holds for n=N, N fixed. Adding these inequalities we get

n+1
log [T g;<(1+¢€)cs,,
j=N

and hence by Lemma 1 (ii)

n+1

log 11 ¢;<(1+2¢)cq,,
=1

J=

if n is large enough. Finally by (10) we obtain

n+1

143
1 ¢<(g, )",
i=1

and the lemma is proved. We remark, that the same argument provides an
analogous lower estimate for this product as well, thus (7) in fact implies

L) logg;
lim ==L 2%
N oo lOg qn

LEMMA 3. For a real number x let |x| denote its distance to the nearest in-
teger, and let 0=<¢<|x|. Then

. . 1 , m
(1n |sin Z(x £ #)| = |1+ |- |sin nx|, where |py|<—n*+—.

2 2| x|

PROOF. Since [sin n(x+1)| = |sin n(bxx+1)|, where b is an arbitrary integer,
we can assume without loss of generality that 0<x=1/2. Then x=|x|,
sin 7x=2x and

[sin m(x £ ¢)| = |sin 7x cos mt + cos 7x sin 7t|
cos mx | )
=|1+(cosmt—1+— sin ¢ )| |sin 7x].
sin mx
But
X . IS 2}
cosmi—1+ sinnmt | <—n°+-—,
sin x 2x

and the lemma is proved.
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LEMMA 4. Let x be an irrational number, then

1 a-1
(12) lim—1 Y log2|sin kx| =0.
k=1

n—oo {, —

REMARK. This statement has been proved in [DLPS] for the special case,
when 7 runs through the even indices. But this is just a minor technical advan-
tage and a similar idea combined with Lemma 3 here works for the general case.

PROOF. Let l=k=<g,—1 and write

sin n<k&+k<x—&>>‘ .
4y 4y

Isin kx| =

Since

(12a) Hk&

n

>

dn
(p, and g, are coprime), and by (3)
e M

Adn n+1

we can apply Lemma 3 with

k‘x

t:=k x—& andx::k&,
v Qn qn
and obtain
[sin kx| = sin nk 22 T+ ]
n

Since p, and g, are coprime, the numbers kp, for k=1, ...»q,—1 run through
the non-zero residue classes modgq,, thus the set of fractions
{k(p,/a,): 1=k=<q,—1} is identical mod 1 to the set {(k/q,): I<k=gq,-1}.
Therefore the number of indices k such that

1

Van

Pn
Gn

|

is 2]/67,1. Extending the summation for these indices and applying Lemma 3 and
(12a) we obtain by trivial estimate

g = ¥ 10g(1+uk)<21/alog 3.

[k ou/anl <1y qy

If, on the other hand

|-
qn

1
2_!
Van
then by Lemma 3
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© e 3
|,uk|s 2 + < »
2 ghir 2 quy I/‘Tn

and extending the summation to these indices of second kind we get

3
0, = v log(1+uk)<qnlog<l+— <3Yq,.
ke oulal > 1Y Va,
Thus
Gn-1 . 1 an ! . Pn g, +0;
Y log2|sin nkx| =—— ¥ log?2|sin mk — |+ ——=
qn—1 s gn—1 i nl  Gn—1
1 g . k
= Y log2|sinnt— |+ o0(1) = o(1),
qn__l k=1 n

since, more generally

[ N1
lim — ¥ log2
1

N k=

k I

sin n—‘ = {log 2|sin nx|dx = 0
Nij

is well known.

3. Now we turn to the proof of Theorem 1. The statement is reformulated in
a slightly stronger way in Theorem 2, which together with Lemma 2 obviously
imply Theorem 1.

THEOREM 2. Let R=e", ¢>0 be given. If an irrational number § satisfies
condition (7), then there exists another (irrational) number « such that putting
A =exp(2ria), g =exp(2nif), the radius of convergence of (1) is R.

PROOF. The main tool in the proof (just as it was for R = o in [DLPS]) is the
function defined by

(13) S = T (@)x—pe(x).
k=0

This function has many interesting number theoretic and function theoretic
properties, which will be studied independently in the forthcoming papers by
J.N. Ridley and the author. Here we only deal with the irrationality of f(x) in
section 4.

Note that the series in (13) is an alternating series of terms decreasing in ab-
solute value (properties (3) and (4)), therefore

(14) L (gx=p)=Y@n1X—Prs1) (0<U<]).
J=n+1
If furthermore a, — oo, or equivalently (g, ,/g,) — o, then by (3)
I~ (_1)n+1
(15) Y gx-p)=Y,—,

J=n+l n+2
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where ¥, — 1. For a given | <R< o let c=log R, and let then f=10; a,,a,,-..]
denote an irrational with the properties as stated by Lemma 2. Put o =f(f) and
let A,q be as in the statement of the theorem. We have to show that

n 1
limsup (] |4-g*)""=—,
Py R

no@

or writing it in logarithmic form

1 n
(16) limsup~( ¥ log|ld—g*|) = —c.
k-1

noe RN

We write, as usual,

log\A —C]k‘ — log|eZ”’“~ez”’kﬁl

= log|1 —e?™ F=®| = log 2|sin n(kf - a)|,
and denote

1~
oy=— Y log2lsinn(kfi—a)|,
N =2

1
0_}\}):_ Y log2lsin n(kf—ea)|,
leksN
k#s,
a}i’=/—\, Y log 2|sin n(s; - a)|,

;<N

then GN:J,(\})+G,(5) (recall that s,= ¥, q;). Let first k#s;, say 5, <k<s,,i.
Then k=s,+m, where l<m=gq,,,~1, and by (15)
%
sinn<mﬂt"—“>‘.

