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1 Side and diagonal numbers
Heath [17, pp. 117-118]:
a1 = 1, d1 =1.

ap = Ap—1 + dn—l, d, = 2an+1 + dn+1-

d2 —2a2 =4a’_| +4dap_1dy_1 +do_y —2(a%_y +2an_1dp_1+d>_,)
=daZ 1 +4ani1dpir +doy g — 200 —4dap_1dy_q —2d%_,
=2a%_; —dj_,
= —(dy_y —2a;,_y).
As d? —2a% = 1,
d2 —2a2 = (—1)".
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2 Diophantus

If 22— Ay? = 1 and y = m(x+1) for rational m, then y? = m?(2% 42z +1), then
22 — Am?(2? + 2z + 1) = 1, then (Am? — 1)a® 4+ 2Am2x + Am? + 1 = 0. Write
(x+1)(pzr+q) = (Am? — 1)z + 2Am>x + Am? + 1. Then p2?® + (p+ )z +q =
(Am? — 1)2? + 2Am?x + Am? + 1. Then p = Am? — 1, ¢ = Am? + 1, and so
p+q=Am? — 1+ Am? +1 = 2Am?. Thus if 2 # —1 then pr + ¢ = 0 and
hence (Am? — 1)x + Am? + 1 = 0. Hence (Am? — 1)z = —(Am? + 1) and so

T = —f‘zzi. Thus
Am? +1 m —2m
= 1) = S (= Am2-14+Am2-1) = —""
y=m(z+l) m( Am2—1+>Am2—1( m +am ) Am?2 —1

Therefore for rational m,

_ Am? +1 _ —2m
T Am2 -1’ Y= Am2 —1

satisfy 22 — Ay? = 1. cf. Heath [17, pp. 68-69], Nesselmann [24, p. 331].
Diophantus V.11: 302241 = y2. Say y = 5z +1. y? = 2522 +10x+1. Then
522 —10z =0,s0 z =0o0r 52 —10=0,i.e. t=0o0r z =2. Hencex =0,y =1
and x = 2,y = 11 satisfy 3022 + 1 = ¢2.
Diophantus V.14 [17, pp. 211-212]. 34y? +1 =22 Say 2 = 6y — 1. 22 =
36y? — 12y + 1. Then 2y% — 12y = 0, i.e. y(y —6) =0soy =0 or y = 6. Then
z=—-1,y=0and z = 35,y = 6 satisfy 34y + 1 = 22.

3 Fermat
Fermat, February 1657 [31, p. 29]:

Given any number not a square, then there are an infinite number of
squares which, when multiplied by the given number, make a square
when unity is added.

Example. Given 3, a nonsquare number; this number multiplied by
the square number 1, and 1 being added, produces 4, which is a
square.

Moreover, the same 3 multiplied by the square 16, with 1 added
makes 49, which is a square.

And instead of 1 and 16, an infinite number of squares may be found
showing the same property; I demand, however, a general rule, any
number being given which is not a square.

It is sought, for example, to find a square which when multiplied
into 149, 109, 433, etc., becomes a square when unity is added.



4 Wallis

Wallis [1, p. 546].
Stedall [29]

5 Brouncker

Weil [32, pp. 92-99].

6 Ozanam

Ozanam [25, pp. 503-516], Liv. III, Quest. XXVI.

7 Continued fractions

Let
lag,a1] = ap + —
a
and
[ag, ... an_1,an] = |Go, ... ,Qn_2,0n_1 + —]|.
n
Then for 1 <m < n,
[ag, ... yan] =[ao, .- Gm-1,[Am,- ., an]]-
Define
Po = ao, q =1, p1 = aiap + 1, Q1= a1

and for n > 2,

Pn = GpPn—1 + Pn-2, Qn = QnQn—1 + qn—2-

Hardy and Wright [13, p. 130, Theorem 149]. For n > 0,

Pn
[a())"'aan] =
dn
Forn>1,
Prln—1 — Pn—1qn = (—1)"7".
For n > 2,
Pndn—2 — Pn—24n = (71)”‘0‘”
For n > 0 let

al, = lan, anit, ...



