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1. INTRODUCTION

Let 6 be a real number, 0 < 0 < 1, and let {nf} be the fractional parts of the numbers nf,
n=1,2,... . One of the consequences of the Weyl criterion for a numerical sequence to have a uniform
distribution (see, for example, [1]) is that, for each Riemann integrable function f(x) on the closed
interval [0, 1], the equality

n—o0

B N &
hmn;f({w})—/of(m)dx (1.1)

holds if and only if 6 is an irrational number.

Hardy and Littlewood [2] studied the following question: For what values of 8, relation (1.1) holds for
some class of unbounded functions f in neighborhoods of the points z = 0 and z = 1?

In a further study of this question, Oskolkov [3] considered the class H of functions
f(x), =€(0,1),  f(04)=f(1-) = o0,
for which there exists avalue h = h(f) € (0,1/2) such that f(z) is nonincreasing on (0, k), nondecreas-

ing on (1 — h, 1), positive on these intervals, Riemann integrable on [—A, h], and the integral fol f(x)dx
converges.

The main result of [3] is the statement that, for f € H, relation (1.1) holds if and only if

f({ar0}) = o(qr), k — oo,

where gy, is the denominator of the convergent of order & of the continued fraction for the number 6.

Let us no longer require the convergence of the integral in the definition of the class H. The resulting
new class of functions will be denoted by A.

It follows from the results obtained below that, for a function f € A, the condition

F({aoh = o(a. [ T &), koo

/ar
is sufficient, while if
1-6

5(f(5)+f(1—5)):0< f(m)da;), 0 — +0,

)
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it is also necessary for the validity of the equality
1-1/n

1 n
10}) = (1+o0(1 x)dz, n — 0.
W 2SN = ko) [ 5 E

In particular, if the integral of f on [0, 1] converges, then we obtain Oskolkov’s result.

In the statements given below, we consider functions f decreasing on (0, 1]. Obviously, the case of
functions increasing on [0, 1) can also be reduced to this case. These statements can easily be extended
to functions from A, because, in their proofs, only the monotonicity of functions in neighborhoods of the
points x = 0 and = = 1 is essential.

2. AUXILIARY STATEMENTS

Lemmas | and 2 given below are only used to prove Lemma 3, which, in turn, serves to prove
Lemma 4. Lemma 3 actually contains the arithmetical part of the problem. Similar statements whose
form is not convenient for our purpose were given, for example, in [4, Chap. II, Sec. 3, Lemma 1] as well
as in[3].

For the convergents py /gy of a continued fraction § = [0; a1, as, . . .|, we use the notation from [3]:

=0, @a=1 @1 =arqk+q-1, Prk+1=apr+pPr—1, k=12,...,
which is in contrast, for example, to the notation irom the book [5], in which
Qk+1 = Qk41Gk + Qk—1,  Pk+1 = Gk1Pk +Pe—1,  k=0,1,....

By ||€]| we denote the distance from a real number £ to the nearest integer.

Lemma 1. Let s and iy be arbitrary integers, let k > 2, and let

ix(s) = qk<1 - {Sqq’“k‘l }) (2.1)

ik (8, 40) = io + ik(s), (2.2)
) 16(5, 1
x5 i0) = [lgeo)] 5 ) (23)
dk
Then
in(s,io)0 = "°P% 4 (—D‘H( i +sk<s,z'o>> + Ny, (2.4)
qdk dk

where Ny is an integer (Ng depends on s, k, ).

