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Abstract We consider the defocusing nonlinear Schrodinger equations on the two-
dimensional compact Riemannian manifold without boundary or a bounded domain
in R%. Our aim is to give a pedagogic and self-contained presentation on the Wick
renormalization in terms of the Hermite polynomials and the Laguerre polynomials
and construct the Gibbs measures corresponding to the Wick ordered Hamiltonian.
Then, we construct global-in-time solutions with initial data distributed according to
the Gibbs measure and show that the law of the random solutions, at any time, is again
given by the Gibbs measure.
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1 Introduction
1.1 Nonlinear Schrodinger equations

Let (M, g) be a two-dimensional compact Riemannian manifold without boundary or
a bounded domain in R?. We consider the defocusing nonlinear Schrédinger equation
(NLS):

. _ k—2
{‘8’”+Ag”_|”| o x) eRx M, (1.1)

u|l:0 = d)s

where A, stands for the Laplace-Beltrami operator on M, k = 2m > 4 is an even
integer, and the unknown is the functionz : R x M — C.

The aim of this article is to give a pedagogic and self-contained' presentation on
the construction of an invariant Gibbs measure for a renormalized version of (1.1).
In particular, we present an elementary Fourier analytic approach to the problem in
the hope that this will be accessible to readers (in particular those in dispersive PDEs)
without prior knowledge in quantum field theory and/or stochastic analysis. In order
to make the presentation simpler, we first detail the case of the flat torus M = T2,
where T = R/(27Z). Namely, we consider

{ 10;u + Au = |u|k_2u

2
Um0 = &, (t,x) e R x T~ (1.2)

The Eq. (1.2) is known to possess the following Hamiltonian structure:

OH
i = —i—, (1.3)
au
where H = H (u) is the Hamiltonian given by
1 ) 1 «
Hu) = - |Vul“dx + — lu|"dx. (1.4)
2 T k T

Moreover, the mass

M(u):/ |u|2dx
T2

is also conserved under the dynamics of (1.2).

1 With the exception of the Wiener chaos estimate (Lemma 2.6).
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1.2 Gibbs measures

Given a Hamiltonian flow on R?":

pj=
5 (1.5)
qj = o,
with Hamiltonian H(p,q) = H(p1, ..., Pn, 41, -- -, qn), Liouville’s theorem states

that the Lebesgue measure ]_[;le dpjdq; on R?" is invariant under the flow. Then,
it follows from the conservation of the Hamiltonian H that the Gibbs measures
e PHP.9) ]_[?:1 dpjdq; are invariant under the dynamics of (1.5). Here, 8 > 0
denotes the reciprocal temperature.

NLS (1.2) is a Hamiltonian PDE, where the Hamiltonian is conserved under its
dynamics. Thus by drawing an analogy to the finite dimensional setting, one expects
the Gibbs measure of the form?:

“dP{*™ = 7=\ exp(—BH (u))du” (1.6)

to be invariant under the dynamics of (1 2).3 Asitis, (1.6) is merely a formal expression
and we need to give a precise meaning. From (1.4), we can write (1.6) as

“sz(z”’) — 7y [ uP"dx =5 [ |VuPdx g, (1.7)

This motivates us to define the Gibbs measure P(zm) as an absolutely continuous
(probablhty) measure with respect to the following massless Gaussian free field: dju =
zZ- Lexp ( f |Vu|2dx)d u. In order to avoid the problem at the zeroth frequency,
we instead cons1der the following massive Gaussian free field:

dp = Z—le—%f|Vu|2dx—%f|u\2dxdu (1.8)

in the following. Note that this additional factor replaces —H (1) by —H (u) — %M (u)

in the formal definition (1.6) of P2(2m). In view of the conservation of mass, however,
we still expect Pz(zm) to be invariant if we can give a proper meaning to Pz(zm).

It is well known that p in (1.8) corresponds to a mean-zero Gaussian free field on
T2. More precisely, 1 is the mean-zero Gaussian measure on H*(T2) for any s < 0
with the covariance operator Qg = (Id — A)~!**. Recall that a covariance operator Q
of a mean-zero probability measure p on a Hilbert space H is a trace class operator,

satisfying

2 Inthe following, Z, Z y, and etc. denote various normalizing constants so that the corresponding measures
are probability measures when appropriate.

3 For simplicity, we set § = 1 in the following. See [34] for a discussion on the Gibbs measures and
different values of 8 > 0.
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/H(f, uyr (b uypdp(u) = (Qf, h)yn (1.9)

forall f,h € 'H.
We can also view the Gaussian measure p as the induced probability measure under
the map™:

w€Qr— ulx) =ulx;w) = Z gn(w) ol

neZ2 \'% 1 + |n|2

(1.10)

where {g,},c72 1S a sequence of independent standard® complex-valued Gaussian
random variables on a probability space (€2, F, P). Namely, functions under p are
represented by the random Fourier series given in (1.10). Note that the random function
win (1.10)is in H*(T?) \ L*(T?) for any s < 0, almost surely. Thus, s is a Gaussian
probability measure on H*(T?) for any s < 0. Moreover, it is easy to see that (1.9)
with H = H*(T?) Q; = (Id — A)~1t5, s < 0, follows from (1.10). Indeed, we have

T n T7(m) gm
/S<f’ u)H‘V (h, u)[{sd,u(l/l) |: Z f(n;ig ;Aa)) Z (<’::1)>§2(f))i|

meZ?

h
=Y % (Qs fo h)ps. (1.11)

neZ?

Here, (-) = (1 + - |)%. Note that the second equality in (1.11) holds even for s > 0.
For s > 0, however, u is not a probability measure on H S(']IQ). Indeed, we have
1(L*(T?) = 0.

The next step is to make sense of the Gibbs measure P2(2m) in (1.7). First, let
us briefly go over the situation when d = 1. In this case, u defined by (1.8) is a
probability measure on H*(T), s < % Then, it follows from Sobolev’s inequality that

fT lu(x; w) |kdx is finite almost surely. Hence, for any k > 2, the Gibbs measure:
dp® = z ek falltdx gy, (1.12)

is a probability measure on H*(T), s < %, absolutely continuous with respect to
. Moreover, by constructing global-in-time dynamics in the support of Pl(k), Bour-

gain [6] proved that the Gibbs measure Pl(k) is invariant under the dynamics of the
defocusing NLS for k > 2. Here, by invariance, we mean that

PP (o(=nA) = PP () (1.13)

4 Strictly speaking, there is a factor of 7)1 in (1.10). For simplicity of the presentation, however, we
drop such harmless 277 hereafter.

5 Namely, g, has mean 0 and Var(g,) = 1.
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for any measurable set A € Bys(T) and any ¢t € R, where ®(¢) : up € H*(T) —
u(t) = ®(t)ug € H*(T) is a well-defined solution map, at least almost surely with
respect to Pl(k). McKean [26] gave an independent proof of the invariance of the Gibbs
measure when k = 4, relying on a probabilistic argument. See Remark 1.8 below for
the discussion on the focusing case. Over the recent years, there has been a significant
progress in the study of invariant Gibbs measures for Hamiltonian PDEs. See, for
example, [6-8,10,12,13,15,20,22,25,26,28,29,32,33,35,38,41-45].

The situation for d = 2 is entirely different. As discussed above, the random
function u in (1.10) is not in L2(T?) almost surely. This in particular implies that

/ lu(x; ®)|fdx = oo (1.14)
']1‘2

almost surely for any k > 2. Therefore, we can not construct a probability measure of
the form:

ap® = Z Vet Jalultdx gy, (1.15)

Thus, we are required to perform a (Wick) renormalization on the nonlinear part |u ¥ of
the Hamiltonian. This is a well studied subject in the Euclidean quantum field theory,
at least in the real-valued setting. See Simon [39] and Glimm-Jaffe [24]. Also, see Da
Prato-Tubaro [18] for a concise discussion on T2, where the Gibbs measures naturally
appear in the context of the stochastic quantization equation.

1.3 Wick renormalization

There are different ways to introduce the Wick renormalization. One classical way is
to use the Fock-space formalism, where the Wick ordering is given as the reordering
of the creation and annihilation operators. See [21,27,39] for more details. It can be
also defined through the multiple Wiener—Ito integrals. In the following, we directly
define it as the orthogonal projection onto the Wiener homogeneous chaoses (see
the Wiener—Ito decomposition (2.5) below) by using the Hermite polynomials and
the (generalized) Laguerre polynomials, since this allows us to introduce only the
necessary objects without introducing cumbersome notations and formalism, making
our presentation accessible to readers without prior knowledge in the problem.

Before we study the Wick renormalization for NLS, let us briefly discuss the Wick
renormalization on TZ in the real-valued setting. We refer to [18] for more details.
We assume that u is real-valued. Then, the random function # under p in (1.8) is
represented by the random Fourier series (1.10) conditioned that g_, = g,. Given
N € N, let Py be the Dirichlet projection onto the frequencies {|n| < N} and set
uy = Pyu, where u is as in (1.10). Note that, for each x € T2, the random variable
uy (x) is a mean-zero real-valued Gaussian with variance

oy = Eluy ()] = )

[n|<N

R ~log N. (1.16)
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Note that o is independent of x € T2. Fix an even integer k > 4. We define the Wick
ordered monomial :ull‘v : by

uk = Hi(un; on), (1.17)

where Hy (x; o) is the Hermite polynomial of degree k defined in (2.1). Then, one can
show that the limit

/Tz 2k dx = lim ks dx (1.18)

N—o0 Jm2

exists in L? (u) for any finite p > 1. Moreover, one can construct the Gibbs measure:
dP2(k) =7 let sz:”k:dxdu

as the limit of
AP, = z3 ek gy,

The key ingredients of the proof of the above claims are the Wiener—Ito decomposi-
tion of L2(H*(T?), ) for s < 0, the hypercontractivity of the Ornstein-Uhlenbeck
semigroup, and Nelson’s estimate [30,31].

For our problem on NLS (1.2), we need to work on complex-valued functions. In the
real-valued setting, the Wick ordering was defined by the Hermite polynomials. In the
complex-valued setting, we also define the Wick ordering by the Hermite polynomials,
but through applying the Wick ordering the real and imaginary parts separately.

Let u be as in (1.10). Given N € N, we define uy by

uy =Pyu = Z u(n)e™,
[n|<N

where Py is the Dirichlet projection onto the frequencies {|n| < N} as above. Then,
for m € N, we define the Wick ordered monomial : [uy|>" : by

Hun Pt =: ((Re un)? + (Im uN)z)m:
-y (’?) “(Reupn)®::(Imuy)2m=0 . (1.19)
=0

It turns out, however, that it is more convenient to work with the Laguerre polynomials
in the current complex-valued setting; see Sect. 2. Recall that the Laguerre polynomials
L, (x) are defined through the following generating function:

1
—t

o0
Gt x) = 5 T =3 Ly (), (1.20)
m=0
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for |t|] < 1 and x € R. For readers’ convenience, we write out the first few Laguerre
polynomials in the following:

Lo =1, Li)=-x+1, L) =30"—4x+2),
L3(x) = 5 (—x>4+9x% — 18x+6),  La(x) = £ (x* — 16x° + 72x% — 96x+24).

(1.21)
More generally, the L,, are given by the formula
Lp(x) = Xm: <’Z) (_;!)(x‘. (1.22)
=0
Given o > 0, we set
Liy(x;0):= 0”’Lm(§). (1.23)

Note that L, (x; o) is a homogenous polynomial of degree m in x and o. Then, given
N € N, we can rewrite the Wick ordered monomial : |u y|?" : defined in (1.19) as

Hun ™= (=1)"m! - Ly(lun*; on), (1.24)
where oy is given by
1
oy =E [|uN(x)|2] > S ~log N, (1.25)
1+ |n|
[n|<N

independently of x € T2. See Lemma 2.1 for the equivalence of (1.19) and (1.24).
For N € N, let

_ 1 . 2m .
GN(u)_%/Tz.lPNul - dx. (1.26)

Then, we have the following proposition.