For x = [ag, a1, ...,

!/
g — InPn-1tPn-2 n>9.

a{nqnfl + dn—2 ’
Hardy and Wright [13, p. 144, Theorem 176]. A continued fraction [ag, a1, . . .|
is said to be periodic if there is some L > 0 and some k > 1 such that a;1 = a;
foralll > L.

Theorem 1. If z = [ap,aq,...] is a periodic continued fraction, then x is a

quadratic surd.

Proof. Let
ar, - arth-1 = laL,az41,- -] = af.
Thus
gy -+ QL 1,00, AL 11, = (G0, a1 _1,a}]
= [ao,...,ar—1,aL, -, 0Lt k1]

Asarir =ar,ar4p41 =041, .- -

!
ap =lan,an41,-.

]

= [G/L; aL+17 . )aLJrkfla ar, aL+17 LY
i
= [CLL, AL 415+ +k—1, (LL}.
Let
/ /!
- = [aL,aLH, e 7aL+k—1], — = [aLvaLJrla cee aaL+k72]'
q q
/
For t = [ar,ar+1,---,aL4k-1,07],

B aILp/_’_pI/ B p/t+p//

- CLILC]I"F(]N - q’t—l—q”.

Hence ¢'t? + ¢""t = p't +p”, so ¢'t> + (¢" — p')t — p" = 0. For = = [ag, a1, .. ],

_aipro1+proo

arqr-1+qr—2
Then
/ PrL—2 —qrL—2%
G,L = -
qr—1T — PrL—1

Thus, with ¢t = a7,

2
—2 —qrL—2%
qd (pL 2 —4qrL-2 ) +(q" -

/)pL—z —qL—2%
qr—1T — Pr—1

qr—1T — Pr—1

_ p// —0.
Then

/!

¢ (Pr—2—qr—22)*+(¢" ) (Pr—2—qr—27)(qr—12—pr—1)—D" (q1-12—pr—1)* = 0.



Therefore there are integers a, b, ¢ such that
ax? +bx+c=0.
This means that x is a quadratic surd, as x is irrational. O

Example. Say ¢ = [3,2,7,4,5,1,12]. L =4,k = 3.

p/ 77 p/I 6

P19 = P g2

q, [ ) Ly ] 133 q/, [ ’ ] 1
PL—1 D3 215 PL—2 P2 52
P339 74 =22 _ P2 3977222
qr-1  q3 | } 62 qr—2 Q2 [ ] 15

Then

"o " 2

qd(pr—2 —qr22)*+ (¢ — ) (pr—2 — qr—27)(qr12 — pr_1) — " (qr—12 — pr_1)
=13(52 — 152)2 + (1 — 77)(52 — 152)(62x — 215) — 6(62z — 215)>
=5054122 — 3504442 + 607482.

Hence z = [3,2,7,4,5,1,12] satisfies
5054122 — 3504442 + 607482 = 0.

In fact,

175222 + 1522
B 50541
Hardy and Wright [13, p. 144, Theorem 177].

Theorem 2. If z is a quadratic surd, then the continued fraction of x is periodic.

Example. Say 22 = 218. 142 = 196.

1
V218 =14+ v218 - 14 =14+ ——.

1
V218 — 14
1 V218 + 14
V218 — 14)(vV218 4 14) = 218 — 196 = 22, = .
( ) ) V218 — 14 22

We do not need to compute the decimal expansion of v/218; we merely have to
calculate | Y23E | Using 14 < /218 < 15,

__ :1+7m+14—1:1+7¢m_8.
V218 — 14 22 22
Then ) )
\/ﬁ=14+1+\/m_8=14+1+1
22 22
V218 — 8



(V218 — 8)(V218 + 8) = 218 — 64 = 154, L _ V2848

V218 —8 154
Then
22 22218+ 176
V218 —8 154
Using that 14 < /218 < 15,
_ 22 g 22284176, o 22V218 - 286
V218 —8 154 - 154
Then
1 1
V218 = 14 + - =14+ -
1+ 1+
22\/21 — 286 1
34 —M—
154 154
22,/218 — 286
(22v/218 — 286)(22V/218 + 286) = 222 - 218 — 2862 = 23716,
1 ~22¢/218 + 286
22,/218 — 286 23716
154 _ 3388/218 + 44044
22,/218 — 286 23716
Using 14 < V218 < 15,
154 3388v/218 + 44044 N 33881/218 — 27104
22218 — 286 23716 - 23716 '
Then
1 1
V218 = 14+ : = 14+ -
1 1
* 1 * 1
3+
3388v/218 — 27104 - 1
23716 23716

