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Abstract
There is not much that can be said for all x and for all n about the

sum
P
P | sin kx|
However, for this and similar sums, series, and products, we can establish
results for almost all x using the tools of continued fractions. We present
in detail the appearance of these sums in the singular series for the circle
method. One particular interest of the paper is the detailed proof of a
striking result of Hardy and Littlewood, whose compact proof, which del-
icately uses analytic continuation, has not been written freshly anywhere
since its original publication. This story includes various parts of late
19th century and early 20th century mathematics.
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1 Introduction

In this paper we survey a class of estimates for sums, series, and products that
involve Diophantine approximation. We both sort out a timeline of the literature
on these questions and give careful proofs of many lesser known results. Rather
than being an open-pit mine for the history of Diophantine approximation, this
paper follows one vein as deep as it goes.

For x € R, we write ||z|| = mingez | — n|, the distance from x to a nearest
integer. In this paper we give a comprehensive presentation of estimates for
sums whose jth term involves ||jz| and determine the abscissa of convergence
and radius of convergence respectively of Dirichlet series and power series whose
jth term involves ||jz||. We also give a detailed proof of a result of Hardy and

Littlewood that Y
. T 1
7}1_)120 (H | sin k7r:L‘|> =3

k=1

for almost all z.

We either prove or state in detail and give references for all the material
on continued fractions and measure theory that we use in this paper. Many of
the results we prove in this paper do not have detailed proofs written in any
books, and the proofs we give for results that do have proofs in books are often
written significantly more meticulously here than anywhere else; in some cases
the proofs in the literature are so sketchy that the proof we give is written from
scratch, for example Lemma [9] Our presentation of Hardy and Littlewood’s
estimate for []}_, |sinwkz| makes clear exactly what results in Diophantine
approximation one needs for the proof.

In the next section we introduce the Bernoulli polynomials, the Euler-Maclaurin
summation formula, and Euler’s constant, which we shall use in a few places.
Because the calculations are similar to what we do in the rest of this paper and
because we want to be comfortable using Bernoulli polynomials, we work things
out from scratch rather than merely stating results as known. In the section
after that we summarize various problems that involve sums of the type we are
talking about in this paper.



2 The Bernoulli polynomials, the Euler-Maclaurin
summation formula, and Euler’s constant

For k > 0, the Bernoulli polynomial By (z) is defined by

2et? 0 Zk
e ZBk(x)H, 2| < 2. (1)
k=0

The Bernoulli numbers are By, = Bj(0), the constant terms of the Bernoulli
polynomials. For any x, using L’Hospital’s rule the left-hand side of tends
to 1 as z — 0, and the right-hand side tends to By(z), hence By(z) = 1.
Differentiating with respect to x,

e k k

> 2k 22e72 Pl > z
B, — = = B = Bi_
kzz;) K@) = e kZ:O K@) ; b 1(”5)(1«—1)!’

By (z) By—1(x)

k! (k—1)1 »

B]IC((E) = k‘kal(LC).

so B{(x) =0 and for k > 1 we have ie.

Furthermore, integrating with respect to 2 on [0, 1] gives, since [e™*dx =

e*—1
o 1 Zk
1=)" (/0 Bk(x)dx) o lel<oem

k=0
hence fol Bo(x)dx =1 and for k > 1,

/01 Bi(z)dz = 0.

The first few Bernoulli polynomials are
1 2 3 2

1 1
Bo(z) =1, Bl(ac):x—i, Bo(z) == —x—&—é, Bg(l‘):$3—§l‘ +§1‘.

The Bernoulli polynomials satisfy the following:
Ze(m-i—l)z
e —1
ze"*(e* —141)
er —1

E Bi(z+1)— =
k!
k=0




hence
B(z +1) = ka* "' + Br(x), k>1,z€R. (2)

In particular, for k& > 2, By(1) = By(0). The identity yields Faulhaber’s
formula, for £ > 0 and positive integers a < b,

Z ok Bry1(b +k1—)'—1 Bk+1(a)' (3)

a<m<b

The following identity is the multiplication formula for the Bernoulli
polynomials, found by Raabe [117, pp. 19-24, §13].

Lemma 1. Fork>0,qg>1, and x € R,

q—1 .
¢Bi(qz) = ¢ Z By, (CL’ + Z]) .

Jj=0

Proof. Using (2)) with x = %ﬂ =n+1

. q J J
n+j)k = B n+>+1)-B n+=)),
(¢ J) I<;+1< k+1( p ) k+1( q))

Q

o~

thus
Ng—1 N—1g—1
> mt= (ng + )"
m=q n=1 j=0
gt g—1N-1 i ;
T k414 Z (Bk+1 <n+q+1> — Bt <n+q>>
7j=0 n=1
qk = J j
- Bryi {N+= ) =Brgpr | 1+=] ).
k+1<4 q q
7=0
Then by (3),
q—1 j j
By41(aN) = Bira(a) = ¢" Y (Bk+1 (N + q> — Bin <1 + q>> .

Jj=0

Let Fyq(z) = Bgii1(gz) — ¢~ Z?;é Byyi1(x + j/q), which is a polynomial of
degree < k4 1. The above means that for N > 1, Fy ((N) = Fj 4(1), which
implies that the polynomial Fj q(x) — Fy 4(1) is identically 0 and, a fortiori,
Fy. (z) is identically 0:

q—1 .
J
4B 41 (qx) — ¢ Z Bl (1‘ + q> =0.
j=0



O

We remark that for prime p and for k£ > 0, one uses Lemma [I| to prove
that there is a unique p-adic distribution pp j on the p-adic integers Z, such
that pupr(a +pN7Z,) = pNFVBy(a/pN) [T7, p. 35, Chapter II, §4], called a
Bernoulli distribution.

For x € R, let [z] be the greatest integer < z, and let R(z) = z — [z], called
the fractional part of x. Write T = R/Z and define the periodic Bernoulli
functions P : T — R by

P, = B, oR.

For k > 2, because By (1) = By(0), the function Py, is continuous. For f : T — C
define its Fourier series f : Z — C by

f(n) = /T fe-2mintar, e

For k > 1, one calculates P, (0) = 0 and using integration by parts, Py(n) =
——L _forn # 0. Thus for k > 1, the Fourier series of Py is

(2min)k

- . 1 .

2mint —k 2mint

Pi(t) ~ E Py(n)e = _7(2m')k E n~"e .
nez n#0

For k > 2, 32,c; | Pr(n)| < oo, from which it follows that 3, <y Pi(n)e?™t
converges to Py (t) uniformly for ¢t € T. Furthermore, for ¢t ¢ Z [98, p. 499,
Theorem B.2],

o0

1 1
Pi(t)=—— — sin 27nt.
1(1) W;nsm ™

1 1 1 <= sink
Bl(mr)—Pl(%)—‘ﬂkZ_l P

The Euler-Maclaurin summation formula is the following [98] p. 500,
Theorem B.5]. If a < b are real numbers, K is a positive integer, and f is a C¥
function on an open set that contains [a, b], then

Thus for example,

b K (_1)k
3 f(m) = / f@)de + 7 2= (Pe®) 47D 0) = Pia) [ (@)
a k=1 ’

a<m<b

_\K b
_{ 12 / Prc(2) £ () da




Applying the Euler-Maclaurin summation formula with a = 1,b = n, K =
2, f(z) = logz yields [98] p. 503, Eq. B.25]

1 1
Z logn =nlogn —n + §logn+ 510g27r+0(n_1).

1<m<n

Using elton™) = 1 4 O(n~1), taking the exponential of the above equation
gives Stirling’s approximation,

n! =n"e""V2mn(1 + O0(n1)).

Write a, = —logn + Y, .., =. Because z — log(1 — ) is concave,
1 1 1
an—anlz—i—log(l—) <141-—-—=0,
n n n

which means that the sequence a,, is nonincreasing. For f(x) = %, because f is
positive and nonincreasing,

n+1
Z f(m) > / f(z)dz =log(n+ 1) > logn,
1<m<n 1

hence a,, > 0. Because the sequence a,, is positive and nonincreasing, there
exists some nonnegative limit, ~, called Euler’s constant. Using the Euler-
Maclaurin summation formula with a = 1,b =n,K =1, f(z) = 1, as Pi(z) =
[.Z‘] - %7

1 1 1 1 /M1 " 1
— =1 e —dz— | R(z)=d
Z - ogn+2n 24—2/1 o /1 (az:)%2 x,

1<m<n
1 (o] o0
Z —zlogn—/ igj)dar:—i-/ if)dac.
m ;o n T

1<m<n

which is

As 0 < R(x)x=? < 272, the function x — R(x)x~? is integrable on [1,00); let
C=1- [ R(z)z~2 Since 0 < [ R(z)z 2dzx < [ 2 2dz =n"",

1
Z — =logn+C+0(n1
m

1<m<n

f. But —logn+>1,,<n % — 7y as n — oo, from which it follows that C =~
and thus -

1
g — =logn+y+0(n1).
m
1<m<n



3 Background

For x € R, let [z] be the greatest integer < x and let R(z) = = — [z]. It will
be handy to review some properties of & — [z]. For n € Z it is immediate
that [x +n] = [z]. For z,y € R we have 0 < = — [z] + y — [y] < 2, which
means 0 = [0] < [z — [y] + v — [y]] < [2] = 2, and using [z + n] = [z] this is
0<[z+y|—[z] — [y] <2, therefore

[2] + [y] < [z + o] <[] + [y] + 1.

For m,ne€ Z,n > 1, and x € R,

) [

For n a positive integer and for real x,

[2] = {xﬂ(ﬂ < [JHH s---[x+n;1} <o+ 2] =@+

There is a unique v, 1 < v < n, such that [z 4+ 21| = [z] and [+ %] =
[z] + 1, and therefore [R(z)+ 1] = 0 and [R(z) + %] = 1, consequently
R(z)+ 21 < 1and R(x) 2 > 1, which means 1 — £ < R(z) <
which ﬁnally we get n < [nz] —nlz H—V <n+1andson=[nz]—nlz ]—l—u But
n—1 k v—1 n—1
> |+ ] = Solel 4 Xolel + 0 = vla] + (n = v)(el + 1) = nlel 41 v
k=0 k=0 k=v

and using v = n — [nz] + nlz],

n—1

3 [:13 + fl] — nfa] 4 — (n — [na] + nla]) = [nal.

k=0

This identity is proved by Hermite [62, pp. 310-315, §V].

The Legendre symbol is defined in the following way. Let p be an odd
prime, and let a be an integer that is not a multiple of p. If there is an integer
b such that a = b? (mod p) then (%) =1, and otherwise (%) = —1. In other
words, for an integer a that is relatively prime to p, if a is a square mod p then

(%) = 1, and if a is not a square mod p then % = —1. For example, one

checks that there is no integer b such that b> = 6 (mod 7), and hence (g) = -1,
while 32 =2 (mod 7), and so (%) = 1.
If p and ¢ are distinct odd primes, define integers ug, 1 <k < P5= L by

k
kq:p[ q} + up;
P



namely, ug is the remainder of kg when divided by p. We have 1 < uy <p—1.
Let u(g,p) be the number of k such that uy > %. It can be shown that [58|

p. 74, Theorem 92]
q
) (1 u(q,p);
(3) -

this fact is called Gauss’s lemma. For example, for p = 13 and ¢ = 3 we work
out that

Uy = 3, Uy = 6, Us = 97 Uy = 12, Uy = 2, U = 5,

and hence (3, 13) = 2, so (—1)#313) = 1; on the other hand, 4> = 3 (mod 13),

hence (1—33) = ’1 With
p—1

s =3 |4,

j=1
it is known that [58 pp. 77-78, §6.13]

S(q,p) = p(q,p) (mod 2).

And it can be shown that [568, p. 76, Theorem 100]

Sta.n) + S =5+ T 8

(2) (;) _ (C1)Hpa+utan)

= (=1)5a+S@p)

Thus

This is Gauss’s third proof of the law of quadratic reciprocity in the num-
bering [6, p. 50, §20]. This proof was published in Gauss’s 1808 “Theorema-
tis arithmetici demonstratio nova”, which is translated in [I34, pp. 112-118].
Dirichlet [36], pp. 65-72, §§42-44] gives a presentation of the proof. Eisenstein’s
streamlined version of Gauss’s third proof is presented with historical remarks
in [89]. Lemmermeyer [90] gives a comprehensive history of the law of quadratic
reciprocity, and in particular writes about Gauss’s third proof [90, pp. 9-10].
The formula resembles the reciprocity formula for Dedekind sums [I18], p. 4,
Theorem 1].

Gauss obtains () from the following [134, p. 116, §5]: if x is irrational and
n is a positive integer, then

zn:[k:x] + [i] m = n[nal, (5)
k=1 k=1



which he proves as follows. If [Z] < k < [ZE1], then [kz] = j. Therefore

sl = (1] 2)

k=1 j=1

Bachmann [5 pp. 654-658, §4] surveys later work on sums similar to (5]); see
also Dickson [33] Chapter X]. If m and n are relatively prime, then

(2 (2) () {2 2

and so
nle(km) 7n71§7l (n—1)n n-1
n n n 2 2
k=1 k=1
Hence
< [km km e km (m—1)(n—-1)
S [ (t) e
n n n 2
k=1 k=1 k=1

There is also a simple lattice point counting argument [I13, p. 113, No. 18] that

gives ().

In 1849, Dirichlet [35] shows that

n n

S =5 [2]

k=1 k=1

where d(n) denotes the number of positive divisors of an integer n. (This equal-
ity is Dirichlet’s “hyperbola method”.) He then proves that

n
Z [%} =nlogn+ (2y — )n + O(V/n).
k=1

Hardy and Wright [58 pp. 264-265, Theorem 320] give a proof of this. Find-
ing the best possible error term in the estimate for >_;_, d(k) is “Dirichlet’s
divisor problem”. Dirichlet cites the end of Section V Gauss’s Disquisitiones
Arithmeticae as precedent for determining average magnitudes of arithmetic
functions. (In Section V, Articles 302-304, of the Disquisitiones Arithmeticae,
Gauss writes about averages of class numbers of binary quadratic forms, cf. [34]
Chapter VIJ.)

Define (z) to be 0if x € Z+ %; if # ¢ Z + L then there is an integer m,
for which |x —my| < |x — n| for all integers n # m,, and we define (z) to be
x —mg. Riemann [120, p. 105, §6] defines

fy =3 02,

n=1

Ne



for any x, the series converges absolutely because |(—nz)| < % Riemann states
that if p and m are relatively prime and x = £, then

2m?’

772 7'(2
f®) = lm fle+h) = f(@)=qos,  fl@7) = lm flo+h) = f(@)+1—,
thus

7T2
fa) =1t = g,

and hence that f is discontinuous at such points, and says that at all other
points f is continuous; see Neuenschwander [I03] about Riemann’s work on
pathological functions, and also [114] p. 37]. For any interval [a,b] and any
o > 0, it is apparent from the above that there are only finitely many « € [a, ]
for which f(z7)— f(z*) > o, and Riemann deduces from this that f is Riemann
integrable on [a, b]; cf. Hawkins [60} p. 18] on the history of Riemann integration.
Later in the same paper [120, p. 129, §13], Riemann states that the function

~ (n2)
T ~—,
>
n=1
is not Riemann integrable in any interval.