Proposition 1.1 Let m > 2 be an integer. Then, {G n(u)}neN is a Cauchy sequence
in LP (w) for any p > 1. More precisely, there exists C,, > 0 such that

1
1Gu W) = GNllLry < Cn(p — D" —

N2
forany p > 1andany M > N > 1.
Proposition 1.1 states that we can define the limit G (u) as
G(u):i/ Jul i dx = lim Gy ) = 1o (Pyul?™: dx
2m Jp2 N—oo 2m N—oo Jp2
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and that G (u) € L?(u) for any finite p > 2. This allows us to define the Wick ordered
Hamiltonian:

Heooty — 1 20 + L [ i a 127
Wick (1) = 5 Tz|VM| Xt T2~|M| dx (1.27)

for an integer m > 2. In order to discuss the invariance property of the Gibbs measures,
we need to overcome the following two problems.

(i) Define the Gibbs measure of the form

“d PP = 771 i =MW gy, (1.28)

corresponding to the Wick ordered Hamiltonian Hyyick.
(i) Make sense of the following defocusing Wick ordered NLS on T?:

idou+ Au=:ulP Vu:,  (t,x) e R x T?, (1.29)

arising as a Hamiltonian PDE: 0;u = —idyHwick. In particular, we need to give
a precise meaning to the Wick ordered nonlinearity : |2~ Dy :.

Let us first discuss Part (i). For N € N, let
RN(”) = eiGN(u) = efﬁ fTZZ\uN|2mde

and define the truncated Gibbs measure PZ(’Z]'\',’) by

AP = Zy Ry (wydp = Zy e Joailenidx gy, (1.30)

corresponding to the truncated Wick ordered Hamiltonian:
HY. (1) = 1 |Vul|?dx + L un ™ dx. (1.31)
Wick 2 I 2m 2

Note that Pz(zj’:,l ) is absolutely continuous with respect to the Gaussian free field w.
We have the following proposition on the construction of the Gibbs measure P2(2m)

as a limit of PZ(Z](," )

Proposition 1.2 Let m > 2 be an integer. Then, Ry (1) € L (u) for any p > 1 with
a uniform bound in N, depending on p > 1. Moreover, for any finite p > 1, Ry (u)
converges to some R(u) in LP () as N — oo.

In particular, by writing the limit R(u) € L”(u) as

R(u) = e_ﬁ f'ﬂ‘2:|”|2m3dx,
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Proposition 1.2 allows us to define the Gibbs measure P2(2m) in (1.28) by

dPP™ = 27 Ruydp = 27 e Jriuldx gy (1.32)

Then, P2(2m) is a probability measure on H* (T%), s <0, absolutely continuous to the
Gaussian field . Moreover, Pz(zﬁ ) converges weakly to Pz(zm).

1.4 Invariant dynamics for the Wick ordered NLS

In this subsection, we study the dynamical problem (1.29). First, we consider the
Hamiltonian PDE corresponding to the truncated Wick ordered Hamiltonian H\,IVViCk
in (1.31):

idu” + Au” =Py (:[PyuV P OPNUN ). (1.33)

The high frequency part P]%,uN evolves according to the linear flow, while the low
frequency part Pyu® evolves according to the finite dimensional system of ODEs
viewed on the Fourier side. Here, Pk, is the Dirichlet projection onto the high frequen-
cies {|n| > N}.

Let u = puy ® ,LLJA‘,, where py and MJI\; are the marginals of u on Ey =
span{ei”'x}‘,,‘SN and E,J\,- = span{ei”'x}|,,|>N, respectively. Then, we can write PQ(’Z;\,")
in (1.30) as

(2m) B (2m) 1
PN = Py @ uy,s (1.34)

where 13\2(2,'\," ) is the finite dimensional Gibbs measure defined by

-~

AP = 73 e Jo B P gy (1.35)

Then, it is easy to see that Pz(z;\;’ ) is invariant under the dynamics of (1.33); see

Lemma 5.1 below. In particular, the law of u™ (¢) is given by P2(21'V" ) for any t € R.
For N € N, define Fy (u) by

Fy@) =Py (:[Pyul? ™ DPyu:). (1.36)
Then, assuming that u is distributed according to the Gaussian free field u in (1.8), the
following proposition lets us make sense of the Wick ordered nonlinearity : [u|>"" =Dy :
in (1.29) as the limit of Fy (u).
Proposition 1.3 Let m > 2 be an integer and s < 0. Then, {Fy (u)}neN is a Cauchy

sequence in LP (w; H*(T?)) forany p > 1. More precisely, givens > Owiths+¢& < 0,
there exists Cy, 5 ¢ > 0 such that
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11
[1Fm @) = Fx@)lls [ ) = Conssie(p = D" 2 1 (137)

forany p > 1andany M > N > 1.

In the real-valued setting, the nonlinearity corresponding to the Wick ordered
Hamiltonian is again given by a Hermite polynomial. Indeed, from (1.17), we have

Fouy (1uly:) = Fouy He(uns on) = Hi—1(un; o),

since oy Hr(x; p) = kHi_1(x; p); see (2.3). The situation is slightly different in the
complex-valued setting. In the proof of Proposition 1.3, the generalized Laguerre
polynomials L,(,(f )(x) with @ = 1 plays an important role. See Sect. 3.

We denote the limit by F(u) =: lu|*™=Dy - and consider the Wick ordered
NLS (1.29). When m = 2, Bourgain [7] constructed almost sure global-in-time strong
solutions and proved the invariance of the Gibbs measure P2(4) for the defocusing cubic
Wick ordered NLS. See Remark 1.7 below. The main novelty in [7] was to construct
local-in-time dynamics in a probabilistic manner, exploiting the gain of integrability
for the random rough linear solution. By a similar approach, Burqg—Tzvetkov [14,15]
constructed almost sure global-in-time strong solutions and proved the invariance of
the Gibbs measure for the defocusing subquintic nonlinear wave equation (NLW)
posed on the three-dimensional ball in the radial setting.

On the one hand, when m = 2, there is only an e-gap between the regularity of the
support H*(T?), s < 0, of the Gibbs measure P2(4) and the scaling criticality s = 0
(and the regularity s > 0 of the known deterministic local well-posedness [5]). On the

other hand, when m > 3, the gap between the regularity of the Gibbs measure P2(2m)

and the scaling criticality is slightly more than 1 — m%

T > % At present, it seems
very difficult to close this gap and to construct strong solutions even in a probabilistic
setting.

In the following, we instead follow the approach presented in the work [12] by the
second author with Burq and Tzvetkov. This work, in turn, was motivated by the works
of Albeverio—Cruzeiro [1] and Da Prato—Debussche [17] in the study of fluids. The
main idea is to exploit the invariance of the truncated Gibbs measures Pz(zj'f,’ ) for (1.33),
then to construct global-in-time weak solutions for the Wick ordered NLS (1.29), and
finally to prove the invariance of the Gibbs measure P2(2m) in some mild sense.

Now, we are ready to state our main theorem.

Theorem 1.4 Let m > 2 be an integer. Then, there exists a set X of full measure with
respect to P2(2m) such that for every ¢ € X, the Wick ordered NLS (1.29) with initial
condition u(0) = ¢ has a global-in-time solution

u € C(R; H*(T?))

for any s < 0. Moreover, for all t € R, the law of the random function u(t) is given
(2m)
by P,™.
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There are two components in Theorem 1.4: existence of solutions and invariance of
Pz(zm). A precursor to the existence part of Theorem 1.4 appears in [11]. In [11], the
second author with Burq and Tzvetkov used the energy conservation and a regulariza-
tion property under randomization to construct global-in-time solutions to the cubic
NLW on T ford > 3. The main ingredient in [11] is the compactness of the solutions
to the approximating PDEs. In order to prove Theorem 1.4, we instead follow the
argument in [12]. Here, the main ingredient is the tightness (= compactness) of mea-
sures on space-time functions, emanating from the truncated Gibbs measure PZ(ZI(," )
and Skorokhod’s theorem (see Lemma 5.7 below). We point out that Theorem 1.4
states only the existence of a global-in-time solution u# without uniqueness.

Theorem 1.4 only claims that the law L(u(t)) of the H*-valued random variable
u(t) satisfies

Lu(t)) = P

for any ¢+ € R. This implies the invariance property of the Gibbs measure P2(2m) in
some mild sense, but it is weaker than the actual invariance in the sense of (1.13).

In fact, the result of Theorem 1.4 remains true in a more general setting. Let (M, g)
be a two-dimensional compact Riemannian manifold without boundary or a bounded
domain in R%. We consider the Eq. (1.1) on M (when M is a domain in R?, we
impose the Dirichlet or Neumann boundary condition). Assume that k = 2m for
some integer m > 2. In Sect. 4, we prove the analogues of Propositions 1.1, 1.2,
and 1.3 in this geometric setting, by incorporating the geometric information such as
the eigenfunction estimates. In particular, it is worthwhile to note that the variance
parameter oy in (1.25) now depends on x € M in this geometric setting and more
care is needed. Once we establish the analogues of Propositions 1.1, 1.2, and 1.3, we
can proceed as in the flat torus case. Namely, these propositions allow us to define a
renormalized Hamiltonian:

1 1
Hwick (u) = 3 /M |Vul>dx + m /M Sul*™: dx,

and a Gibbs measure P2(2m) as in (1.28). Moreover, we are able to give a sense to NLS

with a Wick ordered nonlinearity:

. — |y |2m=1),, .
{18;14 + Agu - |I/t| u: (t,x) e R x M. (138)

M|[:() = ¢7
In this general setting, we have the following result.

Theorem 1.5 Let m > 2 be an integer. Then, there exists a set X of full measure with
respect to P2(2m) such that for every ¢ € X, the Wick ordered NLS (1.38) with initial
condition u(0) = ¢ has a global-in-time solution

u e C(R; H(M))
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for any s < 0. Moreover, for all t € R, the law of the random function u(t) is given
2m)
by PZ( .

Theorems 1.4 and 1.5 extend [12, Theorem 1.11] for the defocusing Wick ordered
cubic NLS (m = 2) to all defocusing nonlinearities (all m > 2). While the main
structure of the argument follows that in [12], the main source of challenge for our
problem is the more and more complicated combinatorics for higher values of m. See
Appendix A for an example of an concrete combinatorial argument for m = 3 in
the case M = T2, following the methodology in [7,12]. In order to overcome this
combinatorial difficulty, we introduce the white noise functional (see Definition 2.2
below) and avoid combinatorial arguments of increasing complexity in m, allowing
us to prove Propositions 1.1 and 1.3 in a concise manner. In order to present how we
overcome the combinatorial complexity in a clear manner, we decided to first discuss
the proofs of Propositions 1.1, 1.2, and 1.3 in the case of the flat torus T2 (Sects. 2, 3).
This allows us to isolate the main idea. We then discuss the geometric component and
prove the analogues of Propositions 1.1, 1.2, and 1.3 in a general geometric setting
(Sect. 4).

Remark 1.6 Our notion of solutions constructed in Theorems 1.4 and 1.5 basically
corresponds to that of martingale solutions studied in the field of stochastic PDEs.
See, for example, [19].

Remark 1.7 Let m = 2 and M = T2. Then, the Wick ordered NLS (1.29) can be
formally written as

i+ Au = (|Ju)® — 2000)u, (1.39)

where 0 is the (non-existent) limit of oy ~ log N as N — oo.