3388v/218 — 27104
(3388v/218 — 27104)(3388v/218 + 27104) = 33882 - 218 — 271042 = 1767695776,

1 | 3388v/218 427104
3388218 — 27104 1767695776
23716 33881/218 + 27104
3388/218 — 27104 1767695776



Using 14 < /218 < 15,

23716 3388+/218 4 27104
=1+ 23716 - -
3388v/218 — 27104 1767695776
B 80349808+/218 — 1124897312
o 1767695776
Then
1
V218 = 14 + I
1
* 1
3+

1
80349808218 — 1124897312
1767695776

=14+

1+

3+
3+

1
1767695776
80349808218 — 1124897312

14

(80349808v/218—1124897312)(80349808+v/218+1124897312) = 142034016204011008.

1767695776 80349808218 4 1124897312
= 1767695776 -
80349808218 — 1124897312 142034016204011008

Using 14 < /218 < 15, the floor of the above quantity is 28. Hence

1767695776 _os 4 142034016204011008+v/218 — 1988476226856154112

80349808218 — 1124897312 B 142034016204011008

=28 + V218 — 14.
Then

1
V218 =14 + .
1
" 3+ !
1
3+

1
I
28 4 /218 — 14



Thus for x = /218,

r—14 =
1+

3+

1
R 1
28 +a — 14

3+
1

Thus for t = x — 14,

1+

28 4+t
Therefore t = (0,1, 3,3,1,28]. Hence x = 14 +t = [14,1, 3, 3,1, 28]:

V218 = [14,1, 3,3, 1, 28).

8 Euler

Euler, Algebra [10], Part II, Chapter VII.

9 Lagrange

Konen [20, pp. 75-77].

10 Chakravala

Hankel [12, pp. 200—203]
Strachey [30, pp. 36-53]. Dickson [5, pp. 349-350].
Colebrooke [3, pp. 170-184]
Colebrooke [3, pp. 363-372]
Datta and Singh [4, II, pp. 93-99]
Datta and Singh [4, II, pp. 146-161]
Datta and Singh [4, II, pp. 161-172]
Suppose that p,, g, are relatively prime and

Aqg;, +sp = pi'

If d is a common factor of ¢, and s, then d | p2, so d is a common factor of p?
and ¢2, which implies that p, and g, have a common factor, a contradiction.



Therefore ¢, and s,, are relatively prime. Because ¢, and s,, are relatively prime,
by the Kuttaka algorithm there are some p,,, p!, satistying —gnpn + Snpl, = Dn.

!

For Tn = Pn + ann, Ty = ﬂ;z + anna

—qnTn + SnTh = —Qn(pn + knsn) + $n(p), + kngn)
= —Qnpn — knGnsn + SnP;l + kngnsn
= —Qnpn + Snp;z
=p,.

Take 7, < VA <1y + [8,]. 7], = E2t0eln Tet

DPnGn+1 — 1
qn+1 = 7“;” Pn+1 = %, Sn+1 = piﬂ - AQZH-
n
Example. 69y% +1 =22 A = 69.
Aqg + 50 = pg: po = 8,90 = 1,50 = —5.
Do + qopo = pLSo is equivalent to 8 + pg = —5p). It is satisfied by pg =
—8,pp = 0. Take ro = —8 — 5ko = 7. rf = botdoro — 8407 — 3,
q = —3.
_popp—1 8- -3-1
9o 1

Y41 —25.

S1 ZP% —AQ% = 4.
p1 4+ q1p1 = pis1 is equivalent to —25 — 3p; = 4p}. This is satisfied by
p1=1,pf = —7. Take r; = 144ky = 5. Then rj = BEO0 — =25-35 — (),
42 = —10.

i1 —25--10—1
Q1 -3

P2 —83.