In 1897, Cesaro [27] asks the following question (using the pseudonym, and
anagram, “Rosace” [107, p. 331]). Let e(z) = x — [z] — 3. Is the series

Z e(zx) ™

convergent for all non-integer 7 This is plausible because the expected value
of €(z) is 0. Landau [85] answers this question in 1901. Landau proves that if
there is some g such that

n

S lka] = DT og(m)
k=1

where g is a nonnegative function such g(n) = o(n) and such that > -, ngﬁ%
7)

converges, then (7)) converges. And he proves that if x is rational then (
diverges. We return to this series in
Also in 1898, Franel [49] asks whether for irrational z and for € > 0 we have

S [ka] = "("7;1)9” - g +O(n).
k=1

Then in 1899, Franel [50] asks if we can do better than this: is the error term
in fact O(1)? Cesaro and Franel each contributed many problems to L’Inter-
médiaire des mathématiciens, the periodical in which they posed their questions.
Information about Franel is given in [79].

10



Lerch [91] answers Franel’s questions in 1904. If z is irrational and £ is a
convergent of x (which we will define in §4)), then using Theorem [2| (from
we can show that if 1 <k < ¢ then [ka] = [P]. Lerch uses this and (6] to show
that if z is irrational and % is a convergent of x then

q
_qlg+ Dz ¢ 1
;[ka:]_ 5 s TR 0<R<g.

Lerch states that if the continued fraction expansion of x has bounded partial
quotients (defined in then, for any positive integer n,

Z[lm] = M - g + O(logn).

k=1

Lerch only gives a brief indication of the proof of this. This result is proved
by Hardy and Littlewood in 1922 [56] p. 24, Theorem B3], and also in 1922 by
Ostrowski [105] p. 81]. On the other hand, Lerch also constructs examples of
such that, for some positive integer c,

n

3 [ka] - n(n+ +

2l pt-t
2 2 '
k=1

Nevertheless, in 1909 Sierpinski [130] proves that if x is irrational then

n

Z[k::l:] = w - g +o(n).
k=1

A bibliography of Lerch’s works is given in [I33]. Lerch had written earlier
papers on Gauss sums, Fourier series, theta functions, and the class number;
many of his papers are in Czech, but some of them are in French, several of
which were published in the Paris Comptes rendus. Several of Lerch’s papers
are discussed in Cresse’s survey of the class number of binary quadratic forms
[34, Chapter VI].
In 1899, a writer using the pseudonym “Quemquaeris” [116] (“quem quaeris” =“whom

you seek”) asks if we can characterize ¢(n) such that for all irrational 6 the series

— &(n)
; sin nm6

converges. In particular, the writer asks if ¢(n) = % satisfies this. In the same
year, de la Vallée-Poussin [32] answers this question. (There are also responses
following de la Vallée-Poussin’s by Borel and Fabry.) For a given function ¢(n),
de la Vallée-Poussin shows that if we have a,, > m for all n, for a,, the nth
partial quotient of 6 and ¢, the denominator of the nth convergent of 6, then

the series -
Z B(n)
—~ sin nwd

11



will diverge. Hardy and Littlewood prove numerous results on similar series,
e.g. for ¢(n) = n~" for real r > 1 and for certain classes of 6, in their papers
on Diophantine approximation [55]. In 1931, Walfisz [146] p. 570, Hilfssatz 4]
shows, following work of Behnke [12] p. 289, §16], that for almost all irrational
x €[0,1], if € > 0 then

1
—— = O(n(logn)?**9),
2 gy~ Ot )

where ||z]| = min(R(z),1 — R(z)). Walfisz’s paper includes many results on
related sums.
In 1916, Watson [147] finds the following asymptotic series for S,, = Zzb;ll csc (%)

> B2 .(2%7 — 2)7%
J

Sy ~ 2nlog(2n) + 2n(y — log ) + ;(—UJW,

where v is Euler’s constant and B; are the Bernoulli numbers. Truncating the

asymptotic series and rewriting gives

2nl 2log2 + 2y — 21 1
_ 2nlogn 0g 2+ 2y ng—i—O().

s ™

Sn

For example, computing Siggo directly we get Sigoo = 4477.593932..., and
computing the right-hand side of the above formula without the error term we
obtain 4477.594019... A cleaner derivation of the asymptotic series using the
Euler-Maclaurin summation formula is given later by Williams [149].

Early surveys of Diophantine approximation are given by Bohr and Cramér
[19, pp. 833-836, §39] and Koksma [78, pp. 102-110]. Hlawka and Binder [63]
present the history of the initial years of the theory of uniform distribution.
Narkiewicz [101 pp. 82-95, §2.5 and pp. 175-183 §3.5] gives additional his-
torical references on Diophantine approximation. The papers of Hardy and
Littlewood on Diophantine approximation are reprinted in [55]. Perron [108]
and Brezinski [22] give historical references on continued fractions, and there is
reliable material on the use of continued fractions by 17th century mathemati-
cians in Whiteside [I48]. Fowler [48] presents a prehistory of continued fractions
in Greek mathematics.

4 Preliminaries on continued fractions

Let
Il = min = — k| = min(R(x), 1 - R(z)).

Let p be Lebesgue measure on [0, 1], and let Q@ = [0,1] \ Q.

12



For positive integers a1, ..., a,, we define

[a1,...,an] =
a1—|—

..+
1
ap—1+ —
Qp

For example, [1,1,1] = %
Let N be the set of positive integers. We call a € NY a continued fraction,

and we call a,, the nth partial quotient of a. If there is some K > 0 such
that a, < K for all n then we say that a has bounded partial quotients. We

call [a1,...,a,] the nth convergent of a. For n > 1 let
p
= =Ta1,...,an],
qn

with p,, g, positive integers that are relatively prime, and set

po =0, qo =1.

One can show by induction [42] p. 70, Lemma 3.1] that for n > 1 we have
Pn Pn-1\ _ 0 1 aq 1 L G, 1 (8)
n Gn-1) \1 O 1 0 1 0/)°

p1 =1, Q1 = a,
and from we get for all n > 1 that

We have

DPn+1 = Qn41Pn + Pn—1,

and
Gn+1 = On+19n + Qn—1-

Since the a,, are positive integers we get by induction that for all n > 1,

pp >2002 0 g, > oD/, (9)

In fact, setting F; =1, Fy =1, F,11 = F,, + F,—1 for n > 2, with F}, the nth
Fibonacci number, as a,, > 1 we check by induction that

DPn = Fh, Gn = Fry1.
Taking determinants of gives us for all n > 1 that

Pndn—-1 — Pn—14n = (_1)n+1’ (10)

13



and then by induction we have for all n > 1,

Pn i (_1)k+1

Gn To—1Gk

k=1

For any a € NV, as n — oo this sequence of sums converges and we denote its
limit by v(a). We have for all n > 1,

_ oo (71)k+1

)_Zﬁ

v(a
( an

kg1 Tk—19k

Since the right hand side is an alternating series we obtain for n > 1,

1
v(a) — 22| < , (11)
dn gnqn+1
and
1 1 1
v(a) — 24 > - _ fne2 . (12)
dn dndn+1 dn+19n+2 qndn+2 Qn(Qn+l + Qn)

and D p. p b
2o << 2L (13)

q2 qa qs3 q1

For z € ), we say that g € Q, g > 0, is a best approximation to x if

llgz|| = |gx—p| and ||¢’z|| > ||lqz|| for 1 < ¢’ < g. The following theorem shows in
particular that the convergents of a continued fraction a are best approximations
to v(a) [122] p. 22, Chapter 2, §3, Theorem 1].

Theorem 2 (Best approximations). Let a € NY. For anyn > 1,
lgnv(a)|| = [pn — gnv(a)l.
If 1 < q < gny1, then for any p € Z,

lqu(a) = p| > [pn — gnv(a)l.

Proof. By (L)), lgnv(a) — pa| < qn1+1' But
Gny1 2@ =0a2q1+q >q+qg=a+1=>2
So |gnv(a) — pn| < %, which means ||g,v(a)|| = |gnv(a) — pnl.

Write = v(a) and let A = (Z”i Z”) Applying (L0),

det A = ppy1qn — Pnlnt1 = (71)71'

14



Let

(N) — AL (p) _ 1 ( qn _pn) (p> _ (_1)n ( dn —pn) (p) .
v q det A \—qn+1 Pn+1/) \4 —qn+1 Pn+1/) \¢

Then

qr —p = (gns1 + Vqn)T — (Pny1it + Pnv) = (@ni1® — pry1) + v(gn® — pn)

(p) _a (u) _ (pn+1 pn> (u) _ (pn+1u+pnl/) _
q v n+1 Gn) \V Gn+1p + GnV

In particular, p,» € Z. Suppose by contradiction that v = 0. Then (¢ —
UGn41)T = P — Upnt1, and as x € Q it must then be that ¢ = pg,41 and p =
UPpnt1. But ¢ = pgny1, 1 < q < gn41, and p € Z are together a contradiction.
Therefore v # 0. Either p =0 or u # 0. For p =0,

lgz — p| = [V||gn® — Pnl > |gnz — pnl,

which is the claim. For p # 0 we use the fact ¢ = g1+ ¢nv and 1 < g < gpy1.
If p,v > 0 then g < ¢n41 is contradicted, and if pu,v < 0 then ¢ > 1 is
contradicted. Therefore p and v have different signs, say u = (—1)"|u| and
v = (—=1)N*1|y|. Furthermore, we get from that

sgn (¢ —pn) = (=1)", g0 (gns1T — puy1) = (—1)" 1.

Therefore

qr — p = p(qn+1T — Pny1) + V(qnT — Pn)
= (71)N|/L| . (71)n+1|%¢+1x 7pn+1| + (*1)N+1|V| . (*1)n|QHx 7pn|7

hence

lgz — p| = |pl|gn12 — Prsr] + [V[|gnz — pu| = |V]|gn — Po| > |gnz — pal,
which is the claim. O

The above theorem says, a fortiori, that the convergents of a are best ap-
proximations to v(a). It can also be proved that if % € Q, ¢ > 0, is a best
approximation to v(a) then £ is a convergent of a [88| p. 9, Theorem 6]. Cassels
[26, p. 2, Chapter I] works out the theory of continued fractions according to
this point of view. Similarly, Milnor [96, p. 234, Appendix C] works out the
theory of continued fractions in the language of rotations of the unit circle.

We define the Gauss transformation T : Q — Q by T(z) = R (1) for
z € Q, and we define ® : Q — NN by

(®(2))n = [Tnll(x)} ., >l
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One can check that if a € NY then v(a) € Q [42] p. 73, Lemma 3.2]. (Namely,
the value of a nonterminating continued fraction is irrational.) One can prove
that v : NN — Q is injective [42, p. 75, Lemma 3.4], and for x € € that [42]
p. 78, Lemma 3.6]

(vo ®)(z) =z

Therefore ® : Q — NN is a bijection. Moreover, ® is a homeomorphism, when
N has discrete topology, NN has the product topology, and € has the subspace
topology inherited from R [42] p. 86, Exercise 3.2.2]. That NN and Q are home-
omorphic can also be proved without using continued fractions [I} p. 106, Theo-
rem 3.68]. In descriptive set theory, the topological space .#" = NN is called the
Baire space, and the Alexandrov-Urysohn theorem states that .4 has the uni-
versal property that any nonempty Polish space that is zero-dimensional (there
is a basis of clopen sets for the topology) and all of whose compact subsets have
empty interior is homeomorphic to A [72] p. 37, Theorem 7.7]. Some of Baire’s
work on 4" is described in [68, pp. 119-120] and [4, pp. 349, 372].

For I = [0,1] and for T': I — I, T(x) = R(1/x) for > 0 and T(0) = 0.
For k > 1 let I;, = (%ﬂ,%) so if ¥ € Ij, then T(x) = 2=! — k. Then for
zel=10,1],

T(z)=> 1 (x)(x" k).
k=1

For § = {0} U{k™": k> 1}, I\ S =Uys, Ix, and for z € I'\ S,

T'(z) ==Y 1p(x)z 2
k=1

and for x € I, k* < |T'(z)] < (k+ 1)% Differentiability and dynamical
properties of the Gauss transformation are worked out by Cornfeld, Fomin and
Sinai [29, pp. 165-177, Chapter 7, §4], as an instance of piecewise monotonic
transformations.

For each n > 1 we define a, : Q@ — N by a,(z) = (®(z)),. For example,
e—2 €, and it is known [88], p. 74, Theorem 2] that for k > 1,

agk(e - 2) = a3k,2(6 — 2) =1 and (lg}c,l(e — 2) = 2k.

The pattern for the continued fraction expansion of e seems first to have been
worked out by Roger Cotes in 1714 [47], and was later proved by Euler using a
method involving the Riccati equation [30].

For n > 1 and ¢ € N, let

I,(i) = {w e Q:ap(z) =i, 1 <k <n}.
For z € I,,(i),

pn(x) _ [i1’-~-7in]7 M — [il,-~-7in—1]~

dn (‘T) anl(x)
The following is an expression for the sets I,,(i) [66] p. 18, Theorem 1.2.2].
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Theorem 3. Letn > 1,4 € Z%,, and for p, = pn(z), ¢n = ¢u(¥), = € I,(i),

PntPn—1 n Odd
m (2) — an+dn—-1
AT P
— n even
dn

and
(0 % n odd
v (1) =4 In
Potbnot  p open.
qn+tqn—1
Then

La(i) = 90 (un i), v ().
It follows from the above that for i € N n > 1,

1

M(In(Z)) - QH(Qn + QH—l).

5 Diophantine conditions

For real 7,7 > 0 let

D(r,7v) = ﬂ {x €[0,1]:

T — p‘ > vq_T}
q€ZL>1,pEL q

= () {z€l0,1):gz| =g},
qE€EZL>1

and let

D(r) = |J D).

7>0
We relate the sets D(7) and continued fractions expansions [96], p. 241,
Lemma C.6], cf. [I52] p. 130, Proposition 2.4].

Lemma 4. For 7 > 0 and x € Q, © € D(7) if and only if there is some
C = C(x) > 0 such that gn1(x) < Cgn(z)™1 for alln > 1.