Proof. First, choose iy = 0 so that

ins,i0) = ie(s), eulsuio) = mls) = audl) 1)
d

Since

@d =pe + (D" Mabll,  prar-1— awpe—1 = (—1)*
(see[9]), it follows that

()0 = ) (4 (C1FTgub]) = (<1 u(s) + (1 B {sqqfl }>p“

qk

(s s SQp_
= (-1)* 1( + 77k(5)> + (PkQr—1 — QkPE—1) + Dk — { = }pk
qdk qk qdk

/[ s Sqp— Sqp_
= (-1)* 1( +77k(5)> + < e { g 1})1% — Pk—15 + Dk
qdk qk qdk

(2 ) + Mo
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Hence we have

. . . . 7 _ _ S
(s, 10)0 = (io + ()0 = 1 e+ (<14l + (1) 1<qk ; nk<s>) N,
_ 0Pk + (_1)k—1< S + ”quHZO + Zk(3)> + NQ,
dk qdk dk

which proves the assertion.
Lemma 2. /n the notation of Lemma 1, if ig > 0 and ig + qr < qx+1, then

{8 + 0P

} + er(s,10) for k odd,
qk

{z’k(s, 10)9} = s—i (25)
1-— { 0Pk } —ek(s,ip) for k even.
4k
Here
1
0 < eg(s,ip) < . (2.6)
dk

Proof. Indeed, ||gxf]|| < 1/qr+1 (see [5]) and ix(s,ip) = i + ix(s) < ip + qx (see (2.1)), so that, from
the conditions ig > 0, ip + g < gx+1 and from (2.3), we obtain (2.6). Relations (2.6), (2.4) and the
definition of the fractional part of a number imply (2.5).

Lemma3. Letn € N, let gy, < n < @m+1, m > 2, and let

n= Em:bsqs, (2.7)
s=1

be the Euclidean representation of the number n, where the by are integers, 0 < by < ag, by, > 1.
Set

k
nk:stqs, k=1,....m, mn,=mn, (2.8)
s=1
0 if{VQk—l} <1— le—1’
§=n(v) = U W o m, v=01,.. . .q—1. (2.9)
1 if{VQk—l} >1— le—1’
dk dk
For k such that b, # 0, we also set
. . VQ— .
i) =a (540 - {0 =1 (2.10)
g (Vv . vqy_
cus) = st ™7 < ) (545 - {511), =1
qk qk
Then 0 < ey ;(v) < 1/qy and, fori =i ;(v), v =0,1,...,q. — 1,
- eri(v) for k odd,
figy =4 % (2.12)
1—  —epj(v) Jorkeven.
dk
Here the function i =iy j(v) takes its values only from the sequence ig+ 1,i9+2,... %0 + q,
where
i 1= ng—1+ (J — 1)qx, (2.13)
whenever v assumes the values 0,1,...,q; — 1.
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Proof. Let s =0,1,...,q; — 1, and let v = v(s) be the remainder of the division of s 4+ (—=1)¥"Ligp;
by g, so that
s=v+(=1)"iopr  (modgp), (2.14)
-1 k—1;
{5+( ) Zop’f}: Y veln, g —1] (2.15)
dk dk

Using (2.14), (2.15), and the equality prqp_1 = (—1)* + qrpr_1 (see[5]), we obtain

sqr—1= (v + (=1)*iop)gh—1 = var—1 + (=1)*np_1prge—1 = vge—1 + ne—1  (modgi).  (2.16)
Therefore (see (2.1), (2.2),(2.13), (2.16), and (2.9)), for by, # 0, we can write

i(s,00) _ o+ ik(s) _ me-1 G-1)+ (1 3 {SQk—l }>

dk qk qk d
_ Mk—1 +i- {VQk—1+nk—1} — i+ {VQk—l}'
dk dk d
Hence
ik(s,i0) = ir;(v), (2.17)
ex(s,i0) = ex,;(V) (2.18)

(see, respectively, (2.10) and (2.3), (2.11)). Since
G0+ gk = nk—1+ Jqr < ng—1 + gk = nk < Grt1,

and i9 > 0, we see that the assumptions of Lemma 2 hold. Therefore (see (2.16) and (2.18)), we have
0 < er,j(v) < 1/qx, and, from (2.5), taking into account (2.17), (2.18), and (2.15), we obtain (2.12).