59 =p2 — Ag3 = —11.
P2 + qapa = phse is equivalent to —83 — 10p; = —11ph. This is satisfied by
pa = 6,ph = 13. Take ry = 6 — 11ky = 6. Then 7} = P2tfars — 85200 _ 13,
qs = 13.

_pQQ3—1 - —83-13—-1
o q2 o —10

p3 = 108.

33:p§qu§:3.

p3 + q3ps = psss is equivalent to 108 + 13p; = 3p4. This is satisfied by
p3 =0, ph = 36. Take r3 = 36 + 3k3 = 6. Then r} = p3+s‘§3r3 = 1084136 — @2,
qq = 62.

_p3Q4—1 - 108-62 —1
- qs3 o 13

= 515.

yZ

sy =ps — Ag? = —11.

D4 + qaps = p)s4 is equivalent to 515 + 62pg = —11p);. This is satisfied by
ps =5,p) = —T5. Takery =5—11ky = 5. Thenr) = MJ;ZU4 = 515_+1612'5 = —75.




Q5:—75.
Cpags— 1 515--75-1

q4 62

= —623.

Pps

5 =ps — Ags = 4.

s + q5p5 = psss is equivalent to —623 — 7Hps = 4pL. This is satisfied by
ps = 3,p5 = —212. Take r5 = 3+ 4ks = 7. Then rf, = p5+SZ5T5 = 76234775'7 =
—287.

de = —287.

psgs—1  —623.—287—1
I =75

= —2384.

Ps

s6 = pg — Agi = —5.
D6+ Geps = piSe is equivalent to —2384 — 287ps = —5pj. This is satisfied by

pe = 3, p = 649. Take rg = 3—5k = 8. Then rj = Petdore — —2381-28T8 — 936,
g7 = 936.
peqr —1  —2384-936 — 1
= = = T7T75.
b a5 987
st =p7 — Ags = 1.
Therefore

77752 — 69 - 9362 = 1.

Thus v/69 ~ T3

Example. 91y% +1 =22 A =091.

Agg + so = pg: po=10,q0 =1, 50 = 9.

Po+4qopo = pjso is equivalent to 10+ pg = 9pj,. This is satisfied by py = —10,
po = 0. Take rg = —10 4+ 9k¢ = 8. Then r{ = LEZOTO = 71051'8 =2.

Q= 2.

7])0(]1717102717
q0
slzpfquf:f&

1 19.

p1 4+ q1p1 = pis1 is equivalent with 19 + 2p; = —3p}. This is satisfied by
p1=1,p4 = =7. Take r; =1 —3ky = 7. Then rj = 200 — 19427 — 17,
g2 = —11.
_pig—1 19--11-1

G 2

= —105.

b2

s9 = p3 — Ags = 14.

D2+ qap2 = phse is equivalent with —105 — 11py = 14p5. This is satisfied by
p2 =T7,ph = —13. Take ro = 7,75 = —13.
qs = —13.

1 —105--13—1
_pgs 1 21052131 o

D3 & 11

s3=p3 — Ags = —3.

10



p3+q3ps = phss is equivalent with —124 — 13p3 = —3p4. This is satisfied by
p3 =2, ph = 50. Take r3 =2 — 3k3 = 8. Then 1§ = pgtzg""?’ = *12‘:13'8 = 76.
44 = 76.

= 725.

_p3(]4—1 o —124-76 -1
e -3
sq=pr—Ag: =09.
D4+ qaps = plyss is equivalent with 725 4+ 76py = 9p/. This is satisfied by

ps=1,p) =89. Take rqy =1, ) = 89.

Q5=89.
C pags—1  725-89—1

qa 76
s5 = ps — AgZ = —10.

D5 + ¢sps = pkss is equivalent with 849 + 89p5 = —10p;. This is satisfied by
ps =9, ps = —165. Take r5 = 9,7, = —165.

= 849.

Ps

de = —165.
-1 49 . —-165 —1
g pts =1 819716521 0,
qs 39
s6 = pg — Agg = 1.
Therefore

15742 — 91 -165% = 1.

Thus V91 ~ %.

Example. 109y% + 1 = 22. A = 109.