Proof. For x € Q, write ¢, = ¢qn(z). By , llgnz|| > m, and by ,
lgnz|| < =—L—. Suppose = € D(7), so there is some v > 0 such that z € D(r,7).

dn+1
Then

1 -1, 71
q < — < qa,
S g =7 O

Suppose o1 < Cq, ! for all n > 1. For ¢ € Z>1, take g, < q¢ < gn+1-
Using Theorem [2]

1 1

> >
dn+1 + dn QQn—i-l

1
lgz| 2 lanal] > )

which means that z € D(7, 35 )- O
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For K a positive integer, let
Br ={r€Q:ay(z) <K forall n > 1},
SO UKZl By is the set of those € 2 with bounded partial quotients.
Lemma 5. Forxz € Q, x € D(2) if and only if x has bounded partial quotients.
Proof. Write a,, = an(z) and ¢, = gn(x). If z € D(2) then there is some v > 0
such that « € D(2, ), hence for n > 1,

1 -1
ny1 < 77— <7 qn.
" gzl "

Now, ¢n+1 = Gnt19n + gn—1 for n > 1, so

Ant1 < Gu1qy, <@ty g =71,

which shows that x has bounded partial quotients.
If £ € Bg, let ¢ € Z>; and let ¢, < ¢ < gny1. Using Theorem [2] and then

(2,

1 1 1
qz|| = |lgnz|| > = > '
H || || " H dn+1 + qn Gp+1Gn + Gn-1+ qn (an+1 + 2)q”

Asz € By,
Lo

1
>
lox > e 2 Tt

which means that z € D(2 O

, ®ra)-

A complex number « is called an algebraic number of degree d, d > 0,
if there is some polynomial f € Z[x] with degree d such that f(a) = 0 and
if g € Z[x] has degree < d and g(or) = 0 then g = 0. An algebraic number
number of degree 2 is called a quadratic irrational. Let oo € . It was proved
by Euler [58, p. 144, Theorem 176] that if there is some p > 0 and some L
such that a;yp(a) = a;(a) for all [ > L then « is a quadratic irrational The
converse of this was proved by Lagrange [58, p. 144, Theorem 177], namely that
a quadratic irrational has eventually periodic partial quotients. For example,
a =11 — 3 € Q is a quadratic irrational, being a root of z2 + 6z — 2, and
one works out that a1(a) = 3,az2(a) = 6, and that a;42(a) = a;(a) for [ > 1.
In particular, if @ € Q is a quadratic irrational, then « has bounded partial
quotients.

Liouville [58, p. 161, Theorem 191] proved that if € Q is an algebraic
number of degree d > 2, then z € D(d). The Thue-Siegel-Roth theorem
[46, p. 55, Theorem 1.23] states that if € Q is an algebraic number, then for
any 6 > 0 there is some g5 € Z>1 such that for all g > g5,

gzl = ¢~*7°.

See Schmidt [I26, p. 195, Theorem 2B].
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6 Sums of reciprocals

m 1

We are interested in getting bounds on the sum 3 =1 =] This is an appealing
question because the terms m are unbounded.

Rather than merely stating that >~ % = 00, we give more information by
giving the estimate

"1
S L toga++ 0@
k=1

where « is Euler’s constant. Likewise, rather than merely stating that there are
infinitely many primes, we state more information with [86, p. 102, §28§]

1 1
Zf zlogloga:+B+O(l),
P ogw
for a certain constant B (namely “Merten’s constant”), or with [86] p. 226, §61]

x? x?
Zp: 2logx +0 ((logx)2> '

p<z

Because |sin(7x)| = sin(7 ||z]]) < 7 ||=| and

. ) 2
|sin(rx)| = sin(r [|z]|) > =7 ]| = 2=,
we have
1w 1 i 1 1< 1
- — <y —— <= —. (14)
T gzl ; |sinmjz| — 2 ; gz

Thus, getting bounds on 377" m will give us bounds on Y77, m

Let ¢ be a nondecreasing function defined on the positive integers such that
Y(h) > 0 for h > 1 (for example, 1(h) = log(2h)). Following Kuipers and
Niederreiter [81], p. 121, Definition 3.3], we say that an irrational number z is
of type < ¢ if ||hz| > #(h) for all integers h > 1. If ¢ is a constant function,
then we say that x is of constant type.

Lemma 6. x € Q is of constant type if and only if it has bounded partial
quotients.

Proof. Suppose that x € ) is of constant type. So there is some K > 0 such
that [|hz|| > % for all integers h > 1. For n > 2 we have ¢, = anqn_1 + ¢n_2,
and hence, by (|11)),

dn  Gn-—2 qn

Ap = < Squ”qnflxn <Ka
dn—1 dn—1 dn—1

showing that x has bounded partial quotients.
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Suppose that x € Q has bounded partial quotients, say a,, < K for alln > 1.
Let h be a positive integer and take ¢, < h < gn4+1. Then first by Theorem

and then by ,

hall > gzl > —— > —— = ! S
Gn+ant1 2qn41 2(@n1qn +@n-1)  2(@ni1Gn + gn)
and so
Jhall > ot >
20K +1)qn ~ 20K+1)h
showing that x is of constant type. O

However, almost all z do not have bounded partial quotients [75, p. 60,
Theorem 29]. Shallit [I129] gives a survey on numbers with bounded partial
quotients.

We state and prove a result of Khinchin’s [75, p. 69, Theorem 32] that we
then use.

Lemma 7. Let f be a positive function on the positive integers. If

then for almost all x € Q there are only finitely many q such that ||qz|| < f(q).

Proof. For each positive integer ¢, let E, = {t € Q : ||¢t|| < f(q)}. Ift € Ey,
then there is some integer p with 0 < p < g such that ‘t — %‘ < @. It follows

that
e (1)1 10:): g< o tn)

Therefore

2 B < 3 20 =7 =2 Z I
g=1 =
Let B = limsup,_, ., Fy, i.e. E={t € Q:t¢€ E,for infinitely many ¢}. Then
by the Borel-Cantelli lemma [I8] p. 59, Theorem 4.3] we have that p(E) = 0.
Therefore, for almost all ¢ € 2 there are only finitely many ¢ such that t € E,,

i.e., for almost all ¢ € €2 there are only finitely many ¢ such that ||gt|| < f(g). O

The above lemma is proved in Benedetto and Czaja [14, p. 183, Theorem
4.3.3] using the fact that a function of bounded variation is differentiable almost

everywhere. We outline the proof. Define F : [0,1] — Rsg by F(z) = @ if
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=2, ged(a,q) = 1,0 < a < g, and F(z) = 0 if z € Q. Writing o, =
{%:Ogagq,gcd(a,q):1},for0:t0<t1<-~-<tN:1,

Mz

o N B oo & N &)
F(t) =3 Flt) Lo (b) = 3= =3 1o, (1) < 3 f(a)
3=0

q=17j=0 q=1 q=1

I
=}

J

It follows that the total variation of F' is < 22;‘;1 f(q) and hence F is a
function of bounded variation. Because I’ has bounded variation, the set Dg
of z € [0,1] at which F is differentiable is a Borel set with A(Dp) = 1. Check
that F'(z) = 0 for z € Dp \ Q, and using this, if Z—: — x with ged(ap,gn) =1

F(qn) .
- Adn

and 0 < a,, < g, then for some N, if n > N then as—%”

We use the above lemma to prove the following result.

Lemma 8. Let € > 0. For almost all x € Q, there is some K > 0 such that x
is of type < K (log h)1T<.

Proof. Let

E = {t € Q:|ht| < for infinitely many h} .

1
h(log h)1Te

Since Y 7, W converges, we have by Lemma ﬂ that u(F) = 0. Let
t € Q\ E. Then |ht| > W for all sufficiently large h. It follows that
there is some K such that t is of type < K (logh)!Te. O

The following technical lemma is from Kuipers and Niederreiter [81], p. 130,
Exercise 3.9]; cf. Lang [88] p. 39, Lemma].

Lemma 9. Let x € Q2 be of type < . If n >0 and if 0 < hg < gnt1, then

1
T < 6, (¥ (qn) +log qn).
2 TG Rl < Wl +logan)
J+ho<gn+1
Proof. Since p,, and g, are relatively prime, the remainders of jp,, j =1,...,qn,

when divided by ¢, are all distinct. Then also, the remainders of jp, + hopn,
j=1,...,qn, when divided by g, are all distinct. Let A;, j =1,..., ¢y, be the
remainder of jp, + hop, when divided by g,. We have {}; : 1 < j < g,} =
{0,...,qn — 1}; let >‘J1 =0, A\j, 71 and Aj, =g, — L.

Write z = p” + qnan, by (11) we have |6,| < 1. If j + ho < gn41 then by

Theorem [2] we have I|(4 + ho)z|] 2 llgn||, and since z is of type < ¢ we have

1
|+ ho)z| > |lgnzl 2 ————.
17 + ho)z|| = llgnz]| @)
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Let, for ¢ = 1,2, 3,
4 = d b gt ho <dnga,
' 0, if ji +ho > gn1-

If j + ho < qny1 and j # 41, jo2, js, then

’JJF(JJFOM >min{‘J+ === }
I Gnlnt @ Anll f1Gn - dn
It follows that
Z 1 - Al i A2 + A3
= NG+ ho)a] G2+ ho)all 112+ ho)all ~ 1[(s + ho)z]
JHho<dqn+1
1
j+’17()]<7<1(zi+1 qn dndn+1
JF#J1,92,73
1
<
< 3Bant(qn) + ;; N L Gtho)on
1<j n
j+h7()]<7qqn+1 o et
J#J1,d2,73
1
< 3gnt(gn) + Y N1
ii<an || T an
jtho<ap41
J#J1,92,53
1
1<j n
j+h701<7¢1(j¢+1 n o
J#J1,92,53
gn—1 1
< 3Qn¢(qn)+2z ‘ k|l
k=1 |lon
1 1 1
But n < wmgyy + =Ry for y € Z, so
qn—1 a1
1 1 1
3 < Dl +
i R(E) 1-R(E
k=1 | gn k=1 an an
B gn—1 1 N 1
= & k
=t YT
= dn A
k=1
< 3qnloggn;
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the last inequality is because, for all m > 1,

>i-

M\oa

og(m+1).

?r\*—‘

O

We now use Lemma (9] to obtain a bound on Z;n 1 ﬁ in terms of the type

of z. This is from Kuipers and Niederreiter [81, p. 131, Exercise 3.11]; cf. Lang
[88, p. 39, Theorem 2].

Theorem 10. If x € Q is of type < 1, then for all m > 1 we have

Z % < 12m(p(m) + logm).

Proof. We shall prove the claim by induction. Because x is of type < 1, we
have

” s < (1) <129(1),

so the claim is true for m = 1. Take m > 1 and assume that the claim is true
for all 1 < m’ < m. We shall show that it is true for m.

Let ¢, < m < gny1. Either m < 2q, or m > 2q,. In the first case, using
Lemma [9] we have

m—qn

> el = ZHJ [ Z||j+qnac||

< 12¢,(¥(gqn) +1og gn)
< 12m(ib(m) + logm).

In the second case, using the induction assumption (with m’ = m — ¢,,) and
Lemma [ we have, because g, < m — ¢y,

m—qn 1

| 1
;W N Z ljz] Z|| (j+m—qn)z]

< 12( —qn) (Y(m — gn) +log(m — gn)) + 6¢n (¥ (gn) + log gn)
< 12(m — gn) (b(m) +logm) + 12¢, (¢ (gn) + log gn)

= 12m(¢(m) =+ logm) —12q, (77[}( ) 77[}((] )+ log m — log q”)
< 12m(¢p(m) + logm).

The claim is true in both cases, which completes the proof by induction. [

We can now establish for almost all x € Q a tractable upper bound on the
sum > 0L, m, and thus by also on > 70, mnilmm\’ cf. Lang [88, p. 44,
Theorem 3].
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Theorem 11. Let € > 0. For almost all x € 2, we have

i % ( (log m)”s) :

while if x has bounded partial quotients then

m

Z % O (mlogm).

Proof. Let € > 0. By Lemma[8] for almost all « € Q2 there is some K such that
x is of type < K (logh)**¢. For such an z, it follows from Theorem [10| that for
allm > 1,

A
> — < 12m(K(logm)' ™ +logm) = O (m (log m)HE) .

If = has bounded partial quotients then by Lemma [G] it is of constant type,
say ¥(m) = K for some K. It follows from Theorem [10| that for all m > 1,

1
Z|— < 12m(K +logm) = O (mlogm).

O

For example, take x = %‘/5, for which a,(x) = 1 for all n € N, and so

in particular x has bounded partial quotients. In Figure || we plot m .
P for m = 20000, . 25000 These computations suggest that there is

j=1 HNH
some constant C' for which Z] 1 HJTH > C'mlogm for all m. In Theorem.we
shall prove that for almost all = € €2 there is such a C(x).
However, the estimate in Theorem is not true for all z € Q. Define
a € NV as follows. Let a; be any element of N. Then inductively, define a,,
to be any element of N that is > ¢”~!. Then for any n € N, using and
Gn+1 = An+1Gn + dn—1 > Ant1qn We get
1 1

1
lgnv(a) — pn| < < < —,
In+1 An+19n an,

hence ||gnv(a)| < q%, and then

an 1

1 n
2 To@l Tawt@l ~

j=1
Using € = 1, it is then straightforward to check that there is no constant C such
that >7%, m < Cm(logm)? for all m.

We will need the following lemma [I8, p. 324, Lemma 3] to prove a theorem;
cf. Khinchin [75, p. 63, Theorem 30].
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Figure 1: —L_ .Y L for z = =185 1 — 20000, ..., 25000

mlogm J=1 llj=|

Lemma 12. If ¢ is a function defined on the positive integers such that ¢(n) > 1

for all n and

1
;W<OO,

then for almost all x € ) there are only finitely many n such that a,(x) > ¢(n).

Proof. For a measurable set A C €, define

1 1
A =
v(A) IOgQ/Adeu(x%

in other words dvy(x) = mdﬂ(x). Thus for a measurable set A C Q we

have 1 !
A) < dx = A
" >_10g2/A o= orgh()

and

1 1 1
>~ | Zdp=— )
v(4) = log2 J4 2dx 210g2H(A)

We will use that « is an invariant measure for the Gauss transformation
T:Q—Q [E2 p. 77, Lemma 3.5], i.e., if A C Q is a measurable set then

(Te)(A) = 7 (T7H(A)) = 7(A).
Let A, ={x € Q:a,(x) > ¢(n)}, n>1. As

R
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we have

Hence

IN
(V)
—_
@]
o
[\
2
=N T ~
. ~
3
|
—
N—
L
_— 7 N

It follows that

and thus by the Borel-Cantelli lemma [18, p. 59, Theorem 4.3] we have

u(limsup A,,) = 0.

n—oo

O

Let A be Lebesgue measure on I = [0,1], let dy(z) = mcﬂ(x), and

let T : I — I be the Gauss transformation, T(z) = 27! — [#]7! for > 0

and T(0) = 0, for which T,y = v [42, p. 77, Lemma 3.5]. Suppose that v is a

Borel probability measure on [0, 1] such that the pushforward measure Tiv is

absolutely continuous with respect to v. For f € L!(v), define dvy = fdv, and
define P, : L'(v) — L*(v) by

pp =) e p),

Thus, for g € L>°(v), using the change of variables formula,
/g-P,,fdz/ = /gd(T*Vf) = /gOTdI/f = /(gOT) - fdv,
I I I I
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in particular,

/1 P, fdv = /1 fdv.

We call P, : L'(v) — L'(v) a Perron-Frobenius operator for 7' It is a fact
that if f > 0 then P, f > 0 [66], p. 57, Proposition 2.1.1], namely P, > 0. It can
be proved that for f € L(v), for almost all 2 € I [66] p. 59, Proposition 2.1.2],

= r+1 1
(P”f)(x):z::(xw)(wkﬂ) ‘f<a:+k>’

k=1

and for f € L*()), for almost all z € I [66, p. 60, Corollary 2.1.4],

= 1 1
@ = g (5w)

1

and with g(z) = (z + 1)f(x), for n > 1 it holds for almost all z € I that
(P f)(x) = W. Tosifescu and Kraaikamp [66, Chapter 2] give a detailed
presentation of Perron-Frobenius operators for the Gauss map. We make the
final remark that P,1; = 1; is equivalent with [, 1gdv = [, 1p-1(gydv for all
Borel sets E in I, i.e. v(E) = v(T~!(E)), which in turn means T,v = v,
cf. Markov operators. An object similar to Perron-Frobenius operators for the
Gauss transformation is the zeta-function for the Gauss transformation,
for which see Lagarias [83], p. 58, §3.3].