|sin (kB — )| = |sin n(mpf — § (q; B-p))| =

J-n+l dn+2

Since m<gq, ., (4) implies |mB|=|q, 8- p.|>(1/2q,, ), thus applying Lem-
ma 3 we obtain

17 log 2[sin n(kf—a)| = log 2|sin mmpB| +log(1 + ty 1\, m)s

where
4Qn +1

“1n+1,m|S ’
n+2

independent of m. Suppose s,=N<s,,,. Writing (17) in a,ﬂ}’ we obtain

v o gp—1 N-s,
Na()) = Zl Y log2|sinzmpB|+ ¥ log2|sin mmB|+ Ly,
n=1m=1 m=1

where

Ly= ZV: qni

1 N—
n=1m=1

IOg(l +:un,m)+ E lOg(1+:uv+l,m)'
m=1

Since a,— o implies log(l + u,, ,,) — 0, we obtain Ly=0(N) for N—- . Put
briefly
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1 "

S, =— Y log2|sin mjB/,
nj-

then

W sy 1 N-s,
(18) N — : E (Qn—"l)s A]+—'SN75\,+0(1)~

N  s,—v.,2 n N

By Lemma 4 we have S, _;—0. Thus in the first part of (18), we form
averages of the terms of a null sequence, therefore that part tends to 0 with
y—> oo, It is easy and well known (see formula (4.4) in [HL]), that

limsup S, <0

HnH—- e

holds for any irrational 8. This implies immediately, that

“vg. <0
N—s5,— Vs

lim sup

N— o>
and hence lim sup o“)<0. Taking N=s,,,~1 we obtain by Lemma 4

(19) lim sup a(”— lim 0' =0.

N V— 00

It remains to study the behaviour of aﬁ). Applying (15) again

Y
log 2 |sin 7(s, B— )| = log 2 |sin 7 1
dni2
2n v
=log +log<q"+2sinn "+1>
dn+2 n dn+2
=log2n—-logg, . »+4,,

where A, — 0. Hence assuming s,<N<s, ., we obtain

oﬁ) Nloan-—log H qj+2+ Z A,
or,

o2 = 1 . |

oN = ’N lOngI Qj+2+0( )s
where we have made use of the obvious relations

v v

—=<—->0and 4,-0.

N s,
The estimate

Liog 11 47102 log [

—log |l gjy,=2z——1og || g

N T s
is trivial, and hence by (7), (8) and Lemma 1 we get

1 . 1 v . —logg
(20) 11m sup—log H = lim log I] = lim —— 2= ¢
N 701qgiia v=oSi—1 "1 Giea voe Gy
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Since lim supy _, , oy <limsupy maf\}) +lim supy_, maﬁ), and both limsups on
the right hand side are attained on the same sequence N=s,~ 1, we get by (19)
and (20)

limsup oy = limag; | = —c,
Noow ° Vs 00
and the proof is complete, apart from the irrationality of «, which is irrelevant
to the fact that the radius can be prescribed.
The question of the rationality of « will be discussed in the next two sections.

4. It is not true that f(x) maps any irrational number x onto an irrational
value. Moreover, it can be shown that any number (in particular, any rational
number) in (0, 1) is taken by fin an irrational point. However, in the theorems
below, we prove that a=f(f) considered in section 3 is indeed irrational.

THEOREM 3. Let x be a given irrational. Let g,<a<gq,,, and b be integer
numbers, and define

. { a < dnet — a>\§
ug=min!{— max|1l,——— }{.
qﬂ QH

\ax~b\ Z.u[qnx_pn“

Then

PROOF. The weaker estimate |ax—b|=|g,x—p,| is just the best approxima-
tion property (4). A slightly refined version of its standard proof (see for in-
stance [NI]) will suffice for our theorem. Given @ and b, the linear system

a=uq,+vq,,; b=up,+uvp,,,

has a unique and integer solution for # and v, since the determinant g, p, . | -
q,+1P,=x1. Since g,<a<gq,.;, we have either v=0, ¥u>0, or vv<0. But
also

(QnXApil)(qn+]x~'pn+])<Os

thus
lax—b| = [u(q,x—py) +0(qy 1 X =Pyl
=@y X =P+ 0@y 1 X~ Ppi D Z U]+ |gyx—pyl.
If v=0, then
u=lul=—=pu.
dn

If v>0, then <0 and

v —a —a
fu| :qwi]Zmax{l,q"L} =u.
qn

n
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If finally v<0, then ¥>0 and

v +a
|u|:u: ‘ |qn+1 Zﬂ,
n

i.e. in all three cases we obtain |#|=u and hence the statement follows.