Ayt + 50 = 23 19 =10, yo = 1, 89 = —9.

Zo + Yopo = Sopy is equivalent to 10 + pg = —9pj. This is satisfied by
po = —10, pj = 0. Take rg = —10+9kg = 8. Then r{, = %’0’0”’ = % = -2

y1=—2.
71’0y171710‘72717

1 = —21.
! Yo 1

sy =x7 — Ay} = 5.
1 4+ y1p1 = pis1 is equivalent with —21 — 2p; = 5p). This is satisfied by
p1=2,p) = —5. Take r; = 2+ 5ky = 7. Then rf = BEhn — 2127 — _7,

Yo = —T7.

_1’13/2—1_—21'—7—1_

— —73.
? n -2

59 =13 — Ays = —12.

Za + Yapa = phsa is equivalent with —73 — 7py = —12p). This is satisfied by
p2 =5,p5 =9. Take ro = 5,75 = 9.
y3 =9.
T3 = xgyg—l _ -73-9—-1 — 94
Y2 =7

11



s3=x2— AyZ =1.
X3 + ysps = phss is equivalent with 94 + 9p3 = Tp4. This is satisfied by
ps = 2,py = 16. Take ry = 2+ Tky = 9. Then rj = Taflars — 9499 — 95,

y4:25.
zays—1  94-25-1

Ys

= 261.

S4 = xi —Ayi = —4.

X4 + yaps = p)sa is equivalent with 261 + 25p, = —4p/,. This is satisfied by
ps = 3,py = —84. Take ry = 3 —4ky = 7. Then rj = Zif¥ars — 061487 _
—109.

Ys = —109.

Tays —1  261-—-109 — 1
Yy 25

T5 = = —1138.

s5 =7 — Ayz = 15.
T5 + Ysps = phss is equivalent with —1138 — 109p5 = 15p5. This is satisfied

by ps = 8, p5 = —134. Take r5 = 8,rf = —134.
Yo = —134.

sy —1  —1138-—134 —1

= = —1399.
Ys —109

Teg —

s6 = s — Ay = —3.

Tet+yYsps = piSe is equivalent with —1399—134ps = —3p;. This is satisfied by
pe = 1, pl = 511. Take r¢ = 1 — 3k = 10. Then rf = %ggm = =1399- 13410 _
913.

Y7 = 913.

zoyr — 1 —1399-913 — 1
i Y6 “134

sy =22 — Ay? = 3.

x7 + yrp7r = phsy is equivalent with 9532 4+ 913p; = 3p%,. This is satisfied by
p7 = 2,py = 3786. Take r7 = 24 3k; = 8. Then rf = rE¥rrz — 953249138 _
5612.

Ys = 5612.

zrys —1  9532-5612 — 1

= 58591.
" o1 5859

sg = x% — Ayg = —15.

xg+Ysps = pySs is equivalent with 58591 +5612ps = —15p5. This is satisfied
by ps = 7, pt = —6525. Take rg = 7,75 = —6525.

12



yo = —6525.

zsyo — 1 58591 —6525 — 1
= = = —68123.
o ” o1 68123

s9 = w2 — AyZ = 4.

Tg +Ygpg = PhSg is equivalent with —68123 — 6525p9 = 4py. This is satisfied

by po = 1,ph = —18662. Take rg = 1+ 4kg = 9. Then r§ = % =
—681234—65259 = —31712.
Y10 = —31712.
TolYi10 — 1 —68123 - (—31712) —1
= = = —331083.
10 Yo —6525
S10 = x%o - Ayfo = 7.

Z10 + Y10P10 = PhoS1o is equivalent with —331083 — 31712p19 = —7p),. This
is satisfied by p19 = 5, pj, = 69949. Take r19 = 5,7}, = 69949.
y11 = 69949.

z0y11 —1  —331083 - 69949 — 1

= = 730289.
Y10 —31712

Z11 =

S11 = .Z‘%l — Ay%l =12.

x11 + Y11p11 = P11511 18 equivalent with 730289 4+ 6994911 = 12p/;. This is
satisfied by p11 = 7, pj; = 101661. Take r1; = 5,7}, = 101661.

x1iy12 —1 730289 - 101661 — 1

= = = 1061372.
12 i 69949
S19 = m%z — Ay%Q = —5.
T12 + Yy12p12 = pPlosS12 18 equivalent with 1061372 4+ 101661p12 = —5p)s.
This is satisfied by p1a = 3,ply = —273271. Take r15 = 3 — 5k15 = 8. Then
7“/12 — TizdyieTiz _ 1061372ir;01661~8 — —374932.