The following theorem gives a lower bound on the sum Y7 | —L- cf. [144]

J=1 Tj=]"
p. 4, Theorem 3.1].

Theorem 13. For almost all x € Q there is some C > 0 such that

U |
Z —— > Cmlogm.
2 Tial

2

Proof. For all z € Q, if n > 1 then g, > 27, by (9). Take ¢(n) = 2"7. The
series » > | ﬁ converges, so by Lemma for almost all x € Q there are

only finitely many n such that a,, > ¢(n). That is, for almost all x €  there is
some ng such that if n > ng then

2

an < ¢(n) =27 < qu_1.

Hence, if n > ng then

Qn = OnQn—1 1 Gn—2 < qg_1 +gn—2 < qu—l'

It follows that for almost all € Q there is some K such that

gni1 < Kq2 (15)
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for all n > 0.
For such an z, let m be a positive integer and let ¢, < m < @gn41. For
1 < 5 < m we have by ,

. . 1
]x—& S’jx—m:j‘x—pn< <=
n dn dn qndn+1 dn
Therefore for 1 < j < m we have
. . 1 .
dn dn dn dn
Let L = [*], so Lgy < m. Then,
m m
1 1
2 Gzl = > T
j=1 =l g, * HT
L—1 qn 1
> >
- 1 (Ign+h)pn
1=0 h=1 g~ 7+ H an
L—1 qn 1
= (n h
1=0 h=1 1+ qn || 72~
dn 1
= Lan Z h
h=1 1 + dn qin
qn—1 1
= Lan Z k
im0 Ltan g,
> Lgplogqy,.

But if y > 1 then [y] > §, so L =[] > 5. Hence by (15,

Z >—10gqn>—10g anrl>—1g
= HJ%‘H V V

and thus there is some C' > 0 such that Z;nzl m > Cmlogm forallm > 1. O

The following is from Kuipers and Niederreiter [81], p. 131, Exercise 3.12].

Theorem 14. If x € Q is of type < 1, then for all m > 1 we have

m
Z < IIJwII

=1 =1

<24 | (logm)? +Zw§j
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Proof. Summation by parts is the following identity, which can be easily
checked:

N N
Z Ap(bpiy1 —by) = ant1bn41 — arby — Z bpti1(ani1 — an).

n=1

Letaj:%,letsj: let by = 0, and let b; = s;_; for j > 2.

h 1 Hha:”’
Doing summation by parts gives

S e S ()
ylljxll m+1"" =7 \j+1 i) m+

J=1

i 1
Sm + Sj—T——=~
1 ;]J(J‘Fl)

As x is of type < ¥, we can use Theorem to get s; < 125((j) + log j) for
each j > 1. Therefore

m

1 1 12(¢(4) + log j)
— < 12m(y + logm) + —_—r o
LTl < mrTmwn Z i

v(J)

< 12(p(m) + logm) + 12(log m)? +12ZJ+1

— ¥()
< 24(logm)* +12¢(m) + 12y —=2.
j;]+1

O
Erd6s [43] proves that for almost all ,
(1 +o(1))(logm)?.
g ||Jl’||
Kruse [80] gives a comprehensive investigation of the sums 7" | —1-— st >

J=1 joljz(*’
0. The results depend on whether s and ¢ are are less than, equal, or greater

than 1, and on whether t < s. One of the theorems proved by Kruse is the
following [80, p. 260, Theorem 7]. If ¢ > 1 and 0 < s < ¢, and if € > 0, then for
almost all  we have

Haber and Osgood [53, p. 387, Theorem 1] prove that for real ¢ > 1, A > 1,

M > 0, r > 0, there is some C' = C(t, A, M,r) > 0 such that for all x € Q
satisfying gn+1(z) < Mgy, (x)", for all positive integers K,

AK
[Z] na ¢ > [OKlog K i=1
o CKMWE=D/r ¢ > 1.

(mtfs(logm)(lJre)t) .
=00 ||Jl"||
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We remind ourselves that according to Theorem [4} the elements of D(r + 1) are
those z € Q for which there is some ¢(x) > 0 such that g,1(x) < C(z)gn(x)"
for all n > 1.

For z € Z+ 3, define {{z}} = 3. If 2 ¢ Z+ 3, then there is an integer m,, for
which | —m,| < |z —n| for all integers n # m,, and we define {{z}} = v —m,.
Sinai and Ulcigrai [I32, p. 96, Proposition 2] prove that if & has bounded partial
quotients, then there is some C(a) such that for all M,

Moo
mz::l {{ma}}‘ < C(a)M.

7 Weyl’s inequality, Vinogradov’s estimate, Farey
fractions, and the circle method

Write
o ={(a,q) € 2% : ged(a,q) = 1,4 > 1}.

We first prove four estimates following Nathanson [102, pp. 104-110, Lemmas
4.8-4.11] that we will use in what follows; cf. Vinogradov [143, p. 26, Chapter
I, Lemma 8b].

Lemma 15. There is some C such that if « € R, (a,q) € <7, and

a
o — —

1
q 2’

q

<

then 1
Z ——— < Cqlogg.
l[ar

1<r<q/2

Proof. Forq =1, Zlgrgq/2 m =0. Forg>2,let1 <7 <4. Asged(a,q) =1

and r # 0 (mod ¢), ar #0 (mod ¢). So for p, = {%], there is some 1 < g, <
q — 1 such that ar = u,q + o,. Then

ar| |lon E{UT ) UT}_{UT q—ar}

q q " q a9’ q J
Put %= = 152, so (i) s, = oy or (ii) s, = ¢ —oy. Incase (i), 2= = ¢ — ;. In
case (ii), %zl— %—ur) In case (i) let €, = 1,m, = p,, and in case (ii)

let €, = —1,m; = p, + 1. Thus, whether (i) or (ii) holds we have
Sy (ar ) Sy
— =€ | — M), — =
q q q
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Write

a_0

q %

for some real 0, |§| < 1. For 6, = %9, which satisfies |6,.] < |0] <1,

o —

ar n rd ar 0,
ar=——+ — = — + —.
¢ ¢ g 2

Then

ar 0,
ar|| = + —
larl = || %+ 5

0

= |ler— +my + o

2q

6

Z erl+mr ‘T

q 2q
_ s _ |0
q 2q
L1
q 2q

Take 1 < 71,7 < £ and suppose that s,, = s,,. So

< ary ars
€ | — =My, | =€y | — — iy,
q q

hence ary = €, €r,ar2 (mod q). As ged(a,q) = 1, 11 = €, 6,72 (mod q). Be-
cause 1 < rq,ry < gq, if 71 = ro (mod ¢) then ry = r9 and if r; = —ry (mod q)

then r; = £ and rp = 4, so in any case 71 = ry. Therefore

Sr q S q
—:1<r< =¢—:1<s< =5,
R | R

Using the two things we have established,

1 1
ZHOTHSZﬁ

1<r<q/2 1<r<g/2 4 2

1
:Zi

1<s<gq/2 4 2q

1
=2 ), 25 —1

1<s<q/2

§2q2§

1<s<q/2
< 2g (log % +v+ O(q‘l))
= O(qlogq).
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Lemma 16. There is some C such that if « € R, (a,q) € &7, and

1
2

then for any positive real V' and nonnegative integer h,

1
> (Vo gy ) < O+ aboso)

Proof. Write

a 0
R

which satisfies |§] < 1, and for 1 < r < ¢ define

5, = R(6h) + %T

which satisfies —1 < §,. < 2. Then

oo

ar 6h Or

a(hg+1)

q q q
:ah+ﬂ+w+%
q q q
:ah+ar+[9h]+5r'
q

For m, — [ertioes]

— M.

R(a(hg+7)) = R ( + [oh) + 57«) _ar 4 [00] 15,

q q
Suppose that ¢ € [0, 1- ﬂ and that ¢t < R(a(hq+71)) <t+ %. Then
gt < ar + [0h] + 6, — gm, < gt + 1.
This implies, as §,, > —1,
ar —qm, < qt +1—[0h] =6, < qt +1—[0h] +1 = qt — [0h] + 2
and, as J, < 2,

ar —gm, > qt — [0h] — &, > qt — [0h] — 2,
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so ar — qm,. € J¢, writing
Ji = (qt — [0h] — 2,qt — [0h] + 2].

For 1 < 7,19 < g, if ary — gm,, = are — gm,, then ar; = ary (mod ¢), and
ged(a,q) = 1 implies r1 = 79 (mod ¢); and 1 < ry,79 < g so 71 = ry. For

te [O, 1-— ﬂ, four integers belong to J;, hence
{1<r<gq:ar—qm, € J;}
has at most four elements. But

1
{1§r§q:R(a(hq+r))€ {t,t—&—q}}C{lﬁrﬁq:ar—quGJt}.

Now,
{1<r<q: la(hq + )| € {“*ﬂ}
{1§r§qiR(C¥(h‘1+T))€ tHclJ}
U{lgrgq;l—R(a(hq+7_"))€ [t’_fﬂﬂ}
:{1§qu:R<a(hq+7“>>€ _t’”l_}
U{1<r<q R(a(hq +7)) € {1— ‘t’l_t]}’
whence

1
{1§r§q:||a(hq+7“)e [t,t—i—q}}C{lgrgq:ar—qmreJt}

U{l<r<gq:ar—qm,€J;_1_,}.
q

This shows that if t € [O, 1-— é] then

{1<r<q: la(hg + 1)l € [“H;]}

has at most eight elements. For 0 < k < 4, writing

kk 1
Ik: |:7+:|a
q9 49 9

33



the set {1 <r < gq:|a(hg+r)|| € I} has at most eight elements. Therefore

E:Imn<unaw;+rﬂ>’_ > > Imn<w|a@;+Tm>

1<r<q 0<k<q/21<r<q,|a(hg+r)| €l
1

<8V _
S8+ D 2 lathg + )]
1<k<gq/21<r<gq,||a(hg+r)| €I\

q

< 4

<8V D 8
1<k<q/2
=0(V 4 qlogq).

Lemma 17. There is some C' such that if « € R, (a,q) € &,

a
o — —

1
q 2’

q

<

U > 1 is a real number, and n is a positive integer, then

1
Z min (n, ) <C (n +U+ q) log 2qU.
k™ |ak| q

1<k<U

Proof. For 1 < k < U there is some 0 < h < % and 1 < rp < ¢ such that
k = qhy + ri, and then

> win(Foag) < 2 X win (G )

1<k<U 0<h<U/q1<r<g

1 n 1
< —— in -, ——
S 2 et 2 mm(r’ﬂarﬂ)

ar
1<r<q/2 q/2<r<q

+ ¥ Zmin<qhn+r’|a(hql+r>ll>

1<h<U/q1<r<q

. (n 1
< Ciqlogq + Z min (rv ||o¢r)

q/2<r<q

+ > Zmin(qhzr’m(h;w)n)

1<h<U/q1<r<q

the last inequality by Lemma If £ <7 < g then % < % = ﬁ for h =0,
andif1§h<%andlﬁrﬁqthenhz%sohq+r>hq2@and
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1 2
hence horr < hiDg whence

3 min( HM') > > mm<qh+r ||a(hq+ )ll)

q/2<r<q 1<h<U/q1<r<q

<2 ) m”“( 14 |oz7"||> 2 2 mm(hfl>q’|a<hql+r>||>'

q/2<r<q 1<h<U/q1<r<q

Consquently

1
Z min ( ) Ciqlog q+2 Z Z min ( ) .
1<k<U k || kH 0<h<U/q1<r<q )q HOZ(hq-'—T')”

Lemma [T6] with V' = 145, says
n 1 n
min ’ SC +q10gQ)7
Z <<h+ 1)g ||a<hq+r>|> ’ (<h+ 1)g
<r<q
therefore
n
Z mln( > < qlogqg+ Z <+qlogq>
e o<havsg NP1
n 1 U
< qlogg+ — Z E—Fq(logq) (q—i—l)

1<h<Z41
U
<<qlogq+glog (q+1)+Ulogq
U
< Ulog2qU + qlog2qU + — log E—’—l .

Ingqthen%+1§2§2qU,andifU>qthen%+1§U+1§2U§2qU,
hence

1
Z min (n A ) < Ulog2qU + qlog2qU + — log 2qU.
2 k|

Lemma 18. There is some C such that if « € R, (a,q) €
o — p’ <

1
q a2

’
q

and U,V > 1 are real numbers, then

1
Z min( 7o k”) C<q+U+V+W> max{1,logq}.

1<k<U
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Proof. For 1 < k < U there is some 0 < hi < and 1 < rip < ¢ such that
k = qhy + r, and then, as in the proof of Lemma

3w (Vi) < 23w (Vi)

0<h<U/q1<r<q

1
< Ciqlogg+2 mln( >
wloga+2 ), 3 latha + 1]

0<h<U/q1<r<q

Using Lemma [T6]

Z min( Ta k|)<01qlogq+202 Z (V +qlogq)

1<k<U 0<h<U/q
U
< qlogg+ (V +qlogq) " +1
uv
< qlogqg+ 7 +V +Uloggq.

O

Weyl’s inequality [102, p. 114, Theorem 4.3] is the following. For k > 2
and € > 0, there is some C(k,¢) such that if « € R, f(x) is a real polynomial
with highest degree term az®, (a,q) € <7, and

a
o — —

1
q 2

< =
q

then, writing Sy (f) = Z;\f:l 2™/ ) and K = 2k,

1SN (f)] € Clk,e) - N TN~ 4 ¢~ 4 N7 Fg)%.

Weyl’s inequality is proved using Lemma

Montgomery [97, Chapter 3] gives a similar but more streamlined presen-
tation of Weyl’s inequality. Chandrasekharan [2§] gives a historical survey of
exponential sums.

Vinogradov’s estimate [140, p. 26, Theorem 3.1] states that there is some

C such that for n > 2,1 < ¢ <n, ged(a,q) =1, and ‘a - ¢ 2. then

(@) < Clng™"% + Y% 4 n'/2¢ /%) (log n)*, (16)

where f,(a) = Zp<n(1ogp)62”mp; cf. Nathanson [102, p. 220, Theorem 8.5]
and Vinogradov [143] p. 131, Chapter IX, Theorem 1]. This is proved using
Lemma [I7

Fix B > 0 and let P, = (logn)?. For 1 <a < ¢ < P, and ged(a,q) = 1, let

M, (q,a) = {a eR:

a—’<Pn },
q
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called a major arc. One checks that there is some np such that if n > np,
then M,, (¢, a) and M,, (¢, a’) are disjoint when (g, a) # (¢’,a’). Let

9'nn - U mn(qa a)'
1<a<q< Pp,ged(a,q)=1

The Farey fractions of order N are
h
SN = E:OghﬁkSN,gcd(h,k):l .