Given u as in (1.10), define Oy = fp. [Pyul®dx — oy, where fr f(x)dx =
# sz f(x)dx. Then, it is easy to see that the limit O, := limy_, o Oy exists in
LP(p) for any p > 1. Thus, by setting v(t) = €21y (1), we can rewrite (1.39) as

i10;v+ Av = (|v|2—2fT2 |v|2dx)v. (1.40)

Note that [|v|| ;2 = oo almost surely. Namely, (1.40) is also a formal expression for the
limiting dynamics. In [7], Bourgain studied (1.40) and proved local well-posedness
below L2(T?) in a probabilistic setting.

If v is a smooth solution to (1.40), then by setting w(t) = e~ 2t fr2 |”|2dxv(t), we
see that w is a solution to the standard cubic NLS:
iw+ Aw = |wlfw. (1.41)

This shows that the Wick ordered NLS (1.39) and (1.40) are “equivalent” to the
standard cubic NLS in the smooth setting. Note that this formal reduction relies on the
fact that the Wick ordering introduces only a linear term when m = 2. For m > 3, the
Wick ordering introduces higher order terms and thus there is no formal equivalence
between the standard NLS (1.2) and the Wick ordered NLS (1.29).
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Remark 1.8 So far, we focused on the defocusing NLS. Let us now discuss the situation
in the focusing case:

ioiu + Au = —|u|k_2u

with the Hamiltonian given by

1 1
Hw) =~ | |VulPdx —~ [ |u|fdx.
2 Td k Td

In the focusing case, the Gibbs measure can be formally written as
dP® = 771 HW gy = 77 ot Jpa lulhdx gy,

The main difficulty is that de |u|kdx is unbounded. When d = 1, Lebowitz—Rose—

Speer [25] constructed the Gibbs measure Pl(k) for2 < k < 6, by adding an extra L>-
cutoff. Then, Bourgain [6] constructed global-in-time flow and proved the invariance
of the Gibbs measure for k < 6. See also McKean [26].

Whend = 2, the situation becomes much worse. Indeed, Brydges—Slade [9] showed
that the Gibbs measure P2(4) for the focusing cubic NLS on T2 can not be realized
as a probability measure even with the Wick order nonlinearity and/or with a (Wick
ordered) L2-cutoff. In [8], Bourgain pointed out that an e-smoothing on the nonlin-
earity makes this problem well-posed and the invariance of the Gibbs measure may
be proven even in the focusing case.

Remark 1.9 In a recent paper [37], we also studied the defocusing nonlinear wave
equations (NLW) in two spatial dimensions (with an even integer k = 2m > 4 and
p =0):

2 k=1 _
{a[u Agtt + pu+u O ) eRxM (1.42)

(u, 3;u)|1=0 = (¢0, P1),
and its associated Gibbs measure:

dpz(zm) = Z Vexp(—H (u, d;u))du ® d(d,u)
= 27N [ =S [PV gy @ 3 [0 g ). (1.43)

As in the case of NLS, the Gibbs measure in (1.43) is not well defined in the two spatial

dimensions. Namely, one needs to consider the Gibbs measure P2(2m) associated to the
Wick ordered Hamiltonian® as in (1.32) and study the associated dynamical problem
given by the following defocusing Wick ordered NLW:

u — Au+ pu+ u*1:=0. (1.44)

6 In the case of NLW, we only need to use the Hermite polynomials since we deal with real-valued functions.
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In the case of the flat torus M = TZ with o > 0, we showed that the defocusing
Wick ordered NLW (1.44) is almost surely globally well-posed with respect to the
Gibbs measure P°" and that the Gibbs measure P> is invariant under the dynam-
ics of (1.44). For a general two-dimensional compact Riemannian manifold without
boundary or a bounded domain in R? (with the Dirichlet or Neumann boundary con-
dition), we showed that an analogue of Theorem 1.5 (i.e. almost sure global existence
and invariance of the Gibbs measure P2(2m) in some mild sense) holds for (1.44) when
p > 0. Inthe latter case with the Dirichlet boundary condition, we can also take p = 0.

In particular, our result on T? is analogous to that for the defocusing cubic NLS on
T? [7], where the main difficulty lies in constructing local-in-time unique solutions
almost surely with respect to the Gibbs measure. We achieved this goal for any even
k > 4 by exploiting one degree of smoothing in the Duhamel formulation of the Wick
ordered NLW (1.44). As for the Wick ordered NLS (1.29) on T2, such smoothing
is not available and the construction of unique solutions with the Gibbs measure as
initial data remains open for the (super)quintic case.

Remark 1.10 In [6,38], Bourgain (k = 2, 3) and Richards (k = 4) proved invariance
of the Gibbs measures for the generalized KdV equation (gKdV) on the circle:

du+ 3u =40, (),  (1,x) eRxT. (1.45)

In [36], the authors and Richards studied the problem for k > 5. In particular, by
following the approach in [12] and this paper, we proved almost sure global existence
and invariance of the Gibbs measures in some mild sense analogous to Theorem 1.4
for (i) all £ > 5 in the defocusing case and (ii) k = 5 in the focusing case. Note that
there is no need to apply a renormalization for constructing the Gibbs measures for
this problem since the equation is posed on T. See [6,25].

This paper is organized as follows. In Sects. 2 and 3, we present the details of
the proofs of Propositions 1.1, 1.2, and 1.3 in the particular case when M = T2,
We then indicate the changes required to treat the general case in Sect. 4. In Sect. 5,
we prove Theorems 1.4 and 1.5. In Appendix A, we present an alternative proof of
Proposition 1.1 when m = 3 in the case M = T2, performing concrete combinatorial
computations.

2 Construction of the Gibbs measures

In this section, we present the proofs of Propositions 1.1 and 1.2 and construct the Gibbs
measure Pz(zm) in (1.32). One possible approach is to use the Fock-space formalism
in quantum field theory [21,24,27,39]. As mentioned above, however, we present a
pedestrian Fourier analytic approach to the problem since we believe that it is more
accessible to a wide range of readers. The argument presented in this section and the
next section (on Proposition 1.3) follows the presentation in [18] with one important
difference; we work in the complex-valued setting and hence we will make use of
the (generalized) Laguerre polynomials instead of the Hermite polynomials. Their
orthogonal properties play an essential role. See Lemmas 2.4 and 3.2.
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2.1 Hermite polynomials, Laguerre polynomials, and Wick ordering

First, recall the Hermite polynomials H,, (x; o) defined through the generating func-
tion:

Xk
t

F(t,x;0) =200 = o Hi(x: 0) Q.1
k=0 "

for t, x € R and o > 0. For simplicity, we set F (¢, x) := F(t,x; 1) and Hx(x) :=
Hj (x; 1) in the following. Note that we have

1

Hi(x,0) = 02 Hy(0 " 2x). 2.2)
From (2.1), we directly deduce the following recursion relation
OxHy(x; 0) = kHp—1(x; 0), (2.3)

for all k > 0. This allows us to compute the Hy, up to the constant term. The constant
term is given by

Hy(0,0) = (=D@k = Dlto*  and  Hy41(0.0) =0,
forall k > 0, where 2k — D!! = 2k — 1)k —3)...3-1 = (zzk—]‘k),' and (—D!!' =1
by convention. This can be easily deduced from (2.1) by taking x = 0. For readers’
convenience, we write out the first few Hermite polynomials in the following:
Ho(xio) =1,  Hi(xio)=x, Hxi0)=x"~o0,

Hi(x;0) =x3 —30x, Hy(x;0) =x*—60x* + 302,

The monomial x¥ can be expressed in term of the Hermite polynomials:

(51
Xk = 2_% (2’;) 2m — DN 6" Hy_om(x; 0). (2.4)

Fixd € N,7 let H = R?. Then, consider the Hilbert space8 'y = LQ(QH, wa; C)

endowed with the Gaussian measure dug = Q) 2 exp(—|x|2/2)dx, x =
(x1,...,xq9) € RY. We define a homogeneous Wiener chaos of order k to be an
element of the form

d
Hi () = [ | Hi; (),
j=1

7 Indeed, the discussion presented here also holds for d = oo in the context of abstract Wiener spaces. For
simplicity, however, we restrict our attention to finite values for d.

8 Here, On = R when d < co. When d = 00, we set Q1 to be an appropriate extension of  such that
(H, Q7¢, o) forms an abstract Wiener space with H as the Cameron-Martin space.
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where k = ki + -+ + kq and Hy; is the Hermite polynomial of degree k; defined
in (2.1). Denote by I'y (H) the closure of homogeneous Wiener chaoses of order k
under L?(R?, 14). Then, we have the following Wiener—Ito decomposition’:

LX(Qn, na; ©) = @ Tw(H). 2.5)
k=0

Given a homogeneous polynomial Py(x) = Pr(xy, ..., xq) of degree k, we define
the Wick ordered polynomial : Py (x) to be its projection onto 'y (H). In particular,

we have : x] = Hi(x;) and : ]_[ X ]_[ i1 Hi; (xj) withk = ki +--- + kq.
Now, let g be a standard complex Valued Gaussmn random variable. Then, g can
be written as g = f +i-= f’ where A1 and A, are independent standard real-valued

Gaussian random variables. We investigate the Wick ordering on |g|*" for m € N,
that is, the projection of |g|*" onto 'y, (H). When m = 1, |g|> = 2(h2 + h2 5) is
Wick-ordered into

:|g|2:=%(h%—l)+%<h%—l)=|g|2—1. (2.6)
Whenm =2, |g|* = 4—1‘(h2 +h )2 = (h4 + 2h2h2 +h? ») is Wick-ordered into
L(nt—omt+3)+ 4 (nt—1) (= 1)+ 4 (ni— 613 +3)

;{(h4+2h2h +h‘2‘)—2(h%+h§)+2

lgI* — 4lgl* +2.

4.
[*:

‘g

When m = 3, a direct computation shows that
6 Ly LY 4,2 2,4 6
81°= 3 (W +n3) = S (kS +30th3 + 30203 + 1S
is Wick-ordered into

g% = §He(h1) + 3 Ha(h1) Ha(ho) + 3 Ha(h1) Ha(ha) + § He(ho)
= [gI° = 9lg|* + 18]g|* — 6.

9 This is (equivalent to) the Fock space in quantum field theory. See [39, Chapter I]. In particular, the Fock

k
space F(H) = @Z‘;O H?Sym is shown to be equivalent to the Wiener—Ito decomposition (2.5). In the Fock
space formalism, the Wick renormalization can be stated as the reordering of the creation operators on the
left and annihilation operator on the right. We point out that while much of our discussion can be recast in
the Fock space formalism, our main aim of this paper is to give a self-contained presentation (as much as
possible) accessible to readers not familiar with the formalism in quantum field theory. Therefore, we stick
to a simpler Fourier analytic and probabilistic approach.
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In general, we have

3

o
— 2_ Z( )Hz@(/’l])Hzm 2¢0(h2)

£=0

Z( )Hu Re g; §) Ham—2¢ (Img: 3) 2.7)

{=0

where we used (2.2) in the second equality. It follows from the rotational invariance
of the complex-valued Gaussian random variable that : | gl = P,(|g|*) for some
polynomial P,, of degree m with the leading coefficient 1. This fact is, however, not
obvious from (2.7).

The following lemma shows that the Wick ordered monomials : |g|*" : can be
expressed in terms of the Laguerre polynomials [recall the definition (1.20)].