THEOREM 4. Suppose 0<x<1 is irrational. If
(i) f(x)=P/Q, or more generally
(i) P+QOf(x)+Rx=0 (P,ReZ, QeN), then

a,(x)<4Q (n=12,--)
in the first case, and
limsup a,(x)<4Q
in the second. That is, if {a,(x),n=1,2,...} is unbounded, then f(x) is irra-

tional, moreover 1,x, f(x) are rationally independent numbers.

PROOF. Suppose f(x)=P/Q. Then for any n we have

n P o
) (‘Ijx—pj)“'_ =/ X (ij_pj)|<|Qn+lx_pn+l"
Jj=0 Q J=n+1

This can be written as
(21) ianx_E|<Q|Qn+1x_pn+l|’

where E is an integer. Assuming (ii), the same reasoning gives
(22) |(S,,Q+R)x—E|<Q|q,,+,x—p,,+1|.

If R+0, then for a given £>0 choose 7 so large, that ¢g,,_, > |R|, and suppose
a,, =(@4+¢)Q. If R=0, then simply choose any n with a,,,=4Q and put
e=0. In either case, by Lemma 1 (i) we obtain

qn<an<5nQ_ ‘R| <SnQ+ ]R|
<(3+8)QnQ<(4+8)QQn5an+an<CIn+l’

thus Theorem 3 applies with a=s5,0+R. By (s,Q+R)/q,>Q and ¢, ;-
5,0~ R>q,Q we get both from (21) and (22)

qunx_pnl < ISan_E‘ <Q|qn+1x—‘pn+1|’
i.e.
]qnx—pn|< ‘qn+lx_pn+1|’

a contradiction.

COROLLARY. If B is the irrational number we considered in Theorem 2, then
o =f(p) is irrational as well.
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5. In this section we are going to show that, if ¢ =P/Q is a rational number,
and B is an arbitrary irrational, then with the usual notations for A and g the
radius of convergence of (1) is 1. This extends Theorem 1.3 (II) of [DLPS],
where the statement was validated for a=0. Besides, this section provides a
second and indirect proof of the fact, that f(8) constructed in the proof of
Theorem 2 is irrational.

THEOREM 5. Let 0<P/Q<1, (P,Q)=1 be a given rational, and x an irra-
tional number. Then the radius of convergence of the g-series with A=
exp(2mi(P/Q)), g=¢exp(2mix) is 1.

PROOF. It is enough to show that

sin <P ‘x>
inn{ —-—
0 J

This statement generalizes Lemma 4 by allowing P/Q to appear, but it is weaker
than Lemma 4 because of the limsup in place of lim. Nevertheless, a similar
proof applies. Since g, and ¢, , , are coprime numbers for any 7 (see (2)), there
are infinitely many g, such that Q is not a divisor of g,. In what follows, this
will always be supposed. Then Pq, —jQ=+0 for any j, and hence

Gn—1
log 2
- j=1

n J=

23) lim sup =0.

P Pq,—j 1
24) \__L _Pg,mjol 1
0 q, 4.0 4.9
Since
P P P k
(25) {——k—:lsksgn—l} = {—~—:15k5qn-1} (mod 1),
Q q, 0 q,
we have by (24)
. NP, P 1Pk 1
(26) min || ——A— | =min || ———}{|= .
k Gn 10 aqll 9.9

Let 1<=k=<g,—1 and write

P P
sinn<——kx> = sinn<<~—k&>—k<x~y—">>‘,
Q Q 4, Gn
then apply Lemma 3 to obtain

sin n(P kx> sin <P kp"> 1+ |
inn|{ —- =(sinn{ —=—k—2)|- i
0 2 4, \ ”k

Making use of (26) and the same reasoning we applied in the proof of Lemma
4, we get

27 lim

ap—1
log|l+ =0.
e El g |1+ p

Thus by (27) and (25)
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gp—1 P
lim sup ¥ log2isin 7z<-——kx>
er—l k=1 Q
. 4n= 1 . P Pn
(28) = lim sup Yy log2|sinn <—— k—-—>
qn_l k=1 Q qn
qy—1 P k
= lim sup Y log2 sinn<~——>‘.
qn_l k=1 Q dn

By (26) there is a j such that
a4 Q qn’

and for these indices

(57 )
sinna{ ——J— <
qun I(

and the same estimate holds for the term of index j+ 1. Separating these two
terms from the summation we write

i P j+1
j_P_j+t

1
(29) log 2 log2sinm —- I =<log2nq,Q,
4.Q

og2fsinn| —=——
q'z—l k=1 Q dn
(30)
1 ! P k 1
_ ¥ log?2 sinn<———> +0(E~qﬂ>.
An—1izjin 0 g, Qn
But
Pk ! P
lim Y log2 sinn<———> = flog2 sinn<——t>}dt
aoo Gp—1 kzjjv1 Q aq, 0 o

1
= {log 2|sin nt|dt = 0,
0

is immediate by the piecewise monotone property of the integrand, thus by (30)
the proof is complete.
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