Cf. the Stern-Brocot tree [52], §4.5]. For early appearances of Farey fractions,
see Dickson [33, pp. 155-158, Chapter V]. It is proved by Cauchy that if h/k
and h'/k’ are successive elements of §y, then kh' — hk’ =1 [58] p. 23, Theorem
28]. Let

o(m) = {1 <k <m:ged(k,m) =1},

the Euler phi function, and write ®(IN) = > ,_, -y ¢(m). One sees that
IFn| =1+ ®(N), and it was proved by Mertens [58] p. 268] that

N2
O(N) = % + O(NlogN).

Let A be Lebesgue measure on R. For n > np, because the major arcs are
pairwise disjoint,

AN, = > 2P,n~!

1Sagqunvg0d(a,q):1

Pr,
(Z gi)(m)) 2P,n*

— %Pgrfl + O(P*n~tlog P,).

Let I, = (P,n~%, 1+ P,n~!], which for n > 2P? contains My,. Let m, =
I, \ M,,, the minor arcs. With f,(a) = Zpgn(logp)e%”“p and

R(n)= Y (logpi)(logps)(logps),
p1+p2+p3=n

we have

R(Tl) :/ fn(oé)36727ri’ﬂoéda :/ fn(a)36*27'rinada+/ fn(a)36727rinada.
I, M, m

n

Using (L6)), it can be proved that for A > 0 with B > 24 + 10 [140, p. 29,
Theorem 3.2],

/ [fa) P = O(n?(logn) ).
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Writing

s = |[[a+@-0*) | [[0a- -1,
pin pln
called the singular series, it is proved, using the Siegel-Walfisz theorem on
primes in arithmetic progressions [98 p. 381, Corollary 11.19], that for A > 0
with B > 2A [140] p. 31, Theorem 3.3,

/ fn(a)?e 2™ qq = anG(n) + O(n?(logn)~4).
m, 2

Thus 1
R(n) = §n2(‘5(n) + O(n?(logn)~4),

and it follows from this that there is some ng such that if n > ng is odd then
there are primes pq, p2, p3 such that n = p; + po + p3.

For integers a, b with ged(a,b) = 1, the Ford circle C(a,b) is the circle in
C that touches the line Imz = 0 at 2 = { and has radius ﬁ; in other words,
C(a, b) is the circle in C with center ¢ + 575 and radius 7. It is straightforward
to prove that if C(a,b) and C(c, d) are Ford circles, then they are tangent if and
only if (bc — ad)? = 1, and otherwise they are disjoint [3, p. 100, Theorem 5.6].
Tt is also straightforward to prove [3, p. 101, Theorem 5.7] that if Z—i < % < Z—;‘

are successive elements of Fy, then C(hy, k1) and C(h, k) touch at

ho ki
kR + k) R Ak

and C(h, k) and C(hs, ks) touch at

hy ke
ko k(k*+k3)  k2+k3

Bonahon [20, pp. 207 ff., Chapter 8] explains Ford circles in the language of
hyperbolic geometry.

We remind ourselves that |§y| =1+P(N) =1 —|—Zg:1 @¢(m) and let po Ny <
-+ < pg(n),n be the elements of Fx. In particular, po y = 0 and pg(n), N = 1.
For p, n = Z”—j\vf with ged(hp, N, kn,n) = 1, write Cp, v = C(hp,n, kn,n). Let
Py n be the clockwise arc of Co,n from ¢ to the point at which Cy y and Cy
touch. For 0 < n < ®(N), let P,, x be the clockwise arc of Cyp, y from the point
at which C,,_1,y and C,, x touch to the point at which C,, x and C;,41,5 touch.
Finally, let Pyny n be the clockwise arc of Cg(ny n from the point at which
Cany—1,n8 and Cy(n) v touch to i + 1. Let Py be the composition of the arcs
Pon,..., P¢(N)7N), which is a contour from 7 to 7 + 1.

Write H = {r € C:Im7 > 0}. The Dedekind eta function n: H — C is
defined by

o
77(7_) —_ e‘n’i‘r/lQ H (1 _ eQ‘n’imT).
m=1
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It is straightforward to check that 7 is analytic and that n(7) # 0 for all 7 € H
[137, pp. 17-18, §1.44]. For (h,k) € o, let

s(hy k) = kf; (}Z - [lﬂ - ;) = kz::z = Py(hr/k),

called a Dedekind sum; P; is the periodic Bernoulli function. Also, for

(CCL b) € SLy(Z) write

d
fa+d
e(a,b,c,d) = exp (m (120 + s(—d, c))) .

The functional equation for the Dedekind eta function [3| p. 52, Theorem
3.4] is

a b

n (Z:;) = e(a, b, ¢, d)(—i(cr + d))?n(7), <C d) € SLy(Z),7 € H.

Let p(n) be the number of ways of writing n as a sum of positive integers
where the order does not matter, called the partition function. For example,
4,34+1,242,2+14+1,1+1+1+1 are the partitions of 4, so p(4) = 5. Denoting
by D(0, 1) the open disc with center 0 and radius 1, define F': D(0,1) — C by

Fiz)=[Ta-="7" =) nn)"
m=1 n=0
that the product and the series are equal was found by Euler. F' is analytic.
n)
On the one hand, p(n) = F(n,(o), and on the other hand, by Cauchy’s integral

formula [I37, p. 82, Theorem 2.41], if C is a circle with center 0 and radius
0 < R < 1 then | F2)
FM () = n c )
=55 ozt

Taking C' to be the circle with center 0 and radius e =27

of variable z = ™7,

1 o F(€2ﬂ'i‘r) s 2miT
p(n) = %/Z m - 2mie dr

and doing the change

i+1 ) )
— / F(€27m‘r)€727mn'rd7_
%

— / F(e27ri'r)ef27rin‘rd7,.
Py

Using this and the functional equation for the Dedekind eta function, Rademacher
[3, p. 104, Theorem 5.10] proves that for n > 1,

; 2.1 1
1 e d sinh (’/T 3°% nfﬂ)
=—=Y Ak~ :
e :

n— a5
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for A(n) = Yo<pepged(y=r €7 TETE,
We make a final remark about the Farey fractions. Writing the elements
n

of §ny as pov < -+ < PE(N),N> let Ny, N = pn,N — ET60) for 1 < n < N. For
example, ®(5) = 10 and

=d=,-,2, 22,222 2 1
{P1,57 ,p10,5} {57433357275737435a },

and
1 1 1 1 1 1}

{771,57"'77710,5}: {107207307 s Uy 7_%7_%a_170a
Landau [87], following work of Franel, proves that the Riemann hypothesis
is true if and only if for every € > 0,

P(N)

1
> Innvl = O(NET),
n=1

For example, for N = 5, the left-hand side is %. See Narkiewicz [I0T] p. 40,
§2.2.3].

8 Discrepancy and exponential sums

Discrepancy and Diophantine approximation are covered by Kuipers and Nieder-
reiter [8I, Chapters 1-2 ] and by Drmota and Tichy [39, §§1.1-1.4], especially
[39, pp. 48-66, §1.4.1].

Let w = (x,), n > 1, be a sequence of real numbers, and let £ C [0,1). For
a positive integer N, let A(E; N;w) be the number of z,,, 1 <n < N, such that
R(z,,) € E. We say that the sequence w is uniformly distributed modulo 1
if we have for all ¢ and b with 0 < a < b <1 that

oy Alla,b); Niw)

N—oc0 N =b-a

It can be shown [8I, p. 3, Corollary 1.1] that a sequence x,, is uniformly dis-
tributed modulo 1 if and only if for every Riemann integrable function f :
[0,1] — R we have

1 !
Jim 5 32T (RGen) = [ S (17)
Thus, if a sequence is uniformly distributed then the integral of any Riemann
integrable function on [0, 1] can be approximated by sampling according to this
sequence. This approximation can be quantified using the notion of discrepancy.
It can be proved [8I) p. 7, Theorem 2.1] that a sequence z,, is uniformly
distributed modulo 1 if and only if for all nonzero integers h we have

1 N

lim — E eQTrihxn -0

N—oco N ’
n=1
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this is called Weyl’s criterion. But if x € ), then

N
E eZﬂ'zhnaj
n=1

We thus obtain the following theorem.

2 1
= |1 — e2mihz| | sinwha|

(18)

1— e2m‘hx

‘ 1— e27r7,'th

Theorem 19. If x € Q then the sequence nx is uniformly distributed modulo
1.

The discrepancy of a sequence w is defined, for N a positive integer, by

Dy(w)= sup A(la, b); N5w) —(b—a)
0<a<b<l N
One proves that the sequence w is uniformly distributed modulo 1 if and only
if Dy(w) — 0 as N — oo [B1], p. 89, Theorem 1.1].
For f : [0,1] — R, let V(f) denote the total variation of f. Koksma’s
inequality [R1l p. 143, Theorem 5.1] states that for any sequence w = (z,,), for
any f : [0,1] — R of bounded variation, and for any positive integer N, we have

1 !
v 2 ) - [ sy

Following Kuipers and Niederreiter [81), p. 122, Lemma 3.2], we can bound
the discrepancy of the sequence nx in terms of the sum on the left-hand side of
Theorem [14]

<SV(f)Dn(w). (19)

Lemma 20. There is some C > 0 such that for all x € Q, w = (nz), and for
all positive integers m we have

1 1< 1
Dyw)<C | —+ — —
@ <C|mt ¥ L T

Proof. We shall use the following inequality, which lets us bound the discrepancy
of a sequence in terms of exponential sums formed from the elements of the
sequence. The Erdés-Turdn theorem [S1, p. 114, Eq. 2.42] states that there is
some constant C' > 0 such that for any sequence w = (z,) of real numbers, any
positive integer IV, and any positive integer m we have

DN( Z N Zl 6271'1]wn
j=1 n=

Take x,, = nx. For each 7 > 1, by we have

1
. (20)

1 1
|sm7r]x| Sin(””ﬂ””)-

2mignx
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But sint > %t for0<t< 5, S0

1 o 11
sin(r [ljzll) = 2lljzll izl

Using this in gives us

1 &1 1 1 1 1 & 1
DNw <C|—+ e ey =C[|—+—= aT B
W<C\ G+ 27 7 Tl m t N 2 7T

which is the claim. O

It follows from Theorem [14] and Lemma [20| (taking m = N) that if x is of
type < K (log h)! ¢ then

Dy(w) -0 (LX), (21)

Lemma [ tells us that for almost all z € Q there is some K > 0 such that x is of
type < K (logh)'*¢, so for almost all z € €, the bound is true. It likewise
follows that if x has bounded partial quotients then

g 7).

= (22

D) =0

In fact, it can be proved that if x € Bg then, for g = 1+2\/g [81] p. 125, Theorem
3.4],
1 K

log g + log(K + 1)

We use the above bounds in the proof of the following theorem.

DN(w)§3N_1+< )N_llogN.

Theorem 21. Let € > 0. For almost all x we have

al N
>~ lInz] = 7 + O((log N)**),

n=1

while if x has bounded partial quotients then

N
S linall = >+ O((log NY?)

Proof. Let f(t) = ||t Then V(f) = 1 and fol f(t)dt = 1, so we get from
Koksma’s inequality that

1 & 1
’NEJWﬂ—4Smex
n=1
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thus
ol N
> na) = T OWNDy(w)).

n=1

The claims then follow respectively from and . O
<

Like we mentioned at the beginning of §6| because |sin(wz)| = sin(r ||z||)
7 ||z| and |sin(7z)| = sin(r [|z|) > 2 - 7 [|z[| = 2]z||, we have

N N N
2) "zl <Y |sin(mna)| <7 [ .
n=1 n=1 n=1

Thus Theorem [21| also gives estimates for Zgzl | sin(mnz)]|.
N

We can investigate the sum Zﬁle R(nx) rather than )",
[88, p. 37, Theorem 1], who proves that for almost all z € Q,

|Inx||; see Lang

al N
; R(nx) = 5 + O((log N)%Fe),

For z € Q, let ¢, = gn(x), the denominator of the nth convergent of the
continued fraction expansion of z, and let a,, = a,(x), the nth partial quotient
of the continued fraction expansion of z. For m > 1, one can prove [I7, p. 211,
Proposition 1] that m can be written in one and only one way in the form

[e'e] t
m = Z Zkqk—1 = szQk—la (23)
k=1 k=1

where (1) 0 < 23 <a;—1, (i) 0 < 2z, < ag for k > 2, (iii) for k > 1, if 211 = ag41
then z; = 0, and (iv) 2; # 0 and 2z = 0 for k£ > t. The expression is called
the Ostrowski expansion of m. We emphasize that this expansion depends on
x. Berthé [I7] surveys applications of this numeration system in combinatorics.
For n > 0, define ds,, = q2n® — p2, and doy+1 = Pont1 — Gont12. Brown and
Shiue [23], p. 184, Theorem 1] prove that for « € Q,

m t
1 L (1 1 1
Z (R(k:x) - 2) = Z(—l) 2k (2 —dig—1 (mk—l + 5 Pk k-1 + 2)) , (24)
k=1 k=1

where mg = 0 and if £ > 1 then m; = Z?:l zjqj—1. If k£ > 0, then by we
have 0 < di, < ﬁ. For k > 1, using the fact that ¢ > my + 1 (for the same

reason that if the highest power of 2 appearing in a number’s binary expansion
is 2871, then the number is < 2% — 1),

+1 +1 L +1
Mpe— — 2k QR — - = Mg — —ZpQE— —
k12ka12 kaQk12
< 1 1 +1
R -
S 4k Qkal B
1 1
= — = — —ZpQE—
gk B 2ka1
< Q-
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Using 7 this inequality, and the inequality 0 < dj < ﬁ7 we obtain

3 (- 3)| < 3w

1 d +1 Jr1
Z —deq l ma_ O -
B k—1 k—1 2k¢1k1 B

k=1
t
1
< gm
k=1
<1t
= ag.
2 k
k=1

If the continued fraction expansion of x has bounded partial quotients, say
ar < K for all k, we obtain from the above that

m

> <R(ka:) - ;>| < %

k=1

It can be proved [23, p. 185, Fact 2] that ¢ < 3logm. Thus, if ax < K for all k,

then for m > 1,
m
1 3K1
3 (R(m«) - 2>| < %

k=1
This is Lerch’s claim stated in For example, if x = %\/g € Q then
ar(x) =1 for all k > 1. We compute that
1000000 1
> (R(kx) - 2) =0.941799...;
k=1

on the other hand, we compute that

1000000

> (R(lmr) - ;) —=19.223414 ...

k=1

Brown and Shiue [23| p. 185, Fact 1] use to obtain the result of Sierpinski
stated in §3] that for all z € Q,

3" R(kz) =+ o(m).

2
k=1

They also prove [23, p. 188, Theorem 4] that for A > 0, there exists some d4 > 0
such that for = € €, if there are infinitely many ¢ such that 22:1 ar < At
(which happens in particular if 2 has bounded partial quotients), then there are
infinitely many m such that

i (R(kx) - ;) > d logm,

k=1

44



and there are infinitely many m such that

m

> <R(ksc) - ;) < —dalogm.

k=1

It can be shown [88, p. 44, Theorem 4] that if k is a positive integer and
€ > 0, then for almost all x we have

N
§ e?ﬂ'inka:
n=1

Lang attributes this result to Vinogradov. But it is not so easy to obtain a
bound on this exponential sum for specific z. For k = 2, one can prove [88]
p. 45, Lemma] that for any = € Q,

-0 (N%+f).