Lemma 2.1 Let m € N. For a complex valued mean-zero Gaussian random variable
g with Var(g) = o > 0, we have

m

|g|2m —Z(z)Hze (Reg, )H2m 20 (Img, )
=0
= (=1)"m! Lu(1g*: 0). (2.8)

As a consequence, the Wick ordered monomial : |u N|2’" : defined in (1.19) satis-

fies (1.24) for any N € N.

Proof The firstequality follows from (2.7) and scaling with (2.2). Moreover, by scaling
with (1.23) and (2.2), we can assume that g is a standard complex-valued Gaussian
random variable with g; = Re g and g = Im g. Define 9,,(|g|?) and £,,(|g|*) by

m

(g1 = Z <£) Hae (815 3) Ham—2e (823 3) »
=0
(gl = (=D"m! - Ly(lg|). 2.9)

Then, (2.8) follows once we prove the following three properties:

91glH = Li1(gl® = lg* — 1, (2.10)
2 2

agagﬁmumz) mzﬁm 1(1g1%), o
3g3g£m(|g| )—m 'Sm ](|g| )

E[$Hm (12151 = E[L,(1g1*)] =0, (2.12)

for all m > 2. Noting that both $,,(|g|?) and £,,(|g|*) are polynomials in |g|?, the
three properties (2.10), (2.11), and (2.12) imply that ﬁm(|g|2) = Em(|g|2) for all
m € N.
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The first property (2.10) follows from (2.6) and (1.21). Next, we prove (2.11) for
9 (1g1?). From 8, = 5 (3, — idy,) and 3 = $(dg, + id,), we have

2 _1,
agag_ 4 81,82

where Ay, ,, denotes the usual Laplacian on R2 in the variables ( g1, &2). Then, recall-
ing that 9, Hy (x; 0) = kHy—1(x; o), we have

(Igl? )— ~Agy 02918

0gog

M§

1
= < )2E(2E—1)Hze 2 (815 %) Ham—2e (823 3)

14

m—1

+ Z < ) 2m —20)(2m — 20 — 1) Hae (815 5) Ham—20—2 (825 3)

Bl

m—1
—1
=m? <m€ >sz (g1; )H2(m n-2¢ (82: )
£=0

As for the second identity in (2.11), thanks to the formula (1.22), we get
32 (=D"m! = (m) (=D* 5 o\¢
seaz 80 = =32 (7)) A (s +83)
£=0
_ m=1 (= 1) 2 20—1) _ 2 2
= (-1 Z v, 9P =mP L1 (1g).

This proves (2.11). The property (2.12) follows from (i) independence of g; and g»
together with the orthogonality of Hy(x) and the constant function 1 under e dx
and (ii) the orthogonality of L, (x) and the constant function 1 under 1g, e *dx

Let u be as in (1.10). Fix x € T2. Letting 3, = gne'™*, we see that {g,},en is a
sequence of independent standard complex-valued Gaussian random variables. Then,
given N € N, Reuy(x) and Im uy (x) are mean-zero real-valued Gaussian random
variables with variance UTN, while uy (x) is a mean-zero complex-valued Gaussian
random variable with variance oy, Then, it follows from (1.19) with (1.17) and (2.8)
that

:|MN(X)|2m; = Z <€> Hyy (Reu(x) )Hzm 20 (Im u(x); Z - )
£=0

= (=1"m!- Ly (juy % o).

verifying (1.24). This proves the second claim in Lemma 2.1. O
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2.2 White noise functional

Next, we define the white noise functional. Let w(x; @) be the mean-zero complex-
valued Gaussian white noise on T? defined by

w(x; w) = Z gn(@)e™ .

neZ?

Definition 2.2 The white noise functional W, : L*(T?) — L%() is defined by

W) = (f w@)z =Y F)g() (2.13)

neZ?

for a function f € L*(T?).

Note that this is basically the periodic and higher dimensional version of the classical
Wiener integral | ab fdB. It can also be viewed as the Gaussian process indexed by

f € L*(T?). See [39, Model 1 on p- 19 and Model 3 on p.21]. For each f € L%(T?),
Wy is a complex-valued Gaussian random variable with mean 0 and variance || f ||iz.
Moreover, we have

E[W;Wil = (f.h)p2

for f,h € L?>(T?). In particular, the white noise functional W, : L>(T?) — L*(Q)
is an isometry.

Lemma 2.3 Given f € Lz(']I‘z), we have
1
/ W@ gp () = eIz 2.14)
Q

Proof Noting that Re g, and Im g,, are mean-zero real-valued Gaussian random vari-
ables with variance %, it follows from (2.13) that

/eRve(w)dP(w):Hl/eRef(i’l)Regn*(Regn)zdRegn
Q T Jr

nez
X/eImf(n)Imgn—amgn)zdImgn
R

1y 2
_ I,

O

The following lemma on the white noise functional and the Laguerre polynomials
plays an important role in our analysis. In the following, we present an elementary
proof, using the generating function G in (1.20). See also Folland [23].
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Lemma 2.4 Let f, h € L>(T?) suchthat || f| 2 = |hll;2 = 1. Then, fork, m € Z=,
we have

E[Le(IW 1) L (Wh1P)] = Skml (f B) 1P~

(2.15)
Here, 8y, denotes the Kronecker delta function.
First, recall the following identity:
u? 1 a2
ez = «/T_H/Re 2dx. (2.16)

Indeed, we used a rescaled version of (2.16) in the proof of Lemma 2.3.

Proof of Lemma 2.4 Let G be as in (1.20). Then, for any —1 < ¢, s < 0, from (2.16)
and Lemma 2.3, we have

6 (1w @P) 6 (5. Wy @P) dp

1 /e—%_,\wflz—%_s\whlzdp(w)
1-tl1-s5Jg

| B S RaResRes]
:777/ P E—
1—t1—s472 Jp4

X ex (ReW )dex dx>rdy1d
/g P SR =iz f+ 72 Gr—ivh 1026162
x2+x2 yz+y2
_ L;L/ o~ 2T AT

1—11—5472 Jpa

1 =2 [=2s i i
o o2 Re (VT A =i i) (1) dx1dxsdydys

By a change of variables and applying (2.16), we have

R g
_ / e*T/e«/E(}’IRe(fﬁ)*yzIm(fsh))XI*del
4712 R2 R

2
y / VEOIR(LR Y IM(fI)=F g g 1
R

2,2
L[ 052 sl Po3+d gy, dy,

:g R2
_;_ . k k 2k
SR ESTITATIE _gt sEICF 1R (2.17)
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In the second to the last equality, we used the fact that %ts|( i < % Hence, it
follows from (1.20) and (2.17) that

}:z%k|fh|”‘ i " [ 1 (1W5@)F) L (WP ) dP@

k,m=0

By comparing the coefficients of 5™, we obtain (2.15). O
Now, we are ready to make sense of the nonlinear part of the Wick ordered Hamil-

tonian Hwjck in (1.27). We first present the proof of Proposition 1.1 for p = 2. Recall
that

1
Gyu) = %/w JPyul*™: dx.

Then, we have the following convergence property of G y (1) in L*(j1).

Lemma 2.5 Let m > 2 be an integer. Then, {G y(u)}nen is a Cauchy sequence in
L2(H*(T?), u). More precisely, there exists Cy, > 0 such that

m

C
16 @) = Gyl < 1 (2.18)
2

forany M > N > 1.

Given N € N, let o be as in (1.25). For fixed x € T2 and N € N, we define

en(x)
N () == — (2.19)
! |n|Z<:1v Vit+in |2
1
N () = ,HZ:NH' B en(-), (2.20)

where e, (y) = ¢™. Note that
v () 2er2) =1 (2.21)

for all (fixed) x € T? and all N € N. Moreover, we have

1 1
M), N 22y = vy —x) = I —T—T /NG =), (2.22)

2 2
OMOoN UM"N

for fixed x, y € T?and N, M € Nwith M > N.
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Proof of Lemma 2.5 Let m > 2 be an integer. Given N € N and x € T2, it follows
from (1.10), (2.13), and (2.19) that

Lun(x) i
un(x) = oy —— =0y Wyno- (2.23)

2
Y

Then, from (1.24) and (2.23), we have

lun|? 2
uy |2 = (_1)mm!a;V"Lm< o (=D"mloy L (|Wyyo|7).  (2.24)
From (2.24), Lemma 2.4, and (2.22), we have

2 2
m? |Gy ) = G @172,y = (m)? /1r - /SZ (o3 Lo (IWasso ) Lo (1 Wy )

— oot Lo ((Wawco?) L (IWayon )
—apiontLon ([Wawco |*) Lin (W)
+oy" L (’WUN(X)‘Z) Lm (’WWN()’)‘Z) ]deXdy

— (m)? /T oo [0 =" = (e = )" sy

x 2y

= (m)? /Tz [rar )*™ = (v ()P |dx

< G [ I = v @) - o~

+ lyn )2 dx. (2.25)

In the second equality, we used the fact that yy is a real-valued function.
From (2.20), we have

1 1
Iy =wnlp={ > ——535| <~ (2.26)
N ey 1119 N
By Hausdorff-Young’s inequality, we have
am=3
1 2
P 2 = w137 < — <Cw<oo (227)
=N (14 [n[?)3n=3
uniformly in N € N. Then, (2.18) follows from (2.25), (2.26), and (2.27). O
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2.3 Wiener chaos estimates

In this subsection, we complete the proof of Proposition 1.1. Namely, we
upgrade (2.18) in Lemma 2.5 to any finite p > 2. Our main tool is the following
Wiener chaos estimate (see [39, Theorem 1.22]).

Lemma 2.6 Let {g,},en be a sequence of independent standard real-valued Gaussian
random variables. Given k € N, let {P}};cn be a sequence of polynomials in g =
{gn}nen of degree at most k. Then, for p > 2, we have

‘ Y Pi@
J

Y Pi(@
eN jeN

k
<(p-12
LP()

(2.28)
L2

Observe that the estimate (2.28) is independent of d € N. By noting that P;(g) €
@ﬁ:o "¢ (H), this lemma follows as a direct corollary to the hypercontractivity of the
Ornstein-Uhlenbeck semigroup due to Nelson [30].

We are now ready to present the proof of Proposition 1.1.

Proof of Proposition 1.1 Let m > 2 be an integer. For 1 < p < 2, Proposi-
tion 1.1 follows from Lemma 2.5. In the following, we consider the case p > 2.
From (1.22), (1.24), and (1.26), we have

(=D"mm! & (m) (=Dt

Guw) —Gn@u) = o ¢ TR
(=1
Here, X, is given by
2¢ * 20 *
ol 8n; o 8n;
- DI | BT O 3R | e
¢ [
oM 15,0) j=1/1+ 10>  ON 10 j=1,/1+In;?
[njl<M [nj|<N
where I'y and g:fj are defined by
Te(m) = {(n1,....n) € ZH iy —na+ -+ (=Dfng =n}, (2.29)

(2.30)

N gn; ifjisodd,
Enj T Vo—r i
gn; ifjiseven.

Noting that X, is a sum of polynomials of degree 2¢ in {g,},c72, Proposition 1.1
follows from Lemmas 2.5 and 2.6. O

2.4 Nelson’s estimate

In this subsection, we prove Proposition 1.2. Our main tool is the so-called Nelson’s
estimate, i.e. in establishing an tail estimate of size A > 0, we divide the argument
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into low and high frequencies, depending on the size of A. See (2.32) and (2.34).
What plays a crucial role here is the defocusing property of the Hamiltonian and the
logarithmic upper bound on —G y (1), which we discuss below.