Obviously, ix(s, o) takes its values only from the series ig + 1,. .., 49 + gx Whenever s assumes the
values 0,1,...,qr — 1(see(2.1),(2.2)). Atthe same time, by (2.14), sis a function of v (s = s(v)) taking
its values 0,1, ..., qr — 1 whenever v ranges over the sequence of values 0,1, ..., gx — 1. Therefore, the
function i = iy, ;(v) = ix(s(v), i) takes its values ig +1,..., 49 + g Whenever v assumes the values
0,1,...,q — 1. The lemma is proved.

Lemma 4. Suppose that f(x) is a nonnegative nonincreasing function on (0,1], 8 = [0; a1, as, . . .]
is an irrational number on (0,1), qi are the denominators of its convergents,

1
5k=rmh{{%ﬁh };
dk

n is an arbitrary natural number, and the number m is defined by the condition

Gm <N < @mi1, m > 2;
let
n=> by (2.19)
k=1

be the Euclidean representation of the number n, and let the by be integers, 0 < by, < ay, by, > 1.
In that case, if

1
flor) = o<qk fx) dm), k — oo, (2.20)
1/qk
then
n m 1
Do) = (1 +0) Y brar | fla)da. (2.21)
i=1 k=1 1/qk
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Proof. For by # 0, set
Ik’,j:{nk’—l+(j_l)Qk+17"'7nk—l+jqk}7 jzlv"'7bk7 k:27"'7m
By Lemma 3, for i € I}, j, the numbers {if} coincide, up to permutation, with the numbers
v

+€k,j(y)7 V:0717"'7qk_17
qk
for k odd and with the numbers
1—V—€k,j(1/), v=0,1,...,q: — 1,
qk

for k even; here g, ;(v) € (0,1/qx), €k ;(0) = [|@b|| - j, j = 1,..., by.
Only one of the numbers {if}, i € I ;, satisfies the inequality {i#} < 1/q;. This holds for
i = 11,(0) = qj and k odd; the number in question coincides with

k,;(0) = llarbl - 7 = {awb} - j > 0.

Combining this result with the fact that the function f(x) is decreasing, for k odd, we obtain

ZEZI:kf{W} ) < f(0k) +qkzlf< ><f((5k)+f< >+qk ;qkf(m)da;
1

< 2f(0k) + gk f(z)dz. (2.22)
1/ax

Obviously, this inequality also remains valid for even k’s (even when the summand 2 () is replaced by

f0r) = f(1/aqr)).
Thus, (see (2.19) and (2.22)),

n m by
Mooy =>_>" > rie}) <2Zbkf ) + Zkak f(z)dx,
=1 k= 1] llelkj /qk
where, by condition (2.20),
1
flor) = L OLqE f(x)dex, ap — 0 for k — oo.
2 1/ax

Therefore, taking into account the fact that the function f is decreasing, we can write

1

Zf ({i0}) < (Zbqu ak) dm+Zbqu f(z) da. (2.23)

1/qm 1/qx
Set
-1
n:= arqy = —1+ Gm-1+ aqm

3

e
Il
—

(recall that agqr = qx+r1 — qx—1, g1 = 1). Obviously,

m ~ m—1
1 n{l

§ breqy - o < <~ E agqy - Oék> + o, (2.24)
) E N

(the elements ay, are independent of n). Here the expression in parentheses is the arithmetic mean of the
first m terms of the sequence
Oy ooy Oy vony A2y o 3y XYy vvvy Ofyev o Oy vty
N 7 N 7 ~
a1qitimes asqatimes apqrtimes
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tending to zero, and, therefore, it also tends to zero.

Since here nn < 2n, it follows that the left-hand side of inequality (2.24) is infinitely small as n — oc.
Therefore, from (2.23), we obtain the inequality

Zf{@} Zbqu o dm—l—o( 1 f(x)dm), n — oo. (2.25)

1/qm
On the other hand, for any k (even and, especially, odd), independently of condition (2.20), using the
fact that the function f is decreasing, we can write
1

> r{ie}) >Zf< >2qk fl@)dzs + f(1),  f(1) =0,

€15k 1/qk

m by m
Zf({w} ST F({aoy) >Zkak x)dz+ f(1) > by
i—1 k=1 j=1icly 1/ay, k=1

Combining this with inequality (2.25), we obtain (2.21). The lemma is proved.