2

N 1 4N 1
<SN+4Y — <« N+4yY ———
=Nt nz::l | sin d7rnz| + ; | sin mnz|

N
E eQﬂ'inzm
n=1

cf. Steele [136, Problem 14.2]. By this gives us

2 AN

<N+2)° L
n=1

[FEd(n

N
E e27rin2x
n=1

If = has bounded partial quotients, it follows from Theorem [11] that

N
.2
E e27rzn x
n=1

Hardy and Littlewood [56] p. 28, Theorem B5] prove that if € Q is an

algebraic number, then there is some 0 < a(z) < 1 such that 25:1 R(nx) =
J +O(N~@®). Pillai [110] gives a different proof of this.

0 (Nl/z(log N)1/2) .

Theorem 22 (Hardy and Littlewood, Pillai). For t > 2, if x € D(7) then for

_ T2
o=

N

ZR(nx) = g + O(N9).

n=1

Pillai [I09] proves other identities and inequalities for 27]2121 R(nx), some for
all z € Q and some for all algebraic x € €.

For w = (x,),n > 1 and for E C [0, 1), we remind ourselves that A(E; M;w)
denotes the number of x,,, 1 <n < M, such that R(x,) € E. Define for M > 1,

DY (w) = sup A([0, B); M; w)

_ 6 A
0<B<1 M
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It is straightforward to prove that D3, < Dy < 2D3, [81 p. 91, Theorem 1.3].
For N > 1 write r = logN. Let ¢¢ > 0 and let N*/2 < 7 < N exp(—r®).
Suppose that o € R and

a 0 .

a=—-—+—, gcd(a,q) =1, exp(r)<qg<7, <1

qa g7
For 0 < 8 < 1 denote by Hg(N) the number of primes p < N such that
R(ap) < B. Vinogradov [143] p. 177, Chapter XI, Theorem]| proves that for
€e>0,

Hy(N)=Br(N)+O(N(g " +gN"H2 £ N3t N - o

Let w = (ppa), n > 1, where p,, is the nth prime. Using Vinogradov’s estimate,
one proves that for « € R\ Q, D} (w) — 0 as N — oo, which implies that the
sequence (p, ) is uniformly distributed modulo 1. A clean proof of this is given
by Pollicott [ITI, p. 200, Theorem 1], and this is also proved by Vaaler [139]
using a Tauberian theorem. See also the early survey by Hua [65, pp. 98-99,
§3].

Defining Sq(n) = Y_; (R(ka) — %), Beck [9, p. 14, Theorem 3.1] proves
that there is some ¢ > 0 such that for every A € R,

1 S s5(n) / u?
—k1<n<N: <A d
NH == cy/logn — \/7 exp 2 Y

as N — co. Beck [10, p. 20, Theorem 1.2] further proves that if « is a quadratic

irrational, there are C7; = C1(a) € R and Cy = Cy(a) € Ry such that for
ABER, A< B,

0<n<N:A<
{ =" - Cy/log N

B
:(27r)_1/2/ e_“z/Qdu—I—O((logN)_l/lologlogN).
A

’ Sa(n) — C3log N <B}’
N <

Beck and Chen [11]

9 Dirichlet series

The result of de la Vallée-Poussin [32] stated in ' 3| implies that there is no s such

that for all irrational « the Dirichlet series > -, m converges. It follows

from this fact that there is no s such that for all irrational x the Dirichlet series
> IFm:H converges.

Lerch [92] in 1904 gives some statements without proof about the series
. cot vwm
Z (2um)2m+l’
V:l
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He states that if w is a real algebraic number that does not belong to Q, then
for sufficiently large m this series converges, and states, for example, that with

_ 1+V5
w = 3 3

\[Z cot vwm i

(2vm)7 10!°

Writing ¢, (8) = >, C(:Z(ffle), Berndt [16) p. 135, Theorem 5.1] proves that if
0 is a real algebraic number of degree d and 1 < d < 2r — 1 (to say that d > 1
is to say that 6 is irrational), then ¢, () converges.

For a Dirichlet series > " | a,n™ %, one can show [I37, pp. 289-290, §9.11]
that if the series is convergent at s = og + gy, then for ¢ > oy and any ¢ the
series is convergent at s = o +it. It follows that there is some o € [—00, 0]
such if ¢ < o¢ then the series diverges at s = o + it, and if 0 > o( then the
series converges at s = o + it. We call oy the abscissa of convergence of the

Dirichlet series. If each a,, is a nonnegative real number, then the function

o0
= E ann” %, Res > oy,

n=1

cannot be analytically continued to any domain that includes s = o [64}, p. 101,
Proposition 18].

Let a, be a sequence of complex numbers. It can be shown [137, pp. 292
293, §9.14] that if s, = a; + ... + a,, and the sequence s,, diverges, then the
abscissa of convergence of the Dlrlchlet series > 2 a,n”* is given by

1 log |Sn‘
oo = limsup ———.
n— o0 logn

By Theorem [L1fand Theorem [13| (taking, say, e = 1), for almost all 2 €  there
are C7, (5 such that for all positive integers n we have

—~ 1
Cinlogn < Z Tzl < Con(logn)?.
j=1

j||
Thus, if a,, = I ‘ then
log C ] loglogn  log s, - log Co L1 2loglogn
logn logn logn logn logn ’
and hence
. logs,
lim =

n—oo logn

It follows that for almost all x € Q) the abscissa of convergence of the Dirichlet

. o0 1 —8 _
series Y~ | e “is oo =1

Likewise, by Theorem [21] (taking e = 1), we get for almost all z € Q that
Z?Zl ljz|| = % + O ((logn)®). We can then check that lim,_,o logsu — 1 and

logn
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hence that the abscissa of convergence of the Dirichlet series Y | ||[nx||n™* is
agp = 1.
A 1953 result of Mahler [46, pp. 107-108] implies that if & € R is an algebraic
5(d—1) - :
z |, the Dirichlet series

number of degree d, then, for m = [

M

SlIl no

has abscissa of convergence oy < d(m + 1)log(m + 1), and the power series

Z’ﬂ/

[M]8

sin no

3
Il
-

has radius of convergence 1.
Rivoal [121] presents later work on similar Dirichlet series. See also Queffélec
and Queffélec [115]. Lalin, Rodrigue and Rogers [84] prove results about Dirich-

let series of the form 3277 . — - Duke and Imamoglu [40] review Hardy and

n=1 cos(nwz)"
Littlewood’s work on estimating lattice points in triangles, and prove results
about lattice points in cones.
For 0 € Q, write

ﬁ

R, o(¢,m Zl (¢ + nb),

where P, is a periodic Bernoulli function. Spencer [I35] proves that for any
€ > 0 and almost all 8 € ),

Ri16(¢,m) =0 ((logm)").

Another result Spencer proves in this paper is that if ¢,(8) = O(g"_;), then
R.9(¢,m) = O(m!~#) for 1 < r < h. SchoiBengeier [127] gives an explicit
formula for Zi\/:—ol Py (ka).

10 Power series

For a power series > a,, 2™ with radius of convergence 0 < R < oo, the Cauchy-
Hadamard formula [119, p. 111, Chapter 4, §1] states

1
= liminf |a, | ~*/". (25)

B limsup,,_, . |a,|t/"  n—oo

The radius of convergence R is equal to the supremum of those t > 0 for which
|an|t™ is a bounded sequence.

Lemma 23. If x € Q), then the power series

'Il

e o]
z:: [nz|
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and
(oo}
> [en
|sinnx|’
n=1
have the same radius of convergence.

Proof. The radii of convergence of these power series are respectively

lim inf an”l/n and  liminf | sin(rnz)|*/".
n— o0 n—0o0

On the one hand,

| sin(mnz)| = sin(r ||nz||) < 7 ||nz|]
Therefore, since lim,,_,oo 7/" = 1,
)1/n 1/n

lim inf | sin(7nz)|*/" < lim inf (7 ||nz|| = lim inf ||nz||
n— oo n—oo n—oo

On the other hand, since sint > %t for t > 0,
. . 2
|sin(mnz)| = sin(r ||nx||) > =« ||nx|| = 2||nz|| .
0

Therefore, using lim,,_,, 2*/™ = 1, we have

lim inf | sin(rnz)[Y/" > lminf (2 |nz]))*™ = liminf ||nz||*/",
n—o0 n—oo n—oo
showing that the two power series have the same radius of convergence. O

We show in the following theorem that for almost all x, the power series
> mei Taay has radius of convergence 1.

Theorem 24. For almost all x € ), the power series

o0 Zn
2
2 o] (26)

has radius of convergence 1.

Proof. For x € Q, let R, be the radius of convergence of the power series .
We have 0 < ||nz| < 3, so m > 2. Therefore SN, HTlch — 00 as N — oo,
and so the power series diverges at z = 1. Therefore R, < 1 for all x € Q.

We shall use Lemma [7] to get a lower bound on R, that holds for almost
allz € Q. Let A={2 € Q: R, <1}, let A, = {2z € Q: R, <1- L}
and let B,, be those z € Q such that ||nz||"/" < 1 — L infinitely often. If
Un o9 - %, and this implies that there
are infinitely many n such that ||nz|| /" <1 — L sox € By, i.e. Ay C By,.
But let fo,(n) = (1— %)n Then > ", fm(n) converges, since 1 — -1 < 1, so,
by Lemma [7} for almost all x € € there are only finitely many n such that

x € Ap, then R, = liminf,,_, ||nx]|
1/n
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|nz|| < fm(n). Thus u(By,) = 0. Hence p(A,,) =0, and since A = J;°_, A

we get that
oo
< Z w(Ay) =

m=2
that is, R, > 1 for almost all x € Q. In conclusion, R, = 1 for almost all
x e O

In fact, we can prove the above theorem using the bounds we obtained in
Theorem By Theorem |11} for almost all z € Q2 we have that ZJ 1 HJwII

O(m?). (Here we will merely need the fact that the sum is subexponentlal in
m.) For such an z, take 0 < r < 1. Let a,, = r™, let s, = Z? 1 IINH’ let by =
and let b,, = s,_1 for n > 2. Using summation by parts, namely

N N
Z an(bn+1 - bn) - aNJrleJrl - albl - Z bn+1(an+1 - an)a

N
> ol =" 3“28" =

Therefore

n=1

N
(rNTIN?) 4+ 0 n =0(1).
>l = (Z
Since Zn 1 m is increasing in N (being a sum of positive terms), we obtain
that the series Y7 | HMH
it follows that R, > 1.
For z € Q let R, be the radius of convergence of the power series Y -
We proved in Theorem [26| that for almost all x € Q, R, = 1.

converges. Since this is true for all » with 0 <r < 1,

Zq
a=1 Tlqz[*

Theorem 25. For x € Q, let R, be the radius of convergence of the power
series Zq 1 quH’ and let a, = an(x) and ¢, = qn(z). Then
R TI —1/qn
R, = hnlgloléf a, 1"

For any 0 < R <1 there is some x € ) such that R, = R.
Proof. From the Cauchy-Hadamard formula ,
R, = liminf ||qx|\1/q .
q—o0
Then R, < liminf, , ||qn:c||1/q". On the one hand, by (TI), [g.z| < ¢,i1,
and ¢n41 = @n41Gn + gn—1 > any19, hence ||L]n1'|| < a;—ll-lqrjlv and using that

1 n
limy, 00 gn fan — =1,

- —1/qn —1/qn _ 13 —1/qn
R, §hnni10r<1)fan+1 a, fhnrglgfanﬂ .
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On the other hand, let ¢ > 2 and take ¢, < ¢ < gn+1. Applying ,
1 1 1 1

> = > .
dn+1 + An 2qn+1 2(an+1QTL + Qn—l) 4an+1qn

lgnz|l >

Then applying Theorem |2, and using that 0 < ||¢,z|| < 1 and ¢ > ¢,

1 1/qn

1 1 1/qn

gz > ane] /2> flgn] /2 > <4> |
An+19n

As (4g,)" /% — 1 as n — oo, this implies

|1/q 1/qn.

R, = liminf ||gz > liminfa,_
T q—00 ”q ‘ = %o n+1

For 0 < R<1,let R=e" for r > 0. Define a € NN as follows. Define
a1 = 1. Suppose for n > 1 that we have defined aq,...,a, and thus pi,...,pn
and ¢1,...,q,. Define a,y; = [e"™]. Then ai/ff < e, so a;j_/lq” > e ",
Therefore for z = v(a), R, > e™". Now, €™ > 1580 a,y1 = [e""] > 27 Lemdn,
Then a:/ff > 27 Yane" hence

R, = liminf a;j_/lq" < liminf2"/"e™" =",
n—oo n—oo
We have therefore established that when z = v(a), R, = e ".

For R = 0, define a € NN by a; = 1 and a,y; = [e"¥"], which satisfies

Any1 > 27 e, For x = v(a),

R, = liminfa, /™ < liminf2"/%¢~" = 0.
n—oo n—oo

For R = 1, define a € N¥ by a,, = 1 for all n > 1. Namely, v(a) = 71;\/5 €

Q. For x = v(a) it is immediate that R, > 1. O

Since R(nz) < 1, of course the power series > - | R(nz)z™ has radius of
convergence > 1. The following result, for which Pélya and Szegé [112] p. 280,
Part II, No. 168] cite Hecke, shows in particular that the radius of convergence
of this power series is < 1 for z € € and is thus equal to 1.

Theorem 26. For x € Q, let

f(z) =) R(na)z", |z <1

We have )
lim (1 —7)f(re?™®) = —

1 2mi
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Proof. Since z € ), the sequence nz is uniformly distributed modulo 1. There-
fore, with f(t) = te®™ we have by that

N 1
: 1 2mine __ : 1 _ 2mit _ 1
lim — 3:1 R(nx)e = lim i ngi f(R(nx)) = /0 te* ™ dt = et

N—oo N ™
We will use the following result [112, p. 21, Part I, No. 88]. If a sequence of
complex numbers a,, satisfies limy_, % ZnN:1 a, = s, then

t—1-

lim (1 —¢) Z ant™ = s.
n=1
Let a, = R(nx)e?™* and we thus have

li 1—t¢ R 27rina:tn ——
Ja (=03 Rina)e e = o

O

It follows from the above theorem that if x € Q then |z| = 1 is a nat-
ural boundary of the function f defined on the open unit disc by f(z) =
oo R(nx)z"; cf. Segal [128, p. 255, Chapter 6], who writes about this power
series, and who gives a thorough introduction to natural boundaries in the same
chapter. Breur and Simon [21I] prove a generalization of this result.

Hata [59 p. 173, Problem 12.6] mentions the appearance of the function f
from the above theorem in the study of the Caianiello neuron equations.

11 Product

We will use the following lemma proved by Hardy and Littlewood [57, p. 89],
whose brief proof we expand.

Lemma 27. Let ¢ : (0,00) = R be positive and nondecreasing. If

= 1
> e

2 T (k)

then for almost all x € ), there exists some H such that for alln > 1 and for
all real h > H, there are at most max{%(h), 1} integers m € {1,...,n} that
satisfy ||ma| < .

