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Abstract. For every irrational numberα satisfying the property limn→∞ |sinπαn|−1/n = 1
and for every numberβ > 1, it is shown that the difference equation

ξn+1 + ξn−1 + 2β cos(2παn+ θ)ξn = 0, n ∈ Z
has a non-trivial solution{ξn} satisfyinglim|n|→∞ |ξn|1/|n| ≤ |β|−1 if and only if θ =
2παn+ 2πk ± π/2 for somen, k ∈ Z.

1. Introduction
The problem to prove the existence of (exponentially) localized eigenfunctions for almost
periodic operators is a very difficult one, which has been solved to date in certain special
cases only (see [S, CS, FSW] for some of the more recent contributions). Most of
the known proofs establishing the existence of localized eigenfunctions are probabilistic
in nature, exploiting the ergodicity of an underlying dynamical system. It follows, for
instance, from the theorems proven in [S] and [FSW] for a particular class of one-
dimensional almost periodic difference operators, known as almost Mathieu operators, that
for almost all numbers in the spectrum of these operators (with respect to the integrated
density of states) there is a localized eigenfunction. It would be desirable, beyond
these generic results, to identify specific points in these spectra, and exhibit localized
eigenfunctions associated with them by an explicit construction. This is the objective
of the present paper. We will show that for rotation numbers satisfying a diophantine
condition the almost Mathieu operators have an exponentially localized eigenfunction at
zero, whenever the (averaged) Lyapunov index is strictly positive. Our approach utilizes
power series expansions and is inspired by a paper of Hardy and Littlewood [HL ]. We will
also discuss the question for which values of the underlying phase shift may a localized
eigenfunction exist. The arguments involved in answering this question areC∗-algebraic
in nature and are valid for any pointx in the spectrum which is known to have at least one
eigenfunction.
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2.
For any irrational numberα the rotationC∗-algebraA associated withα is (up to
isomorphisms) determined by two unitary generatorsu and v satisfying the relation
uv = λvu whereλ = e2παi . Throughout this paragraph we will assume thatα satisfies the
diophantine condition limn→∞ |sinπαn|−1/n = 1.

THEOREM 2.1. For every complex numberβ, |β| > 1, there exist analytic functionsf
andg on the open annulus{z ∈ C | |β|−1 < |z| < |β|} such that

ef (uv
∗)(u+ u∗ + β(v + v∗))e−f (uv∗) = eg(uv∗)(v + v∗).

Proof. Lettingh = u+ u∗ + β(v + v∗), we have

h = β(β−1uv∗ + 1)v + βv∗(β−1vu∗ + 1).

But

β−1z+ 1= exp

( ∞∑
n=1

(−1)n+1

n

(
z

β

)n )
, for |z| < |β|.

So, defining

f0(z) =
∞∑
n=1

(−1)n+1

n
(1− λ−n)−1

(
z

β

)n
,

f̃0(z) =
∞∑
n=1

(−1)n+1

n
(1− λn)−1

(
z

β

)n
,

and observing thatuv = λvu, we obtain

β−1h = ef0(uv
∗)ve−f0(uv

∗) + e−f̃0(vu
∗)v∗ef̃0(vu

∗).

Note that the diophantine condition imposed onα insures thatf0 and f̃0 are analytic in
{z ∈ C | |z| < |β|}. Now, letting

f1(z) = f0(z)+ f̃0(z
−1) =

∞∑
|n|=1

anz
n, (|β|−1 < |z| < |β|),

we have

β−1e−f0(uv
∗)hef0(uv

∗) = v + e−f1(uv
∗)v∗ef1(uv

∗)

= v + ef2(uv
∗)v∗

= (1+ ef2(uv
∗)v−2)v,

where

f2(z) =
∞∑
|n|=1

(λn − 1)anzn =
∞∑
|n|=1

bnz
n.

Next, letting

f3(z) =
∞∑
|n|=1

(1− λ2n)−1bnz
n,
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we have

β−1e−f0(uv
∗)hef0(uv

∗) = (1+ ef3(uv
∗)v−2e−f3(uv

∗))v

= ef3(uv
∗)(1+ v−2)e−f3(uv

∗)v

= ef3(uv
∗)(v + v∗)e−f3(λuv

∗).

Note that limn→∞ |sinπαn|−1/n = 1 implies limn→∞ |sin 2παn|−1/n = 1, so thatf3 is
analytic in{z ∈ C | |β|−1 < |z| < |β|}. Finally, lettingf (z) = −f3(λz) − f0(z) and
g(z) = f3(z)− f3(λz)+ c, whereec = β,

ef (uv
∗)he−f (uv∗) = eg(uv∗)(v + v∗),

as claimed. 2

Remarks.
(1) The similarity transformation in Theorem 2.1 is analytic inβ.
(2) The operatorsf3(uv

∗) andg(uv∗) are self-adjoint wheneverβ is real.
(3) Explicit Laurent expansions can be obtained for the functions involved by tracking

their construction. This has been done by Hardy and Littlewood in [HL ] for
functions of the typeef0 andef̃0.