3. MAIN STATEMENT. COROLLARIES

Theorem. Let f(x) be a nonnegative nonincreasing function on (0,1], let 0 be anirrational number
n (0,1), and let qi be the denominators of its convergents. Then the condition

1
it =ofa [ s@yde), koo (3.1)
dk
is sufficient for the following equality to hold:
n 1
i S F({i0}) = (14 o(1)) S e (3.2)
i=1 n
If
1
9) = o</ fx) dm), 0 — +0, (3.3)
5

then condition (3.1) is also necessary for the validity of (3.2).

Proof. Set 6p =1/qx(dx } 0). Since f(z) is nonincreasing and ||gxf| < 1/qx+1 = dx+1 for all
k=1,2,...,itfollows from (3.1) that

1
Gt (i) = [ f(a)da, (3.4)
k
where 7, — 0 as k — oo. Combining this with the fact that f is nonincreasing, we obtain
b 1
f@)do < 507G = | (@) (35)
041 Ok

so that, as k& — oo,
1

f(x)dx ~ 1 f(x)dx. (3.6)
O

Opt1

By Lemma 4, in view of (3.1), we can write

n m 1
Fi0) ~ 3 b [ f@)da. s ox. (37)
1 k=1 Ok

1=
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326 SEVAST'YANOV, YAKUPOV

In view of the Abel transformation, we have

Zbqu/ e da:—/ f(@)de- Zbqu—Z/ 2)do - szqz

By the definition of the numbers b;, we can write

k
0< > bigi < grsr,

i—1
whence
m—1 .5, k m—1 5k
[ t@de Y b Y an [ fw)ds
k=1 7 Ok+1 i=1 k=1 Ok+1
Set
m—1 m
= Gk =Y ak
k=1 k=2

Since q; < qx12 — qx+1, it follows that

m—
Z Ght2 = Qh1) + 1 + Gm = =3+ G + Gn—1 + gm < 3qm < 3n.
k=2

Using (3.5), (3.11) and taking into account the fact that, as k increases, so does the integral félk fx)

we can write

1m—l 1
quﬂ f dm<3n/ f(x) da <ﬁ;qk+1vk>=o<n/6mf<x>dx>.

Hence, from (3.10) and (3.8), we obtain

gbqu/(;f(@dx””/;f@)d% n — oo.

[t remains to use the inequalities

1 1 1
/ f@yde < [ fla)de < / f@)de,  dm <1< g,
Om 1/n

6m+1

obtaining (see (3.6))

/l f(x)dw ~ 1 f(z)de, n — oo.
Om 1/n

Relations (3.12) and (3.13) imply the equality (3.2).

(3.8)

(3.9)

(3.10)

(3.11)

dx,

(3.12)

(3.13)

Let us prove the concluding part of the theorem. First, note that the fact that the function f is

decreasing and condition (3.3) imply

:5f(a:) da < 51(5) = 0</61 (@) dx>.

(3.14)

Again, using the fact that the function f is decreasing and the property of the distribution of the sequence

{i0},i=1,...,q, forn = 1/q, we can write
n n—1 1
IS WTBESITES SCHEN LR SFOLE
i=1 i=1 n
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2/n

f({nb}) + f( )dx — f(z) dx

1/n 1/n
Hence, from (3.2) and (3.14), we obtain (3.1). The theorem is proved.

Remark. It follows from Khintchin’s theorem [5, Sec. 14, Theorem 32] that relation (3.1) holds for

almost all 8 if and only if the integral fo x) dx converges (see also[3]) and holds only for the numbers 6
of measure zero when the integral dlverges

In the last case, using the theorem proved above, we can obtain asymptotically sharp estimates for
averaged sums in terms of the universally accepted classification of irrational numbers. Let us do this
for the sums of the inverses (and more general sums) of the fractional parts {i6}, following the definition
given in [4, Chap. III, Sec. 2].