For each m € N, there exists finite a,, > 0 such that (—=1)"L,,(x2) > —a,), for all
x € R. Then, it follows from (1.23), (1.24), (1.25), and (1.26) that there exists some
finite b,, > 0 such that

-G — _i . 2m . m
V) =~ . Pyu|?™: dx < by (log N) (2.31)

for all N > 1. Namely, while Gy (1) is not sign definite, —G y (1) is bounded from
above by a power of log N. This is where the defocusing property of the Eq. (1.33)
plays an essential role.

Proof of Proposition 1.2 Letm > 2 be an integer. It follows from Proposition 1.1 that

the following tail estimate holds: there exist ¢, p, Cp > 0 such that

11
w(plGu @) — Gy@)| > 1) < CpempN2" AT (2.32)

foral M > N > 1, p > 1,and all » > 0. See, for example, [44, Lemma 4.5].
We first show that Ry (1) = e~ %Y@ is in L” () with a uniform bound in N. We
have

IRV = [ Odpat
HS

o0
:/ w(e PON® < gy da
0

o
< 1+/ w(—=pGyu) > loga)da.
1

Hence, it suffices to show that there exist C, § > 0 such that

u(—=pGyu) > loga) < Ca~1+%) (2.33)

forall« > 1 and N € N. Given A = loga > 0, choose Ny € R such that A =
2pby, (log No)™. Then, it follows from (2.31) that

n(—pGyw) >1)=0 (2.34)

forall N < No.For N > Ny, it follows from (2.31) and (2.32) that there exist §,, , > 0
and Cy,,p > 0 such that
w( = pGy () > 1) < (= pGy (W) + pGuy(u) > & — pby (log No)")
< u(— pGn@) + pGry(u) > 31)

1
1 1
A 2m 4 77 A I
< ( me Cm,pNo Am j— Cme Cm,p)‘me

& Cpy, pe~ IFomp) (2.35)

J—
Cm A MM
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forall N > Ny. This shows that (2.33) is satisfied in this case as well. Hence, we have
Ry (u) € LP () with a uniform bound in N, depending on p > 1.

By (2.32), Gy (u) converges to G(u) in measure with respect to . Then, as a
composition of Gy () with a continuous function, Ry (u) = e~ 9¥® converges to
R(u) := e~ %™ in measure with respect to 1. In other words, given & > 0, defining
AN by

Ane={IRN@) — Rw)| < ¢},
we have (A% ,) — 0,as N — oo. Hence, by Cauchy—Schwarz inequality and the
fact that ||R||sz, RNl 2p < Cp uniformly in N € N, we obtain
IR = Rnlir(uy = II(R = Rn)Xay  MLrgo + 1R — Rn)1ag, llLr
1 €1
= S(M(AN,e ))p +IIR - RN||L21>(H)(M(A5\/,8))2” < Ce,

for all sufficiently large N. This completes the proof of Proposition 1.2. O

3 On the Wick ordered nonlinearity

In this section, we present the proof of Proposition 1.3. The main idea is similar to
that in Sect. 2 but, this time, we will make use of the generalized Laguerre func-
tions Lgf ) (x). The generalized Laguerre polynomials L,(;,x ) (x) are defined through the
following generating function:

1 _x >
Go(t,x) = T = 2 :z'"Lf,;”(x), (3.1
m=0

for |[t| < 1 and x € R. From (3.1), we obtain the following differentiation rule; for
teN,

L0 = DL ). (3.2)
Given N € N, letuy = Py, where u is as in (1.10). Let m > 2 be an integer. Then,

from (1.36), (1.24), (1.23), and (3.2), we have

Fx () = Py (: [Pyl DPyu:) = (=" miofy - APy { L (L) ]

ON

= (=" o — Dty Py L) (M Jun | (3.3)

ON

Remark 3.1 Here, d; denotes the usual differentiation in u viewing u and ﬁ as inde-
pendent variables. This is not to be confused w1th H 5 (1.3). Note that A in (1.3)
comes from the symplectic structure of NLS and the Gateaux derivative of H. More
precisely, we can view the dynamics of NLS (1.2) as a Hamiltonian dynamics with

the symplectic space L?(T?) and the symplectic form o (f, g) = Im / f(x)gx)dx.
Then, we deﬁne by
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dH(@) = o(¢, i %),
where d H |, (¢) is the the Gateaux derivative given by d H|,(¢) = - H(u + 8¢)|

The following lemma is an analogue of Lemma 2.4 for the generalized Laguerre
polynomials L,(,p (x) and plays an important role in the proof of Proposition 1.3.

Lemma 3.2 Let f, h € L>(T?) suchthat || |2 = |hll;2 = 1. Then, fork, m € Z=,
we have

E[L{(WDWLE (WAPYWi | = Senk + DI PSR By

Here, S, denotes the Kronecker delta function.

Besides (2.16), we will use the following identity:

(3.5)

L
ue 2 =

o e

This follows from differentiating (2.16) in u.

Proof of Lemma 3.2 Let Gy be asin (3.1) witha = 1. Let —1 < ¢ < 0. From (2.16)
and (3.5), we have

1 =t
Gt (W)W = = ;)z Re W pet7 (Re Wy +am w))?)
+——51Im erl = (ReWp)2+amw;)?)
(I—=1)
1
(x1 +ix2)

ﬁ(l—z)ﬂﬂ R

5 [ Re Wty Im W
xe T2 e =1 fr f)dxldxz.

Given x1, x2, y1, y2 € R, let x = x1 +ixp and y = y; + iy>. Then, for any —1 <
t,s <0, from Lemma 2.3, we have

/QGl(t, Wi (@) Wy(@)Gi(s, Wp(@) Wi (w)d P(w)

1 1 1 iyl
= 3 3 —2 xye 2
V=2t(1 —1)7 /=25(1 —5)7 47~ JRrs
X /Qexp (ReW Zpy %W)dexldxzdyldyz

1 1 1 N T
— 3 T3 xye 2(1-1)  2(1-s)
V=21 (1 —1)? «/—2s(1 — )2 47 Jps
1 =2t
X e Re VIV 1= = dxldxzdyldyz
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By a change of variables and applying (2.16) and (3.5), we have

1 1 — _ﬁ_\\\ fRC( h
= — xye~ 2 M gy dxady d
2\/547#/1&4)’ 1ax2ayiay2

1 1 241412
_ W‘)E/Rz Iy Re=EA=tsIRPISE gy 3

By integration by parts, we have

__ h L/ e~ HA=IIERPIE gy iy
1= ts|(f. 2 27 3

h)
W Z(k + DISEIL ) PECS ). (3.6)

Hence, it follows from (3.1) and (3.6) that

oo

D G+ DEfsEICE PR f R

k=0

o0
=Yy /Q L (W (@) DYWLy (1Wh(@)[) Wid P ().
k,m=0

By comparing the coefficients of 5™, we obtain (3.4). O

As a preliminary step to the proof of Proposition 1.3, we first estimate the size of
the Fourier coefficient of Fy (u).

Lemma 3.3 Let m > 2 be an integer. Then, for any 0 > 0, there exists Cp, 9 > 0 such
that

1
(), <Cpp— 37
IEN . enbiz iz < Cmo iy 3D

foranyn € Z* andany N € N. Moreover, given positive s < %andanyO <0 <l-—g
there exists Cy, 9, > 0 such that

1
F F <C 3.8
[(Fa(u) = Fn(u), en) 2l 1200 = m98N8(1+|n|2)2(1 —0—¢) ©:8)

foranyn € 7Z? and any M > N > 1.

Proof Wefirstprove (3.7). Letm > 2be anintegerand N € N. From (3.3) with (2.23),
we have

Fy@) = (=" on = Doy P {L0 (W) W0 G9)
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Clearly, (Fy (u), ey) 2= 0 when |n| > N. Thus, we only need to consider the case
[n] < N.From Lemma 3.2 with (3.9), (2.21), and (2.22), we have

1N G0 ) 13172 =[0n = DT o™ / L en@en()

x y

X/Q - 1(|WnNm| ) W Ly 1 (| W (0 |) Wiy (0 Pdxdy

=m!(m — 1) /T L lvw = WP 2y (x = Y)en(x — y)dxdy

X y

=CnFlyn 1?2y ] (). (3.10)
LetI'y;,—1(n) be asin (2.29). For (n1, ..., nom—1) € I'yp—1(n), we have max; |n | >
|n|. Thus, we have
2m—1
Flivw P Pywlm =Y ] 5 <duo e (D)
- 1+|n | (I +In | )
om—1(n) j=1
Inj|<N

Hence, (3.7) follows from (3.10) and (3.11).
Next, we prove (3.8). Let M > N > 1. Proceeding as before with (3.9), Lemma 3.2,
and (2.22), we have

1(Fw ) = Fy @), en) 2172,
= Cu {10 (nDF[Iyar P2y ] ) = 1o,y (nDF[lyn P2 yn]on) |

= Cutio. (D {F L1y " 2yar) ) = Fllyw P 2y] )
+ Codew i D F [y "2y ] (). (3.12)

On the one hand, noting that |[n| > N, we can use (3.11) to estimate the second term
on the right-hand side of (3.12), yielding (3.8). On the other hand, noting that

2m—2

[F Lyl yM]<n)—f[|yN|2m—2yN](n>\

2m—1 1
= > Il = dmno :
1+ |n 1+ n;2 max(N2, 1+ |n]?)!1-¢
Com—1(n)  j=1
lnjl=M
max; |n;|>N

we can estimate the first term on the right-hand side of (3.12) by (3.8). O

Next, we use the Wiener chaos estimate (Lemma 2.6) to extend Lemma 3.3 for any
finite p > 1.
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Corollary 3.4 Let m > 2 be an integer. Then, for any 6 > 0, there exists Cy, 9 > 0
such that

-1 1
I{FN @), en) i3 llLpguy < Co(p = D" 22— (313)
' (1+ [nf2)207%

foranyn € Z* and any N € N. Moreover, given positive s < %andanyO <0 <l-—g
there exists Cy, 9. > 0 such that
1

Ne(l + |22 1-0-9)
(3.14)

1
{Fp(u) — Fn(u), en)L}% ”Ll’(u) = Cm,G,s(P — "2

foranyn € 7Z? and any M > N > 1.

Proof Letm > 2 be an even integer. In view of Lemma 3.3, we only consider the case
p > 2. From (3.3) with (1.22), we have

m—1
Fy) = [ul2u+ Y ap e nlul*u.

=0

Recalling (2.29) and (2.30), we have
20—1 g*
"
(Fn(u). en) 2 = Zamm > ] == (3.15)
To—1(n) j=1 4/ 1+ |”j|2
|nj|<N

Noting that the right-hand side of (3.15) is a sum of polynomials of degree (at most)
2m — 11in {g,},cz2. the bound (3.13) follows from Lemmas 3.3 and 2.6. The proof
of (3.14) is analogous and we omit the details. O

Finally, we present the proof of Proposition 1.3.

Proof of Proposition 1.3 Lets < 0.Choose sufficiently small & > Osuchthats+6 <
0. Let p > 2. Then, it follows from Minkowski’s integral inequality and (3.13) that

1

2

I EN @ as [ o < | D0 > IEN @), ea) 12170

neZ?

S (p _ 1)"’17% Z <n>72+29+2s S Cm,p < 00

neZ?
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since s + 6 < 0. Similarly, given ¢ > 0 such that s 4+ & < 0, choose sufficiently small
6 > 0 such that s + 6 + ¢ < 0. Then, from (3.14), we have

D=

1 Fw ) = @) ls | e < () I(Fa () — Fy @), en) 2100
(n) X M

neZ?
1

2

11 _
S (p _ 1)}11 3 ﬁ Z (}’l) 24260+42e+2s
neZz?