Proof. By Lemma [7] for almost all z € Q there is some K such that if &k > K
then

2
kx|l > Tok) (27)
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Let H be large enough so that

min [[kz|| 2 2
also let ®(H) > 1. Now suppose by contradiction that there is some n > 1
and some h > H such that there are more than max{%(h)7 1} integers m €
{1,...,n} that satisfy ||mz| < +. Then there are some 1 < m; < my < n
satisfying |[miz|| < + and |[mez|| < + and such that

n h

pw=mo—m; < —F/~ = ——,
ny(h)

so pp(h) < h. On the other hand,

izl < szl + [maal] < ++ 7 = -
x mix Mol — ==
M = 1 2 h h ha
2 2 .

s0 h < =g Thus pp(h) < el e

e < —— < —>

pr|| < — s < ——y

p(h) = pip(p)

p < h because p < ﬁ and ¢ (h) > ¢(H) > 1. Moreover, since ||uz|| < 2 < 2,
we have p > K. This contradicts . O

Hardy and Littlewood [57, p. 89, Theorem 4] prove the following theorem
that gives us the conclusion for certain functions that are not Riemann
integrable on [0, 1].

Theorem 28. Let f : (0,1) — R be nonnegative, let f be nonincreasing on

(0, %) and nondecreasing on (3,1), and let

/1 f(t)dt < oo.
0

Let ¢ : (1,00) = R be a positive and nondecreasing function such that

=1

k=2

o)) ae

then for almost all x € (2,
1 '
Jim 3 S Jna)) = | s

If

S
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Proof. For 0 < § < %, define

f(t)a 5§t§175,
fs(t) =
0, 0<t<d or 1-0<t<l.

From Lemma for almost all z € Q there is some C such that for all n and h

there are at most C”T(h) integers m € {1,...,n} satisfying |[mz|| < +. Let

Y f(B(mx)) = 5,(8) + S2(5),

where

and

= > Y iR

k=0 1<m<n

serT Sllmall< e

1 o0
= EZT,M(J).
k=0

v(F) . .
There are at most C'— <k6 ) integers m € {1,...,n} that satisfy |mz| < %,

2

k2
. . noy (%) noy (25 )

thus, as v is nondecreasing, there are at most 2C e < 2C ST terms

in Ty, (9). For each term f(R(mx)) in Ty, (9), since 2,;% < |Jmz|| we have, by

assumption on f, either f(R(mz)) < f (2;%) or f(R(mz)) < f(1- 2,;%), and

hence 5 5
f(R(mz)) < f <2k+1> +f (1 - 2k+1> :
Therefore,
L& ey (T 5 5
w0 < 152 L0 (1 (5) s (- 550)
=4 2k+1 ) =4 ok+1
- 40;2k+2¢< 5 >f<2k+1>+40k22k+2w< B >f<1_2k+1
-0 =0

IN

5 /1 1 1
i [T <t> f(t)dt+40/lgw <1_t> F(t)dt.
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Let € > 0. Because fol f@) (1/) (3) +v (i)) dt < oo, there exists a d; such

that if § < &; then S2(§) < e.

On the other hand, since fs is Riemann integrable on [0, 1] and because, by
, the sequence mx is uniformly distributed modulo 1, we obtain from
that

n—oo

1 1-6
im S} = = .
lim S, (0) /0 fs(t)dt /6 f)de

As fol f(t)dt < oo, there exists a o such that for 6 < §y and for sufficiently

large n,
)
| s
0

Therefore, for sufficiently large n and for sufficiently small §,

s;(a)—/olf(@dt’ < S}L((S)—/;_éf(t)dt + 4 1i6f(t)dt‘ < 3c.

Sn/ol f(t)dt‘ < s;(a)/olf(t)dt‘ﬂsﬁ(m < 4e.

Thus for sufficiently large n,

1
S, —/O f(t)dt‘ < 4e.

O

By the Birkhoff ergodic theorem [42] p. 44, Theorem 2.30], if f € L[0,1]
and z € Q, then for almost all « € [0,1],

Jim 237 R+ ) = [

This equality holding for a = 0 is the conclusion of Theorem 28|
Baxa [§] reviews further results that give conditions when a function f :
[0,1] = RU{+o00} that is not Riemann integrable on [0, 1] nevertheless satisfies

1 [
Jim > J(ma)) = / F(t)dt

for certain x € Q. Oskolkov [104], p. 170, Theorem 1] shows that if f : (0,1) = R
satisfies lim;_,o4 f(t) = 400 and lim;_1_ f(t) = +o0, and also the improper
Riemann integral of f on [0, 1] exists, then, for x € Q,

1 [
Jim 5> J(ma) = / F(t)dt

if and only if




where ¢, (z) is the denominator of the nth convergent of the continued fraction
expansion of z.

Driver, Lubinsky, Petruska and Sarnak [38]

Using Theorem [28] we can now prove the following theorem of Hardy and
Littlewood [57, p. 88, Theorem 2].

Theorem 29. For almost all x € 2,

n 1/n
. . 1
nl;r& (k”l | sin kﬂ'x|> =3

Proof. Let f(t) = —logsinnt. Using cos(t — §) = sint and sin 2t = 2sint cost,
one can check that fol logsintdt = —log2. (The earliest evaluation of this
integral of which we are aware is by Euler [44], who gives two derivations, the
first using the Euler-Maclaurin summation formula, the power series expansion

for log (}f; ), and the power series expansion of z cot(z), and the second using

the Fourier series of log | sint|.) Thus, fol f(t)dt =log2 < oo. So f satisfies the
conditions of Theorem 28
Let 9(t) = (logt)?. First, upper bounding the series by an integral,

— 1 1 | 1
< dt = log 2 .
kzﬁ k(logk)? — 2(log2)? +/z t(logt)? 2(log 2)2 tlogs < oo

Second,

froo(e() e () -

1

f(@) ((t) + (1 —t)) di

1
2

—2log sin(t)

o— S

((logt)® + (log(1 —t))?) dt

< 7 “2108(20) ((log 1)? + (log(1 — 1))?) dt

8 o~

<

Therefore by Theorem for almost all z € Q,

n

1 1
lim — —logsi = [ —logsinwtdt
Jim -~ Z ogsin(mR(mx)) /0 og sin mtdt,

m=1
i.e.

1 < 1
nl;ngo ﬁmz::llog | sin mma| = log 3
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Hardy and Littlewood give another proof [57), p. 86, Theorem 1] of the above
theorem, which we now work out. This proof is complicated and we greatly
expand on the abbreviated presentation of Hardy and Littlewood.

We remind ourselves that the Cauchy-Hadamard formula states that the
radius of convergence R of a power series »_ a,z" satisfies

1
= = lim inf |a,|~*/™.
limsup,,_, . |an|t/"  n—oe jn]

2mix

Theorem 30. Fiz xz € Q and write gg = e
radit of convergence of the power series

It

Then R = p, and if |2| < p then F(z) = ef(3).

. Let p and R respectively be the

'I’L 'I’L

) =1+ .
Z (1—-q)1—q3)---(1—qp)

(1—q)

The functions f : D(0,p) — C and F : D(0, R) — C are analytic [I37, p. 69,
Theorem 2.16].
Using the Cauchy-Hadamard formula we have

p=liminfn'/"[1 - gf|"/" < liminf(2n)"/" = 1
n—oo n

1— 00

and
R = liminf(|1 — qol L~ g3 -+ [1 — g§)"/" < 2. (28)

Lemma 31. For |u| =1 and for 0 <r <1,

<2.

1—wu
1—ru

Proof.
1—ul <|l—ru|+|ru—ul=1—rul+1-r

Because Reu < 1 we have 1 —r <1 —7rReu = Re(1 —ru) < |1 — rul. Hence
|1 —u| < 2|1 —rul|, from which the claim follows. O

We assert the following as a common fact in complex analysis.
Lemma 32. For |w| <1 define
=3
=1

If lw| < 1, then e%®) = (1 —w)~.
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For |g|,|z| < 1, we define

oo
zq:Z n

For |g| < 1, define ¢o(g) = 0 and for n > 1,

n 71

Fzq) _1+Z (1-q)(1=¢*) - (1—q")

—q")

1
Cn\q) = —(0—— <
9 n(l—q")
and thus for |z| < 1,
oo
flz0) =) enlq)2™
n=0
Furthermore define v = 0 and for n > 1,
1
Tn = )
n(l—qf)

and thus for |z| < p,
-Toe
n=0
For |q| < 1, define Cy(q) =1 and for n > 1,

1

Cld) = T 1)

and thus for |z| < 1,
= Z Cn(q)z
n=0
Furthermore define I'y = 1 and for n > 1,
1
(1=qo)(1=q§)---(1—qf)

I, =

and thus for |z| < R,
-3,
n=0

We prove directly the following, which is an instance of the g-binomial
formula [2 p. 17, Theorem 2.1].

Proposition 33. If |q|,|z| < 1 then

F(z,q) = /9.
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Proof. By Lemma

S (S5 (5 - S e

Because e(") = (1 —w)~! for |w| < 1,

f(ZaQ) — H eL(Zq ) — H (1 o qu)fl.

m=0
Define -
G(sa) = ] (1 - 4™ Zgn
m=0
On the one hand, ¢go(¢) = G(0,9) = 1. On the other hand,
G(gz,9) = (1 = 2)G(z,9),
thus

gn(@)z"* = Zgn (1—¢")
>
n=0

and therefore for n > 1 we have g, (q) = (1 —¢")"tgn_1(¢q). Thus by induction,
for n > 1,

(q) = 1
gnq_(1—q)(1_q2)...(1_qn).
Hence _
= = = F(z,q).
1+;(1—q)(1—q2)...(1_qn> F(zq9)

Proposition 34. R > p, and if |z| < p then e/*) = F(z).

Proof. If p = 0 then the claim is immediate. Otherwise, 0 < p < 1. Let
0<t<p, 0<r<1,and define G(f) = F(te?,7qy). On the one hand,

ZC rqo)( tew ZC’ rqo)t"e nt

which implies that G(n) = Cp(rgo)t"™ for n > 0 and G(n) = 0 for n < 0. On
the other hand, for n € Z, using Proposition

~ 1 2 .
Gn) = o i G(0)e ™%dp
1 27 . .
=5 ; F(te’e, rqo)eﬂ”ed@
1 2 f(t 0 —in
= — ef (e ra0) g =ind gg.
2w
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By Lemma 3]

oo n oo

fte rq)| <Y e <2 ———— = M(1),
1£( )| anl—r”qol anl_q0| (t)

n=1 n=1

and because t < p it is the case that M(t) < co. Then for n > 0,
5 L[ e Ml
Culrao)t™| = G| < o [ (el r]ap < MO,
21 Jo
Cn(rq) — Ty, as r — 1, and therefore
Tat"| <eM® 0<t<p,  n>0.

Now fix |z| < p, take ¢ such that |z] < t < p, and write 0 < § = |ti| < 1 and
M,, = eM®§". Because T, t"| < eM®),

0 0 e} M(t)
gwnzw - ;mrnm < gM - i — <,

which implies that |z| < R. Therefore R > p. Furthermore, because

|Cr(rqo)z"| = 6™|Cr(rgolt"| = My, r € (0,1),

by the Weierstrass M-test [123], p. 148, Theorem 7.10], the sequence ZQLO Ch(rge)z"
converges uniformly for r € (0,1) and therefore [123], p. 149, Theorem 7.11]

N
}13% F(z,rqp) = lim lim Z%Cn(rqo)z

r—1 N—oo

N

— 1 3 n
= Jim, lim 3 Gt

n=0
N
- g
= F(z).
Now, for 0 < r < 1, by Lemma [31]
z" z"
len(rqo)2"| = W <2 m =my,.

Because |z| < p, the series Y, m,, converges, and therefore by the Weierstrass
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M-test, the sequence ZQLO ¢n(rgo)z™ converges uniformly for r € (0,1). Then
N
}1_% f(z,rqo) = lim lim ch(rqo)z"

r—1 N—oo
n=0

N

Then using Lemma [33]

exp(f(2)) = exp (lim /(2,700))
r—1
= lim exp(f(z,7q0))
r—1

= lim F(z,7q0)

= F(Z>7
completing the proof. O
Lemma 35. If |[u| =1 and u # 1 then

al 2
Swlsg
n=1 |_u‘
Proof.
al u—uNt? 1—u?N 2
nz::lu T 1w :‘1—u 1=

O

Lemma 36. Let 0 < a < 1, let x € Q, and suppose that there is some C' such

n

that ——2—— < C for all n. Then

| sin nrx|

Proof. Take 0 < € < % and let

En={n:1<n<N,|nz| <€}
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N 2"
n=1 sin? nwx "

Thus if 1 <n < N and n € Ey then |nz| > e. Write Sy = Y,
Because | sinnmz| = sin(w [|[nz|]) > 2||nz||,

a2n a2n
v = Z sin? nra * Z sin? nrx
nekbN n¢EN,1<n<N
5 a2n
<CBEyl+ Y.
ngEN,1<n<N
1
< C?E —_—
=7 N|+4e2(1—a2)
Because z is irrational, by Theorem [I9] the sequence na is uniformly distributed
modulo 1. Therefore
|En|

— =2 N —
N €, 0,

and this implies
S
lim sup 2N < 2¢-C2.
N—oo

Because this is true for each 0 < € < % it follows that limpy_ oo STN = 0, proving
the claim. 0

Proposition 37. R < p.

Proof. We have found in that R < 2p,ie. p> g. Assume by contradiction
that R > p; in particular R > 0, which implies p > % > 0. By Proposition
we have F(z) = ef(3) for |z| < p and so F(z) # 0 for z € D(0, p).

Let uyp, ..., usp be the distinct zeros of F on |z| = p, with respective mul-
tiplicities p1,...,ps; if there is none, take s = 0, and use ) Jy = 0 and []; = 1.
Define . .

z J
G(z) F(z)j[[l (1 ujp) ., z€D(0,R).

Because G : D(0, R) — C is analytic and G(z) # 0 for z € D(0, p), there is some
T, p < T < R, such that G(z) # 0 for z € D(0,T) [124] p. 208, Theorem 10.18].
As D(0,T) is simply connected, there is an analytic function g : D(0,7) — C
such that G(z) = e9) for z € D(0,T) [124, p. 274, Theorem 13.11]. Thus

S

F(z) =@ [ (1 - Z)pj . zeD(0,T).

Ujp

=L < 1, and then by Lemma eL(ﬁ) =

\
p

j=1

=
ujp

For z € D(0,p) we have

-1
(1 - i) . Therefore for z € D(0, p),

wip

Ujp

ef(z) _ F(Z) — eg(z) H e—l’jL(ﬁ) = exp g(Z) — ijL (Z) y
j=1 i=1
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ie.
e (£ =) - Yt (5) ) =1 ze D0
J=1 J

But the image of a continuous function D(0, p) — 2miZ is connected, and be-
cause 2miZ has the discrete topology it follows that the image is a singleton,
thus there is some v € Z such that

f(z)—g(2)+ ijL (ujp) = 2miv, z € D(0,p).