S12
Y13 = —374932.

T12Y13 — 1 1061372 - (*374932) -1
_ _ = —3914405.
s Y12 101661 3914405

2 2
813 = T13 — Ay13 =9.

x13 +Y13p13 = Pi3S13 1S equivalent with —3914405 — 374932p13 = 9p) 5. This
is satisfied by p13 = 1,pj3 = —476593. Take r;3 = 1 + 9k13 = 10. Then
- r13+Y13713 _ —3914405—374932-10 _ —851525

T13 s13
Y14 = —851525.

Z13y14 — 1 _ —3914405 - (—851525) — 1

= —8890182.
Y13 —374932

T4 =

13



2 2
s14 = 274 — Ayiy = —1.

Z14 + Y14p14 = pi4S14 is equivalent with —8890182 — 851525p14 = —pl,.
This is satisfied by p14 = 0,p}, = 8890182. Take r;4 = —ki4 = 10. Then
7,/14 — T14+Y147T14 — —8890182_—1851525-10 — 17405432.

s = 17405432,

T14Y1s — 1 —8890182 - 17405432 — 1
1 14 851525

s15 = a5 — Ayls = 9.
r15 = 8,715 = 35662389.
Y16 = 35662389.

T15Y16 — 1 _ 35662389 - 35662389 — 1

= 372326272.
Y15 17405432

Z16 =

2 2
S16 — 1’16 - AylG = _5.

p16 = 2, ph = —88730210. 716 = 2 — k16 = 7. Then r}5 = —124392599.
Y17 = —124392599.
z17 = —1298696861.

S17 = 12.

r1s = 5,715 = —160054988.
Y18 = —160054988.
21 = —1671023133.

S18 = —7.

p1o = 2, pho = 284447587, Take ryg = 2 — Thig = 9. Then 1/ = 444502575.
Y10 = 444502575.
219 = 4640743127.

S19 = 4.

pa0 = 3,phy = 1493562713, Take 199 = 3 + 4kgg = 7. Then rh, =
1938065288.
Y20 = 1938065288
20 = 20233995641,

So0 = —15.

roy = 8,7, = —2382567863.
ya1 = —2382567863.
Ty = —24874738768.

S21 = 3.

pa2 = 1,phy = —9085768877. Take roy = 1+ 3kyy = 10. Then 15y =
—16233472466.

14



Yoo = —16233472466.
Tog = . — 169482428249.

S99 = -3.

P23 = 2,phs = 67316457727. Take 193 = 2 — 3kgg = 8. Then rf; =
99783402659.
Yoz = 99783402659.
To3 = 1041769308262.

S§23 — 15.

ros = 7,75, = 116016875125.
yos = 116016875125.
o4 = 1211251736511.

S04 = —4.

pas = 1, phs = —331817152909. Take ros = 1 — 4kas = 9. Then rh; =
—563850903159.
Y25 = —b63850903159.

Tos = . — 5886776254306.

S95 = 7.

Tog = D,Thg = —1243718681443.
Yo = —1243718681443.

Tog = —12984804245123.

8262.—12.

ror = 7,74, = 1807569584602.
yor = 1807569584602.

To7 = 18871580499429.

S97 = 5.

pas = 3,phy = 4858857850647. Take rog = 3 + Bkag = 8. Then rhy =
6666427435249.
1Yo = 6666427435249.

Tog = 69599545743410.

S98 = —9.

P29 = 1, phy = —8473997019851. Take 799 = 1 + 9kog = 10. Then rhy =
—15140424455100.

15



Yoo = —15140424455100.
Tog = —158070671986249.

S99 = 1.

Therefore

158070671986249% — 109 - 151404244551002 = 1.

Thus /109 ~, 158070671986249

15140424455100 *
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