_1 1
g(l?—l)m ﬁ

since s + 0 + ¢ < 0. This proves (1.37). O

4 Extension to 2-d manifolds and domains in R?

Let (M, g) be a two-dimensional compact Riemannian manifold without boundary
or a bounded domain in R2. In this section, we discuss the extensions of Propositions
1.1, 1.2, and 1.3 to M.

Let {¢,}nen be an orthonormal basis of L?(M) consisting of eigenfunctions of
— A, (with the Dirichlet or Neumann boundary condition when M is a domain in Rz)
with the corresponding eigenvalues {A% }neN, which we assume to be arranged in the
increasing order. Then, by Weyl’s asymptotics, we have

D=

An R n 4.1
See, for example, [46, Chapter 14].

Let {g,(w)}nen be a sequence of independent standard complex-valued Gaussian
random variables on a probability space (2, F, P). We define the Gaussian measure
w as the induced probability measure under the map:

we Qs ulx) = ulx; w) =ZL‘”)I¢”@). (4.2)
nen (1+20)2

Note that all the results in Sects. 2 and 3 still hold true in this general context with
exactly the same proofs, except for Lemmas 2.5 and 3.3, where we used standard
Fourier analysis on T2. In the following, we will instead use classical properties of
the spectral functions of the Laplace—Beltrami operator.

Let us now define the Wick renormalization in this context. Let u be as in (4.2).
Given N € N, we define the projector Py by

uy =Pyu = Z u(n)ey.
<N
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We also define o by

2
on () =Efluy )P = ) O < tog v, (4.3)

14212~
<N + A

where the last inequality follows from [12, Proposition 8.1] and Weyl’s law (4.1).
Unlike oy defined in (1.25) for the flat torus T2, the function o defined above
depends on x € M. Note that oy (x) > 0 for all x € M. The Wick ordered monomial
:lun|?™: is then defined by

Hun P = (=1)"m! - Ly (Juy % on). (4.4)

By analogy with (2.19) and (2.20) we define

Wn(x)
nN&x)() = E on (), 4.5)
aN(x) <N V 1 'H‘z
On ()P (y)
yN(x,y) = E ) (4.6)
Pt 1+A2

for x, y € M. We simply set y = y» when N = co.
From the definition (4.3) of oy, we have [[ny(xX)[2pg) = 1 forall x € M.
Moreover, we have

1
)N 2vy = 17—y, y) 4.7)
oy ()oy ()

forallx,y e Mand M > N.
We now introduce the spectral function of the Laplace—Beltrami operator on M as

T = Y ey,

rn€(j=1.j]

for x,y € M and j € Z>¢. From [40, (1.3) and (1.5) with ¢ = oco], we have the
bound 7 (x,x) < C(j + 1), uniformly in x € M. Therefore, by Cauchy—Schwarz
inequality, we obtain

NS D @l < CG+ D), (4.8)
An€(j—=1,J]

uniformly in x, y € M.

Let o be a weighted counting measure on Zxq defined by o = Z —o(J + D,
where §; is the Dirac delta measure at j € Z=(. We define the operator L by
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o0
L:c={cj}ilgr— chnj.
=0

Then, we have the following boundedness of the operator L.

Lemma 4.1 Let 1 < g < 2. Then, the operator L defined above is continuous from
04(Zsg, o) into LY (M?). Here, q' denotes the Hilder conjugate of q.

Proof By interpolation, it is enough to consider the endpoint cases ¢ = 1 and g = 2.
e Case ] ¢g = 1. Assume thatc € Zl(Zzo, o). Then, from (4.8), we get

o o0
LG ] <D ejllmjGe. I < €Y G+ Dlejl = llellpo)-
j=0 j=0

for all x, y € M. This implies the result for g = 1.
e Case 2 q = 2. Assume that ¢ € £?(Z>0, o). By the orthogonality of the eigen-
functions ¢,, we have

o0
/ IL@©)(x, »Pdx =) lejI*m;(y, ). (4.9)
M iz
From (4.8) and (4.9), we deduce that
o0
/ IL(©)(x, p)Pdxdy < €Y G+ DlejI” = llelfay,-
M2 i
This implies the result for g = 2. O

Next, we extend the definition of y to general values of s:

On(X)@n (y)

VS,N(xv y) = K
oy (L+Ap)?2

for x,y € M. When N = oo, we simply set y; = ¥ as before. Note that when
s =2, y».y and y» correspond to yx and y defined in (4.6).

Lemma 4.2 Let s > 1. Then, the sequence {ys N}neN converges to ys in LP(M?)
forall2 < p < % whens < 2and?2 < p < oo when s > 2. Moreover, for the
same range of p, there exist C > 0 and k > 0 such that

C
lvs.m — Vs nllLrmzy < e (4.10)

forallM > N > 1.
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Proof Given M > N > 1, define oy a7 (x, y) and By am(x, y) by

ay mx,y) = vsm(x,y) — ys,N(X,y)

on(en(y) _ 2: )3 ey

2 2\
Nemem (L2435 ) JoN 1 ameo1,) (1 +23)2

and
S — M iy
Bum@x = Y —— Y eMe)= ) =
o (L+D7, o (L2

Let us first estimate the difference an y — By m:

M
1
lon pm(x,y) — BN m(x, ¥)| < Z 5 5 ) en M
j—N+1)»,,e(j71,j] (1+a3)2 (1+J )2
<cC Z Y @l
j=N+17T T ae—1.]1]
Then, by (4.8), we obtain
loen p(x,y) — By m(x, ¥)| < (4.12)

stl

Next, we estimate Sy . Define a sequence ¢ = {c j}?ozo by setting

—L . ifN+1<j<M,
c; (1+)%)2
0, otherwise.
Note that ¢ € Eq (N, o) for Z < g < 2. Hence, it follows from Lemma 4.1 that, given
any2 < p < 2— there ex1st C > 0 and k > 0 such that

BN M Lp M2y = — <C — < .
e g1 (T2 e jong (L4927 N¥

(4.13)

The desired estimate (4.10) follows from (4.11), (4.12), and (4.13). m]

As in the case of the flat torus, define Gy, N € N, by

1
Gyu) = %/M (Pyul?™: dx.
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Then, we have the following extension of Proposition 1.1

Proposition 4.3 Let m > 2 be an integer. Then, {G y(u)}nen is a Cauchy sequence
in LP(u) for any p > 1. More precisely, there exists Cy, > 0 such that

1
IGp) — Gy@)llLrw) < Cn(p — 1)'"F (4.14)
2

forany p > 1andany M > N > 1.

As in Sect. 2, we make use of the white noise functional on LZ(M). Let w(x: @)
be the mean-zero complex-valued Gaussian white noise on M defined by

w(x; @) =) gu(@)p(x).

neN

We then define the white noise functional W) : L2(M) > LX) by

Wi = (fow@) 2 = Y J()gn(@). (4.15)

neN

Note that Lemma 2.3 and hence Lemma 2.4 also hold on M.

Proof Thanks to the Wiener chaos estimate (Lemma 2.6), we are reduced to the case
p =2.Given N € N and x € T2, it follows from (4.3), (4.5), and (4.15) that

1 1 [
un(x) = o2 (x) ”Y(X) = 02() Wy o)- (4.16)

o2 (x)

Then, from (4.4) and (4.16), we have

lun|? 2
:|MN|2m:=(—1)mm!a;\,"Lm(W = (—=D"mlofy Ln(|Wyyo|). @17

Hence, from (4.17), Lemma 2.4, and (4.7), we have
Cm Gy W) = Gy @72,
2 m m 2 2
=2 [ [ o 0L (Wl ) L (IWowco )

XMy JQ

— o @R L ([Wao[*) Lin ([Wawen )

~ o0l (W) Ln (W)

+ oy (X)oy (V) Lm (|W’7N(X) |2> L <|Wmv(y)|2> ]dexdy
]

= (m!)? /M [lya Ge, 1P — [y (x, )12 |dxdy.
XMy
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The desired estimate (4.14) for p = 2 follows from Holder’s inequality and
Lemma 4.2. o

Remark 4.4 Observe that the renormalization procedure (4.4) uses less spectral infor-
mation than the one used in [12, Section 8] for the case m = 2. Namely, the approach
in [12] needed an explicit expansion of the spectral function (see [12, Proposition 8.7]),
but the inequality (4.8) is enough in the argument above.

The function y defined in (4.6) is the Green function of the operator 1 — A. It is
well-known (see for example Aubin [2, Theorem 4.17]) that it enjoys the bound

ly (x, )| < C|log(d(x, y))

, (4.18)

where d(x, y) is the distance on M between the points x, y € M. The bound (4.18)
implies that y € L?(M?) forall 1 < p < oo. However, we do not know whether yy
(which is the Green function of a spectral truncation of 1 — A) satisfies a similar
bound, uniformly in N. This could have given an alternative proof. We refer to [12,
Remark 8.4] for a discussion on these topics.

All the definitions and notations from (1.28) to (1.36) have obvious analogues in
the general case of the manifold M, and thus we do not redefine them here.
For N € N, let

Ry(u) = e~ Onw) e_ﬁf/vt:hwlzm:dx_

In view of (4.3) and (4.17), the logarithmic upper bound (2.31) on —G y () also holds
on the manifold M. Hence, by proceeding as in the case of the flat torus, we have the
following analogue of Proposition 1.2.

Proposition 4.5 Let m > 2 be an integer. Then, Ry (u) € LP () for any p > 1 with
a uniform bound in N, depending on p > 1. Moreover, for any finite p > 1, Ry (u)
converges to some R(u) in LP () as N — oo.

We conclude this section by the following analogue of Proposition 1.3, which
enables us to define the Wick ordered nonlinearity : |u |20n=Dy : on the manifold M.

Proposition 4.6 Let m > 2 be an integer and s < 0. Then, {Fn(u)}nen defined
in (1.36) and (3.3) is a Cauchy sequence in LP(u; HS(M)) for any p > 1. More
precisely, there exist k > 0 and Cp, 5, > 0 such that

<C -4 1 4.19
LP(pn) = m,s,/((p_ ) N ( )

|11 Far () = Fiy @)l s oo

forany p > 1andany M > N > 1.

Proof Given N, n € N, define Jy , by

In.n =m!(m — 1)! / [yan (6, P20 N (X, ) 0n () @n (v)dxdy.

Mix M,
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Then, proceeding as in (3.10) and (3.12) with (3.9), Lemma 3.2, and (4.7), we obtain
[(Fp (u) — Fn(u), @) p2 ”iz(u) = 1io,81An) (Ian — Inon) + 1y, i1 Con) Inon

for M > N > 1. With e = —s > 0, we then obtain
2 1 2
[1Fw @) = Fy @Ol [ 2,y = X; Ty (P ) = Py 0132,
n>

Y e = vt Y
= T eWMn = INn T Man
A <N (1 +)L”)E (1 +)L”)£

N<in<M

=Cm/ (ly2.m 1P 27200 — ly2.n " 72 728) v2en (x, y)dxdy
X

y

+ Ciy / 1o m " 2701 (e, m — vaen ) (x, y)dxdy
x X

y

=:Ay.m + By m.