But €90 = G(0) = F(0)-1 = 1, so g(0) = 0, and f(0) = 0, hence v = 0.
Therefore
z

A =aa-Ynt (). zenop

ZS:ij (uzp> - i:pji <u],§)n = i i;pj(ujp)” 2"

Let g, = 9O por ;e D(0, p),

n!

o0 o0 o0 1 S
Dz = gnz" =D | =D pilup)" | 2",
n=1 n=1 n=1 n j=1

so for n > 1,

1 1O
——— s =T =0 — — ) _pi(up)"
n(l—qf) n Jz::l I
Then .
—=np"gn — ijuj_”. (29)
1—qp =

Cauchy’s integral formula [I37, p. 82, Theorem 2.41] tells us that for 0 <V < T,
C(t)=Vet, 0 <t <2m,

gn =

00 L[ o),
C

n! 2w wntl

whence, as the length of C' is 27V,

|gnl < lg(w)].

—— Imax
V7o w|l=v
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Fix p <V < T, with which

p n
np"gal < () mag loCw)l.

and for £ < ¢ <1 we have
[np"™ gn| = O(6™).

Using this and

S S

D puit| <> pi=0(1),

j=1 =1
yields
o)
=0(1).
1—gqg
AS pn pn pn ,L'ef'frinzpn
1—qp  1—e2mne  _2jemnegingnas  2sinmnz’
we get
& an
—~ 2 = 0(1)~
sin” mnx

For any M, there is some nj; such that sin? Ty > M, and thus the above
estimate is contradicted if p = 1; hence 0 < p < 1. (We emphasize that
p < 1is deduced from the assumption R > p, which we are showing to imply a
contradiction.) By Lemma [36] we then get that

Z SlIl nmwx <N) (30)

Now, multiplying each side of by its complex conjugate and using that
[np™gn| = O(6™) and that ‘Z;Zl pjuj’”‘ =0(1),

ij (ipw?) +0(0"),

4sm ™I Pt
i.e.
2n S
p — n n
Asin®rnr Zp? +§ :pjpk'(uj fug)" + O(8"). (31)

=1 ik
Let E={(j,k):1<j,k<s,j#k}and let PN: Z‘;:lp? > 0. Then summing
forn=1,...,N, using 25:1 o = 11155 =0(1),

N 2n N
Z pf = NP+ Z DjDk (Z(U;luk)n> + O(1).

n=1 (4,k)eE n=1
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Because u; # uy, for (j, k) € E, we have according to Lemma (35| that

2
1 n
u; u =0(1).
25| S Ty ~ O
Thus
N p2n
> —5 =4NP+0(1),
£ sin” mnx
and because P > 0 this contradicts . Therefore, it is false that R > p, which
means that R < p, proving the claim. O

Theorem 38. Let x € Q and let p1 and Ry respectively be the radii of conver-
gence of the power series

o oo
PO .
sinnrz’ sinwz - sin 27z - - - sinnwx’
n=1 n=1
Then Ry = &
Proof.
|1 —qf| = |1 — e*™™®| = 2| sinTna|.

By the Cauchy-Hadamard formula,

- . . n Lo il B
R1zlgglgf\smﬂz---smmrﬂl/ :5-lgggf\(l—qo)~--(1—qO)\l/ =—
and

p1 = liminf | sin nrz|Y/™ = p.
n— oo
TheoremsaysR:p, hence Ry = & =2 =12, O

n

By Lemmaand Theorem for almost all , the power series Zzo:l -
has radius of convergence 1. Then using Theorem for almost all x the power

series Y o7 | = — . has radius of convergence %, and thus for almost
n=1 sin 7x-sin 27z--- sinnwx 27

all x € Q,
n 1/n 1
hnrglgf (,cl_[l | sin k:7r:1:|> =3

Hardy and Littlewood give a separate argument [57, p. 88, Eq. 4.3] proving that
for almost all x € €,

n 1/n
1
lim sup (H |sinkﬂ'x|> =2

and combining the formulas for the limit inferior and limit superior yields The-
orem
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Lubinsky [93] proves more results about products of the form [];_,(1 —
e?™k%) " For example, Lubinsky [93, p. 219, Theorem 1.1] proves that for all
€ > 0, for almost all 8 € Q we have

n
H 27rzk9

The first author [I3] p. 532, Theorem 2] gives asymptotic expressions for the
L?[0,1] norm of [],_, (1 — e*™*%) as n — oo, for 1 < p < oco.

Forw € Rlet P, (w) = [[_, |2sinmrw|. Let F,, be the nth Fibonacci number
and let g = _1"2"/5. Verschueren and Mestel [142, p. 204, Theorem 2.2] prove
that there is some ¢ = 2.407... such that

log

‘ O((logn)(loglogn)**e).

Pr. (9) — ¢, n — oo

and

PFn—l (g) N c 7
Fn 27’(\/5
and that there are C'; < 0 and Cy > 1 such that for all n,

n — oo,

n“t < Py(g) < n.

Let X be a measure space with probability measure \. Following [I3T]
p. 21, Definition 3.6], we say that a measure preserving map 7 : X — X is
r-fold mixing if for all g, f1,..., f, € L"T}(X) we have

,,,,,

If for each r the map T is r-fold mixing, we say that T is mixing of all orders.

Let ¢ > 2 be an integer, and define T, : [0,1] — [0,1] by T,(t) = R(qt). We
assert that T; is mixing of all orders. This can be proved by first showing that
the dynamical system ([0,1], u, Ty;) is isomorphic to a Bernoulli shift (cf. [42]
p. 17, Example 2.8]). This implies that if the Bernoulli shift is r-fold mixing
then Tj is r-fold mixing. One then shows that a Bernoulli shift is mixing of all
orders [42), p. 53, Exercise 2.7.9]. Using that T, is mixing of all orders gets us
the following result.

Theorem 39. Let ¢ > 2 be an integer. For each n > 1 we have

2 n+1
lim / | sin(27t)] |sm (27qumt)| dt = ( ) .
™

m—r oo
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Proof. Define g(t) = f1(t) = --- = fn(t) = |sin(2nt)|. For any nonzero integer
N we have

! 2
/ |sin(2r Nt)|dt = —,
0 ™

and it follows from , using m; =m, ..., m, = m, that

1 n . 2 n+1
i, [ vizrot T o= ()7
im ; | sin(27t)]| ’g’bln(ﬂ'q )| -

O

Write Si(a) = 3.5 | X;(a), where X(a) = log|2 — 2cos(2mja)| and o =

%\/g' Knill and Tangerman [76] talk about motivations from KAM theory for

caring about these sums. See Lagarias [82] and Ghys [51] for more on small di-

visors in Hamiltonian dynamics, and Carleson and Gamelin [25] p. 48, Theorem

7.2] and Yoccoz [I52] for Arnold’s theorem on analytic circle diffeomorphisms.
Marmi and Sauzin [94]

12 Conclusions

Kac and Salem [70] prove the following. Let ¢; be a sequence of nonnegative
real numbers for which Y72 | ¢, < co. If the series

S o
k|sinkx|

k=1

converges in a set of positive measure, then
= 1
E cplog | — ) < o0,
Ck
k=1

and if this condition is satisfied then 7}% | ek g7y converges for almost all 2.
Muromskii [I00], p. 54, Theorem 1] proves that if ¢ is a sequence of nonneg-
ative real numbers, if @ > 1, and if there is a set of positive measure on which

the series
oo
S
Ck T . 7 1~
| sin kx|
k=1

converges, then for any § > 0, the series

a5 +o
o
k=1

converges.

67



Let X be a random variable that is uniformly distributed on [0,1]. Kesten
[74, p. 111, Theorem 1 | proves that if >, - |cx| < oo, then the series

Ck

sin(272k X)

NE

~
Il
=}

converges with probability 1. Stated using measure theory, the conclusion is
that for almost all z € ), the series

Ck
sin(272kz)

WK

E
I
=

converges. Kesten [74, p. 114, Theorem 3] also proves if a,, € R and a,, — o0,
then

n—1

1 1

Tl N
an Z sin(2mw2kF X))
k=0

in probability. Stated using measure theory, the conclusion is that for each

€ >0,
12 1
li Q: =S —— _ |>eb =
L {:” R kZ:O sin(2n2kz) | = E}

For T¢ = RY/Z¢ = (R/Z)%, let o be Haar measure on T and let o4 =
&1<j<q0 be Haar measure on T4, with o(T) = 1. A sequence t(n) € T¢,
n > 1, is said to be uniformly distributed if for any arcs Iy, ..., I; in T, with

d
=11, 1,
1 <n<
lim {t(n) € I:1<n <N}
N—o0 N

= O'd([).

Kronecker’s approximation theorem [I38] p. 108, Theorem 6.3] states that
if a1,...,aq € R and {1,q1,...,aq} is linearly independent over Q, then the
sequence (naj+Z, . ..,nag+7Z), n > 1, is uniformly distributed in T¢. Meyer [95]
is a thorough presentation of multidimensional Diophantine approximation and
Diophantine approximation with locally compact abelian groups, and harmonic
analysis involving sets satisfying various Diophantine properties.

Measure theoretic results in Diophantine approximation are presented in
Khinchin [75], Einsiedler and Ward [42, Chapter 3], Rockett and Sziisz [122]
Chapters V and VI, Billingsley [18, pp. 13-15, 319-326], Kac [71, Chapter 5],
Bugeaud [24], and Kessebohmer, Munday and Stratmann [73]. The significance
of continued fraction expansions of irrational numbers in the early history of ax-
iomatic probability theory is described by Barone and Novikoff [7], Durand and
Mazliak [41], and von Plato [I45]. Veech [141] presents material on Diophantine
approximation in the setting of topological dynamics.

We have been interested in results about almost all x € €2, using Lebesgue
measure g on [0,1]. If E C Q has pu(E) = 0, one can ask what the Hausdorff
dimension dimg F of the set E is. Let Bg be the set of those z € €) such that
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an(z) < K for all n > 1, and let B = (Jg~, Bx, the set of those € Q with
bounded partial quotients. We have already stated that u(B) = 0 [75, p. 60,
Theorem 29], and Jarnik [37, Theorem 4.3] proves that the Hausdorff dimension
of B is in fact 1; cf. Falconer [5l p. 155, Theorem 10.3] and Wolff [I51] p. 67,
Chapter 9] on Hausdorff dimension. Hensley [61] proves

6 ., T2

dimpg Bx =1—- K ' = K ?log K + O(K™?), K — .
e T

Dodson and Kristensen [37] give a survey of results on the Hausdorff dimension
of various sets that appear in Diophantine approximation.
For a decreasing positive function v, the set

W () ={z € [0,1] : ||lgz|| < q¥(q) for infinitely many ¢q € N}

can be written as the limsup of a sequence of sets,

W(w)—hmsupW ,n ﬁ G W (i, n
N=1n=N

where

wwn = U (Z-v@2+v@) 0o

2n—1<g<2n 0<p<q

One can exploit nice properties of limsup sets, such as the Borel-Cantelli lemma
and invariance under ergodic transformations, to prove fundamental results in
Diophantine approximation. Beresnevich, Dickinson and Velani [I5] use this
motiviation of Diophantine approximation to build a framework for a natural
class of limsup sets on compact metric spaces. Their general results readily
imply the divergent case of Khinchin’s theorem: pu(W (%)) =01if > qy(q) < o0
(Lemmal[7) and p(W () = 1if - qp(q) = oo. Their framework also establishes
the divergent case of Jarnik’s theorem: the f-Hausdorff dimension of W (1)) is 0
if > qf(¥(q)) < oo and is infinity if > qf(¥(q)) = oo, where f is a dimension
function such that r =1 f(r) — oo as r — 0, and 7~ f(r) is decreasing.

As well, rather than making statements about subsets of {2 of measure 1, we
can talk about sets whose complements are meager. (Measure theoretically, the
notion of a negligible set is made precise as a set of measure 0, and topologically
the notion of a negligible set is made precise as a meager set.) Some results of
this type are proved in Oxtoby [106, Chapter 2].

Let p be prime, let N, = {0,...,p — 1}, and let Q, C [[, IV, be the p-adic
numbers. For x € Q, let

vp(a) = inf{k € Z:a(k) #0}, ||, =p @),

and let Z, = {z € Q, : v,(x) > 0}, the p-adic integers. Let u, be the Haar
measure on the additive locally compact abelian group Q, with p,(Z,) = 1. We

call A € Z, a p-adic Liouville number if () = liminf, _, [n — )\|11,/n =0,
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and let .Z}, be the set of p-adic Liouville numbers. One checks that if A € Z>g
then v(A) =1 [125 p. 201, Exercise 66.A]. It can be proved that %, is a dense
Gs set in Z, [125, p. 204, Theorem 67.3] and that w,(.%,) = 0 [I125, p. 205,
Theorem 67.4]. One reason for caring about p-adic Liouville numbers is that if
x € Zy is algebraic over Q then v(x) = 1, and hence a p-adic Liouville number
is transcendental over Q [125] p. 203, Theorem 67.2].

Unlike in estimating exponential sums, the sums that we have been estimat-
ing in this paper do not have cancellation. Instead we have estimated them by
showing that the terms are only occasionally large. For A, (t) = > _, SBEL it
can be proved [IT3], p. 74, no. 25] that

sin 0

1A, ()| < / —2df = 1.8519.
o 0

On the other hand, let M,, be the maximum of > ;_, % It can be proved
[113] p. 77, no. 38] that

M, = 2 logn 4+ O(1).
s

Walfisz [146] presents results of his, of Oppenheim, and of Chowla on sums

Zg 271'1]1:

i<n

for g(3) = r1(j), the number of ways to write j as a sum of k squares, and for
9(3) = d(j), the number of positive divisors of j. One of the results of Chowla
is that if z € Q has bounded partial quotients, then

Zd )e2miIT — (n% logn) .

One of the results Walfisz proves is that if € > 0, then for almost all = € €,

Zn:d 2T — (n%(log n)2+6) .

Wilton [I50] proves some similar results. For example, Wilton proves that for
any x € €,
Z & cos 2mjz = o((logn)?),
— ]
j
See Jutila’s book on exponential sums [69].

Let f(t) = Pi(t) for t ¢ Z and {t} = 0 for t € Z, where P; is a periodic
Bernoulli function. Namely, for all ¢t € R,

1 < sin27wmt
y=—=) —.
) T L= m
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Define Sy (0) = Z:Ll %f(n@), where p is the M6bius function. Davenport

[31, p. 11, Theorem 2] proves that there is some C such that for all N and for
all 6,

<C.

N
> 20 )

Davenport [31], p. 13, Theorem 4] also proves that for almost all 6, Zﬁ;l “(n") f(nd) —
—1sin276. See Jaffard [67].

It would be a useful project to give an organized presentation of Hardy and
Littlewood’s results on Diophantine approximation. Their papers in this area
are all included in Hardy’s collected works [55]. Hardy and Littlewood proved
many pleasant results on various sums and series with coefficients related to
sin(nmz) and R(nz). It would be desirable to streamline and systematically
prove these results, to let a modern reader to be able to understand them
without having to read the whole series of papers to figure out what results are
being tacitly used from earlier work or assumed as general knowledge. There
is only a bare summary of Hardy and Littlewood’s work in the commentary
in Hardy’s collected papers. Hardy’s work on Diophantine approximation is
briefly summarized by Mordell [99]. See also lecture V of Hardy’s lectures on
Ramanujan [54].
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