Let g = g(t) be a function increasing on [1,+00), g(t) > 1, and let By be a natural number, By > 10.
We shall say that 8 is a number of main subtype < g for all numbers > By if, for a given number B > By,
there exists a convergent p;/q; to 0, such that B < ¢; < Bg(B). In particular, if pg/qr and pr11/qxs1
are two successive convergents to 6 and g > By, then

k+1 < ar9(qx)-
Note that if 8 is a number of main subtype < g, then
1

llar0] > > :
2541~ 2qr9(qk)

I 6 is a number of main subtype < ayg, where o = «a(t) = o(1) as t — oo, then, in addition to the
notation used in [4], we shall stipulate that 6 is a number of main subtype < o(g). As usual, the
expression a ~ b and a/3 — 1 are equivalent.

Corollary 1. If 0 is a number of main subtype < o(logt), then, for any p > 0,

1o 1 1 \” 1 b
w2 (i) (l"g {w}> ~ p+1087) n oo (3.15)
=1

Conversely, if for any p > 0, relation (3.15) holds, then 0 is a number of main subtype < o(logt).
In particular, the equality

li
o0 nlogn Z {29}
holds if and only if 6 is a number of main subtype < o(logt).

Turning to the history of this question, we formulate the following result from [4, Chap. III, Sec. 2,
Theorem 2].

Theorem A (S. Lang). Let 0 be a number of main subtype < g for all numbers > By. Then, for all
integers n > By, we have

n 1 Bog(Bo)
ZZ:; (i0) < 2nlogn + 20ng(n) + Ky, where Ky < Z {19}

[t was also noted in [4] (see Chap. III, Sec. 2, Remark 1) that, for numbers 6 of constant type, i.e.,
such that, for all natural numbers ¢,

g8 > a’ a = const > 0,
q

the sum under consideration is greater than or equal to enlogn for some constant ¢ > 0 and all
sufficiently large n.
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f(z) = i(log i)p

relation (3.2) takes the form (3.15) relation (3.3) also holds.
Condition (3.1) takes the form

Proof of Corollary 1. For

1

A(log A)? = B, where A = ladl B = o(qr(log qx)P™).
k
Since A ~ B/(log B)P as A — o0, it follows that
1
= o(qx log qx.), k — oo.

llax0|l
But since g1 < 1/||qk0]| < 2qx+1, we have

@k+1 = o(qr log qk), k — oo.

Thus, 6 is a number of main subtype < o(logt); in view of the given arguments (for the function f(z)),
this is equivalent to condition (3.1) and, in view of the theorem, to equality (3.15). The corollary is proved.

Similarly, we can establish the following corollary.

Corollary 2. If 0 is a number of main subtype < o((loglogt)logt), then

1 < 1
n g {i0}log(e/{ioy) ~ 10818 T (3.16)

Conversely, if the asymptotics (3.16) is valid, then the number 0 is a number of main subtype
< o((loglogt)logt).

Results for functions of class A (see the introduction) are illustrated by the following statement.

Corollary 3. If 0 is a number of main subtype < o(logt), then
1 < 1 2
Z ) o~ logn, n — 0o. (3.17)
n = |sin(mif)| w
Conversely, if (3.17) is valid, then 0 is a number of main subtype < o(logt).

Note that the following theorem was established in [4] (see Chap. III, Sec. 2, Theorem 3).

Theorem B (S. Lang). Under the assumptions of Theorem A and of condition n > By, the
following inequality holds:

- 1
Z . v <dnlogn + 40ng(n) + 2Kj.
pat |sin(mif)]

In conclusion, it should be noted that if condition (3.3) is weakened to the condition

5(0) :O</61f(oc)dx>, 550,

we can obtain order-sharp upper and lower bounds for the averaged sums of the fractional parts {if} of
irrational numbers # of constant type involving functions of the form f(z) =1/2P,p > 1.
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