In the following, We only bound the term By, since the first term Ay j can be

handled similarly. Set (V,) = (1 — Ax)%. Then, noting that (V) "'"¢y», = y1, and
that (V) =y, = y; 1, it follows from Cauchy—Schwarz inequality and the fractional
Leibniz rule that

By.m = Cn /M “ (Vo' (I m P27 o D)V) ™ (e — v2e.n) (3, y)dxdy
x X y

=Cp / (Vo " (o m P27 (5, V) Vi, M — Vigen) (X, y)dxdy.
M x M,

2m—2

< Cu| (VO " (Iy2.ml Vo) | oy Vitem = Vivenll2om2)

S ||V1+s,M||,_p£(Mz) I VZ,MHLqE(Mz)”VH—a,M = Vi+e.NlL2(Mm2)
with p, = ﬁ and g, = 8(m — 1)/e. Hence, from Lemma 4.2 we conclude that

Che
Ne -

By .y <

By estimating Ay j in an analogous manner, we obtain

Con,e

[1Fm @) = En @l ] 12, = S (4.20)

The bound (4.19) for general p > 2 follows from (4.20) and the Wiener chaos estimate
(Lemma 2.6). O
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5 Proof of Theorems 1.4 and 1.5

In this section, we present the proof of Theorem 1.5 on a manifold M (which contains
a particular case of the flat torus stated in Theorem 1.4). Fix an integer m > 2 and
s < 01in the remaining part of this section. We divide the proof into three subsections.
In Sect. 5.1, we first construct global-in-time dynamics for the truncated Wick ordered
NLS and prove that the corresponding truncated Gibbs measures P2( are invariant
under its dynamics. Then, we construct a sequence {vy}yen of probablhty measures
on space-time functions such that their marginal distributions at time ¢ are precisely
given by the truncated Gibbs measures Pz(z;vn ) In Sect. 5.2, we prove a compactness
property of {vy}nen so that vy converges weakly up to a subsequence. In Sect. 5.3,
by Skorokhod’s theorem (Lemma 5.7), we upgrade this weak convergence of vy to
almost sure convergence of new C(R; H*)-valued random variables, whose laws are
given by vy, and complete the proof of Theorem 1.5.

5.1 Extending the truncated Gibbs measures onto space-time functions

Recall that Py is the spectral projector onto the frequencies {n eN:x, <N }
Consider the truncated Wick ordered NLS:

idu + Au™ =Py (:[Pyu PPy ). (5.1

We first prove global well-posedness of (5.1) and invariance of the truncated Gibbs
measure Pz(zi," ) defined in (1.30):

sz(zl’Vn) = Z;,lRN(u)du = Z;,le_ﬁ fM:l”lem:dxdu.

Lemma 5.1 Let N € N. Then, the truncated Wick ordered NLS (5.1) is globally well-

posed in H*(M). Moreover, the truncated Gibbs measure P2(21;\471 )

the dynamics of (5.1).

is invariant under

Proof We first prove global well-posedness of the truncated Wick ordered NLS (5.1).
Given N € N, let vV = Pyu". Then, (5.1) can be decomposed into the nonlinear
evolution equation for vV on the low frequency part {A, < N}:
id " + AvY =Py (N PN (5.2)
and a linear ODE for each high frequency A, > N:
19, (n) = 22uN (n). (5.3)
As a linear equation, any solution ul (n) to (5.3) exists globally in time. By view-

ing (5.2) on the Fourier side, we see that (5.2) is a finite dimensional system of ODEs
of dimension dy = #{n A <N } where the vector field depends smoothly

@ Springer



434 Stoch PDE: Anal Comp (2018) 6:397-445

on {IIN (n)} ;. < Hence, by the Cauchy—Lipschitz theorem, we obtain local well-
posedness of (5.2).
With (3.3) we have

loN [2dx = 2Re/ d vV oNdx
M
= —2Re (z/ |VUN|2dx)
M

1 -1 . ) N2 N2
—2(= 1" gm — Do Re (z /M Lo ('”UN' >|v | dx)
—0.

dt Jum

In particular, this shows that the Euclidean norm

1

2 1
oY @haen oy = | D V0P| = ( /M|vN|2dx)2

In<N

is conserved under (5.2). This proves global existence for (5.2) and hence for the
truncated Wick ordered NLS (5.1).

As in (1.34), write Pz(zﬁ ) = f’z(zjtln ) ® /LJA-,. On the one hand, the Gaussian measure

MJA‘; on the high frequencies {A, > N} is clearly invariant under the linear flow (5.3).
On the other hand, noting that (5.2) is the finite dimensional Hamiltonian dynamics
corresponding to H&,’ick(vN ) with

1 1
i 0") = 3 /M Vo P + /M NP d,

we see that 1/52(2](',1 ) is invariant under (5.2). Therefore, the truncated Gibbs measure

Pz(z;\q,l ) is invariant under the dynamics of (5.1). O

Let @y : H*(M) — C(R; H*(M)) be the solution map to (5.1) constructed in
Lemma 5.1. For r € R, we use ®y(t) : H'(M) — H*(M) to denote the map
defined by Oy (1)(¢p) = (@N(¢))(t). We endow C(R; H*(M)) with the compact-
open topology. Namely, we can view C(R; H®(M)) as a Fréchet space endowed with
the following metric:

o 1w —vlleq—jjim)

d(u,v) = — .
27 1+ lu —vlleq—j,j1:H%

j=1

Under this topology, a sequence {u,},en C C(R; H®(M)) converges if and only if
it converges uniformly on any compact time interval. Then, it follows from the local
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Lipschitz continuity of @y (-) that ® y is continuous from H* (M) into C (R; H* (M)).
We now extend P2(2,'\7 )on H* toa probability measure vy on C(R; H*(M)) by setting

vy = Py o oL

Namely, vy is the induced probability measure of PZ(Z;\,” ) under the map ®y. In par-
ticular, we have

/ F(u)dvy (1) = / F(@n(@)d Py (¢) (5.4)
C(R; HY) HS
for any measurable function F : C(R; H*(M)) — R.

5.2 Tightness of the measures vy

In the following, we prove that the sequence {vy}yen of probability measures
on C(R; H*(M)) is precompact. Recall the following definition of tightness of a
sequence of probability measures.

Definition 5.2 A sequence {p,},en of probability measures on a metric space S is
tight if, for every ¢ > 0, there exists a compact set K, such that p,(K{) < ¢ for all
neN.

It is well known that tightness of a sequence of probability measures is equivalent
to precompactness of the sequence. See [3].

Lemma 5.3 (Prokhorov’s theorem) If a sequence of probability measures on a metric
space S is tight, then there is a subsequence that converges weakly to a probability
measure on S.

The following proposition shows that the family {vy}yen is tight and hence, up to
a subsequence, it converges weakly to some probability measure v on C(R; H*).

Proposition 5.4 Lets < 0. Then, the family {vy}nen of the probability measures on
C(R; H¥(M)) is tight.

The proof of Proposition 5.4 is similar to that of [12, Proposition 4.11]. While [12,
Proposition 4.11] proves the tightness of {vy}yen restricted to [—T, T] for each
T > 0, we directly prove the tightness of {vy } yen On the whole time interval.

In the following, we first state several lemmas. We present the proof of Propo-
sition 5.4 at the end of this subsection. For simplicity of presentation, we use the
following notations. Given 7' > 0, we write L[;HS for LP([—T,T]; H*). We use a
similar abbreviation for other function spaces in time. Let p be a probability measure
on H*. With a slight abuse of notation, we use L?(p) H® to denote

Ielizrms = [101as] o ,-
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The first lemma provides a control on the size of random space-time functions. The
invariance of P2(2;1 ) under the dynamics of (5.1) plays an important role.

Lemma 5.5 Lets < Oand p > 1. Then, there exists C,, > 0 such that

1
oy < CoT 7, (5.5)

” ||“||L"Hs

[l gr g2l oy = 77, (5.6)
uniformly in N € N.

Proof By Fubini’s theorem, the definition (5.4), the invariance of P, Qm) (Lemma5.1),
and Holder’s inequality, we have

g 15 oy = DNV O@N 15[ i, = TI@NOB g,

= (2T); ||¢||L”(P2(?}<]n))H: S (2T); ||RN||L2P('LL) ||¢||LZP(M)HS'
(5.7)

Then, (5.5) follows from (5.7) with Proposition 4.5, (4.2), and Lemma 2.6.
From (5.1) and the definition of Fj, we have

I8l e sl Loy = Mulze el Loy + IEN @I g2 oy 58

The first term is estimated by (5.5). Proceeding as in (5.7) with Propositions 4.5 and 4.6,
we have

1 1
N @Ol 152 [ Ly < CTIPIRN 2200 |EN @)l 20y 151 < CpT7.

This proves (5.6). O
Recall the following lemma on deterministic functions from [12].

Lemma 5.6 ([12,Lemma3.3])LetT > Oand1 < p < oo. Suppose thatu € L‘;HSl
and o;u € LI;H‘Y2 for some s> < s1. Then, for § > p_l(s1 — 572), we have

1

el oo sa-o S IIMII leell,

LI’ Hvl 1, pHS2 .

Moreover, there exista > 0 and 6 € [0, 1] such that for all t, t, € [T, T], we have
6
lu(t2) —u@)l g2 S 12 — 1|* IILtIILpHAl flull

L.pyrsy®
Wy HS2

We are now ready to present the proof of Proposition 5.4.
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Proof of Proposition 5.4 Lets < s1 < s> < 0. For «a € (0, 1), consider the Lipschitz
space C7H*! = C*([-T, T]; H*' (M)) defined by the norm

lu(tr) — u(@) || g
lullcapgss = sup o + llull g s -
1.2€[~T.T) |t — 12|
t#n

It follows from the Arzela-Ascoli theorem that the embedding CZH®' C Cy H® is
compact for each T > 0.
By Lemma 5.6 with large p > 1 and Young’s inequality, we have

lulleg S 1l 15 e S Wl + My rgge 59)
for some a € (0, 1). Then, it follows from (5.9) and Lemma 5.5 that

1
| Loy < CpT7- (5.10)

el e g1

For j e N,letT; = 2/. Given ¢ > 0, define K, by

1+
Ke={ueCR; H'): ||u||cg_in. < cos*‘Tj ? forall j € N}.

Then, by Markov’s inequality with (5.10) and choosing ¢y > 0 sufficiently large, we
have

-1 —1 —1
v (KS) < ¢ C15Tj H||u||ca w1 || ooy < €0 C,,aZT =c,'Cpe <e.
j=l1

Hence, it remains to prove that K, is compact in C(R; H®) endowed with the
compact-open topology. Let {u,},en C K. By the definition of K, {u,},eN is
bounded in C7. H*! for each j € N. Then, by a diagonal argument, we can extract a
subsequence {u,,}¢cN convergent in C“ H? for each j € N. In particular, {u,,}¢eN
converges uniformly in H* on any compact time interval. Hence, {u,, }¢en converges
in C(R; H*) endowed with the compact-open topology. This proves that K is compact
in C(R; HY). O

5.3 Proof of Theorem 1.5

It follows from Proposition 5.4 and Lemma 5.3 that, passing to a subsequence, vy;
converges weakly to some probability measure v on C(R; H*(M)) forany s < 0. The
followmg Skorokhod’s theorem tells us that, by introducing a new probability space
(Q F, P) and a sequence of new random variables uN with the same distribution vy,
we can upgrade this weak convergence to almost sure convergence of uN . See [3].
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Lemma 5.7 (Skorokhod’s theorem) Let S be a complete separable metric space.
Suppose that p, are probability measures on S converging weakly to a probability
measure p. Then, there exist random variables X,, : Q — S with laws pn and a
random variable X : @ — S with law 0 such that X, — X almost surely.

By Lemma 5.7, there exist another probability space (ﬁ,f , 13), a sequence
{uNf}jeN of C(R; H®)-valued random variables, and a C(R; H*)-valued random
variable u such that

—_—~

L) =L@y =vy, L) =v, (.11

—_~

and u"i converges to u in C(R; H*) almost surely with respect to P.
Next, we determine the distributions of these random variables at a given time 7.
By Lemma 5.1, we have

L@ @) = Py (5.12)

foreachr € R.

Lemma 5.8 Let iiNj and u be as above. Then, we have

—

L(uMi (1)) = Pz(i’yj) and L(u(t)) = P

foranyt € R.