(4) It is clear from the proof that it is possible to trade off a narrower annulus for
a moderately relaxed diophantine condition forα. In other words, the similarity
transformation in Theorem 2.1 with analytic functionsf andg is still possible for
sufficiently largeβ as long asα satisfies the condition limn→∞ |sinπαn|−1/n <∞.

COROLLORY 2.2. For every complex numberβ, |β| > 1, the difference equationξn+1 +
ξn−1+ 2β cos(2παn+ θ)ξn = 0 has a non-trivial solution satisfyinglim|n|→∞ |ξn|1/|n| ≤
|β|−1 wheneverθ = 2παm± π/2 for somem ∈ Z.

Proof. For a givenθ = 2παm± π/2 we consider the representationρθ of theC∗-algebra
A on the Hilbert spacè2(Z) which is determined by the assignments

ρθ (u)ξn = ξn+1, (ρθ (v)ξ)n = eθiλ−nξn.
Sinceρθ (v + v∗)δm = 0, where

δm(n) =
{

1 for n = m,

0 for n 6= m,

Theorem 2.1 yields thatρθ (e−f (uv
∗))δm is the desired solution. Expanding the function

e−f into a Laurent series shows that this solution decays exponentially for|n| → ∞ as
claimed. 2

Remarks.
(1) Employing the formalism developed in [R], one can show that the inequality sign in

Corollary 2.2 can be replaced by an equality sign.
(2) It is well known that without any diophantine condition forα there may be no

localized eigenfunction at zero at all for the almost Mathieu operatorh, even when
the Lyapunov index is strictly positive. However, it can be shown (for realβ) that,
regardless of the diophantine nature ofα, the (averaged) Lyapunov index at zero
always equals max{0, log |β|}.
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3.
We now turn to the second question raised in the introduction. Henceforth,α is an arbitrary
irrational number andβ is real.

LEMMA 3.1. For any two real numbersθ1 andθ2 the corresponding representationsρθ 1

andρθ2 of theC∗-algebraA are equivalent if and only ifθ2− θ1 ∈ 2παZ+ 2πZ.

Proof. If θ2− θ1 = 2παn+ 2πk,

ρθ2(a) = ρθ1(u)
−nρθ1(a)ρθ1(u)

n.

Thusρθ 1 andρθ 2 are equivalent. Now suppose thatρθ 1 andρθ 2 are equivalent. Then there
exists a unitary operatorw on`2(Z) such that

ρθ 2(a) = w∗ρθ1(a)w for every a ∈ A.
Substitutingv for a and letting

δn(k) =
{

1 for k = n,

0 for k 6= n,

we get

eiθ2λ−nδn = w∗ρθ1(v)wδn,

or

ρθ 1(v)(wδn) = eiθ2λ−n(wδn).
In other words,wδn is an eigenvector andeiθ2λ−n is an eigenvalue forρθ1(v). In particular,
{eiθ1λn | n ∈ Z} = {eiθ2λn | n ∈ Z} which is equivalent withθ2− θ1 ∈ 2παZ+ 2πZ. 2

THEOREM 3.2. If ξ(k) ∈ `2(Z) is an eigenfunction ofρθ k(h) for the eigenvalueχ
(k = 1,2), thenθ2− θ1 ∈ 2παZ+ 2πZ or θ1+ θ2 ∈ 2παZ+ 2πZ.

Proof. We recall from [R] that an eigenstate ofh for χ is a stateψ on theC∗-algebraA
satisfying

ψ(ah) = ψ(ha) = χψ(a) for all a ∈ A.
So the functionals

ϕk(a) = 〈ρθ k(a)ξ(k), ξ (k)〉 a ∈ A, k ∈ {1,2},
are pure eigenstates forχ . It was shown in [R] that there are at most two pure eigenstates
for χ . If ϕ1 = ϕ2, then the representationsρθ 1 andρθ2 must be equivalent [P, §3.3.7], and
Lemma 3.1 yieldsθ2− θ1 ∈ 2παZ+2πZ. If ϕ1 6= ϕ2, thenρθ 1 andρθ2 are not equivalent
andϕ2 = ϕ1 ◦ σ , whereσ is the automorphism ofA determined by the assignments
σ(u) = u∗ andσ(v) = v∗. This implies thatθ1+ θ2 ∈ 2παZ+ 2πZ. 2

Note added in proof.This paper was submitted for publication for the first time in 1995.
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