Proof Fixt € R. Let R, : C(R; H®) — H?® be the evaluation map defined by
R;(v) = v(t). Note that R, is continuous. From (5.12), we have

2, _
Pz(ﬁj) =y, o R L. (5.13)

Then, it follows from (5.11) and (5.13) that

L(uVi (1)) = vy, o R = Pz‘?j’\z’. (5.14)

Q\n/ the one hand, since u™s converges to u in C(R; H¥) almost surely with respect to P s

u™i (1) converges to u(r) in H* almost surely. As a consequence, we see that £ (u™V/ (1))
converges weakly to E(u(t)). On the other hand, it follows from Proposition 4.5 that

L(uNi(0) = P2(21'\7j ) converges to Pz(zm). Therefore, from the uniqueness of the limit,

we conclude that £(u(t)) = P2(2m) forany t € R. m]

Finally, we show that the random variable u is indeed a global-in-time distributional
solution to the Wick ordered NLS

idu+ Au=:[uP™ V., (t,x) e R x M. (5.15)
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Lemma 5.9 Let u®i and u be as above. Then, u™i and u are global-in-time distribu-
tional solutions to the truncated Wick ordered NLS (5.1) for each j € N and to the
Wick ordered NLS (5.15), respectively, almost surely with respect to P.

Proof For j € N, define the D;  -valued random variable X ; by
Xj =0 + AuMNi — Py, (:[Py,u PO DRy N,

Here, D; , = D'(R x M) denotes the space of space-time distributions on R x M.

We define X ; for u™i in an analogous manner. Since ui is a solution to (5.1), we see

that ED; . (X ;) = 8o, where §p denotes the Dirac delta measure. By (5.11), we also
have

Lp; (X;) = do.

—_~

for each j e N. In particular, u™J is a global-in-time distributional solution to the
truncated Wick ordered NLS (5.1) for each j € N, i.e.

10u™Ni + AuNi =Py (:[Py,uNi PPy uli )

in the distributional sense, almost surely with respect to P.
In view of the almost sure convergence of uVitouin C (R; H*), we have

i0,u™i + AuVi —> id,u+ Au

inD'(Rx M)as j — 00, almost surely with respect to P. Next, we show the almost
sure convergence of Fy;, (uN f) to F(u) = : |u|*™Dy:. For simplicity of notation, let

Fj = Fy; anduj = u™i. Given M € N, write

Fj(uj) — Fu) = (Fj(uj) — F(uj)) + (F(uj) — Fy(u;))
+ (Fu(uj) — Fy ) + (Fy () — F(u)). (5.16)

—_~

Then, for each fixed M > 1, it follows from the almost sure convergence of ui to

u in C(R; H®) and the continuity of Fj; that the third term on the right-hand side

of (5.16) converges to 0 in C(R; H®) as j — oo, almost surely with respect to P.
Fix T > 0 and let s < —1. Arguing as in (5.7) with Proposition 4.6, we have

[F ) = Frpllyz e

LZ(VN]-) = ” ||F(q>N,¢) - FM(qDNj¢)||L2(P2(?[:/”/?)H: LZT
1
= Q2T)Z||F(p) — FM(¢)||L2(P2<.21311.))HS
1
S T2RN N a1 F (@) = Fru (@)l 14 uyms
<CT M, (5.17)
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for some small ¢ > 0, uniformly in j € N. In the third step, we used the fact that
Zy 2 1 in view of Proposition 1.2: Zy = ||RN(u)||L1(p) — ||R(u)||L1(p) > 0
as N — oo. The fourth term on the right-hand side of (5.16) can be treated in an
analogous manner. Proceeding as in (5.17), we obtain

1
[1Fj @) = Fuplpz g 2y < CDZIRN, 0 | @) = F@) 2o s

1
< CTfNj_E.

Putting everything together, we conclude that, after passing to a subsequence, Fjj (u ;)
converges to F(u) in L2([—T, T]; H®) almost surely with respect to P. Since the
choice of T > 0 was arbitrary, we can apply the previous argument iteratively for 7, =
2%, ¢ € N. Thus, for each £ > 2, we obtain a set 2, C Q¢ of full measure such that
a subsequence F; (u j)(w) of Fje—n (u je-n) from the previous step converges to
F(u)(w) in L2([—Ty, Ty1; H®) for all w € €. Then, by a diagonal argument, passing
to a subsequence, Fjj(u;) converges to F'(u) in L%OCH  almost surely with respect
to P. In particular, up to a SLLbsequence, Fj(u;) converges to F(u) in D'(R x M)
almost surely with respect to P. Therefore, u is a global-in-time distributional solution
to (5.15) almost surely with respect to P. O

Lemma 5.9 in particular implies that there exists ' C Q with P(Q') = 1 such that
u is a global-in-time distributional solution to (5.15) for all w € '. We now define the
set X in Theorem 1.5 as follows. With ¢ = u(0), we define ¥ = ¢ (') = Rypou(2),
where Ry is the evaluation map at time # = 0 defined in Lemma 5.8 and u is viewed
asamap: w € Qr>ue C(R; H®). Then, by Lemma 5.8, we have

PEM(5) = (Fouyo Ry'(Z) = P(@) = 1.

With this definition of X, Theorem 1.5 follows from Lemmas 5.8 and 5.9.
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Appendix A: Example of a concrete combinatorial argument: the case
M=T2andm =3

In this appendix, we present a concrete combinatorial computation on the Fourier

side for the proof of Proposition 1.1 when m = 3. The aim of this appendix is to
convince readers of increasing combinatorial complexity in m . Compare the m = 3
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case presented here with the m = 2 case in [7]. This shows that the use of the white
noise functional is essential in establishing our result for general m > 2.

Let G y (1) be asin (1.26). For simplicity, we show that G y (1) is uniformly bounded
in L2(p). Namely, we prove

||GN(U)||L2(H) <C<o0 (A.1)

independently of N € N. Then, a small modification yields Proposition 1.1 for p =
2. The general case follows from the p = 2 case and the Wiener chaos estimate
(Lemma 2.6).

From (1.21), (1.23), (1.24), and (1.26) with (1.10), we have

6Gy(u) = /2 :|uN|6: dx = /2 |uN|6 — 9(71\/|u1\/|4 + 18(7,%,|u1\/|2 — 601%,dx
T T

6 g* 1 4 g*
_ nj _ nj
- Z l_[ 2 9 Z 1~|—|n|2 Z 1_[ )
Le(®) j= 14/1+ nj In|<N L) j= 14/ 1+ 1njl
‘njl |nj|
2 ) 3
1 |gnl 1
+18 Y | | 2 ol R D
ey 1] ey 1] ey LTI
= I+ +1I+1V, (A.2)

where oy is as in (1.25) and T'x(0) and g} are as in (2.29) and (2.30), respectively.
The basic idea is to regroup the terms in (A.2) by introducing some factorizations,
and separately estimate each contribution. Given £ € 2N, we say that we have a pair
inn=(ny,...,ng) € 'y(0)if n; = nj for some odd j and even j'.
Let us first consider 1. Given n € I'¢(0), there are three cases: (i) no pair, (ii) 1
pair, and (iii) 3 pairs. Thus, write I as

I =114 1+ I3,

corresponding to the three cases: (i) no pair, (ii) 1 pair, and (iii) 3 pairs, respectively.
For simplicity of notation, we may drop the frequency restriction |[n| < N in the
following but it is understood that all the summations are over {|n| < N}.

e Case I No pair. In this case, we can easily estimate the contribution from I by

iz S| Y ]_[ o |n TFp) SC<> (A3)
J

[6(0) j=1
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e Case 2 1 pair. In this case, there are 9 possibilities to form a pair from each of
{n1, n3, ns} and {ny, nq, ng}. Thus, we have

|gul? LI
n=o(TiE)| X e
L+ n| ra j=14/1+Inj?

ni#na,ng

Combining this with II, we have

4
|gn|2_1)
I,+1I=9 =
’ (Zlﬂnlz FZ 7=
4(0)  j=1 + |njl

ny#ny,ng

-1 (Z 1 +1|n|2) (Z 1|f—n||:4|2>2
+(Z ) (Cair)

= 10 + 11, + I1;. (A.4)

Note that IEI[|gn|2 — 1] = 0. Then, by Lemma 2.6, we have

4 *
8n;

J

O |
ry0) j=14/1-+In;l

ni#ng,ng

S(Z:(1+|n|2)2> (ZH +|nj|2) =C<o0. (AD

I'4(0) j=1

Il 2 Z |gn|2 -1
Lz (M) 1+|n|2

L*(w) L*(w)

The terms I, and II3 are treated with other terms in the following.

e Case 3 3 pairs. In this case, there are 3 scenarios on the values of ni, n3, and
ns: () ny = n3 = ns, (ii) n1 = n3 # ns up to permutations, (iii) all distinct. Write
I3 = I31 + I3z + 133, corresponding to these three cases.

o Subcase 3 (i): n; = n3 = ns. In this case, the contribution can be estimated by

1
1 2
< [
(Z T |n|2)6> <C <o (A6)

o Subcase 3 (ii): n1 = n3 # ns up to permutations. In this case, we have

(O () (2

#n

|gn
13122y = H Z 1+ [n?)3

L2(1)
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—9(2 lgnl* )(Z |gm!? )—9<Z |gn® )
B (14 [n|?)? 1+ |m|? (14 [n[?)?

=: 1321 + OLZ(;L)(l) (A7)

Here, we estimated the second term as in (A.6).
o Subcase 3 (iii): all distinct. In this case, we have

133=6<Z |gn1|2 )( Z |gn3|2 )( Z |gns|2 )
1+ |ny|? 1+ |n3|? 1+ |ns|?

n3#n| ns#ni,n3
|gn1|2 >< |gnz|2 )( |gn5|2 )
(Ere)(Z e (2
n3#n| ns#n|

_6 Z |gn1|2 Z |gn3|4
TP\ = (4 Insl)?
|gn1|2 |gn3|2 |gn5|2

=6 LS S —
(Zl+|n1|2 2 1+ |n3? Z1+|ns|2
n3#ng
lgn, 12 lgns]*
-6 LA R L L
<Zl+|n1|2 32 (1+|n302)2
lgn, 14 >( |gns]? )
-6 R L —
<Z(1+|n1|2>2 < 1+ |n3f?

g, 12 )3 ( e * ( lgns |* )
=6 = — 18
(le—i—lnll2 1+ m)? (1 + [n3]%)2
+ 12<Z |gn1|6 )
(1 + |n1[?)3

=: I331 + 332 + Oz, (D). (A.8)

From (A.4), (A.7), and (A.8), we have

ot T Lo — 0 1 — [gnl? lgnl*
3+ 131+ I332 = Z 1+ n? Z(1+|n|2)2 .

Proceeding as in (A.5), we obtain

I3 + I321 + L3320l 20 < € < 0. (A.9)

From (A.2), (A.4), and (A.8), we have

) 3
—1
I+ 1V + 11, + 133 =6<Zlfn—||-w> '
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Proceeding as in (A.5), we obtain

lgnl? =17

T+ P <C < oo. (A.10)

LO()

T +1V + 1 + 3311l 2() S H Z

Finally, putting (A.2)—(A.10) together, we obtain (A.1).

Remark A.1 The above computation merely handles the nonlinear part Gy (1) in the
truncated Wick ordered Hamiltonian. In order to prove Theorem 1.4, one still needs
to estimate Fy (1) in (1.36), which has a different combinatorial structure. For our
problem, it is much more efficient to work on the physical side, using the white noise
functional and the (generalized) Laguerre polynomials.
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