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b+ cx + do* = fp 4 p*a?, an cquation of the second de-
gree, which gives

__ pr=c+ v (p*—2ep*+ 8dfp- ¢ —4bd)

b 2d ’

So that the question is now reduced to finding such vahies
of p, as will make the formula p* — Q¢p* + 8dfp + *—4bd
become a square. But as it is the fourth power of the re-
quired number p which occurs here, this case belongs to the
following chapter.

X

CHAP. IX.

Of the Mcthod of rendering Rational the incommenswrable
Formula v(a + bx + ca® + do’® + cxt).

128. We are now come to formule, in which the indcter-
minate munber, &, rises to the fourth power; and this must
be the limit of our researches on quantities affected by the
sign of the square root ; since the subject has not yet been pro-
secuted far cnough to enable us to transform Into squares
any formulee, in which higher powers of 2 are found.

Our new formula furmshes three cases: the first, when
the first term, @, 1s a square; the second, when the last
term, cat, is a square; and the third, when both the first
term and the last are squares. We shall consider each of
these cases separately.

129. 1st. Resolution of the formula

V(P A b 4 et + dad 4 ex?t).

As the first term of thisis a square, we might, by the first me-
thod, suppose the root to be '+ px, and determimne p in such a
manner, that the first two terms would disappear, and the
others be divisible by 2°; but we should not fail still to find
a* in the equation, and the determination of & would depend
on a new radical sign. We shall therefore have recourse to
the second method ; and represent the root by £+ px + ga?;
and then determine p and g, so as to remove the first three
terms, and then dividing by a3, we shall arrive at a simple
equation of the first degree, which will give & without any
radical signs.
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180. If, therefore, the root be £~} pa - g%, and for that
reasoi
S+ be 4 ex® & dat A et =
Fo o Ypr + P+ Y+ g g
the first terms disappear of themselves; with regard to the
sccond, we shall remove tlhiem by making b = 2fp, or

b .
= ?f_'; and, for the third, we must make ¢ = 2fq + p2,
_..])9

¢ s - ! .
== "This being done, the other terms will be di-

visible by &%, and will give the equation d-- cx = 2pg+¢°s,
frem which we find
d—2 g —d
POy = AL
gt —e e—q*

131. Now, it is casy to see that this method leads to no-
thing, when the sceond and third terms are wanting in our
formula; that is to say, when & = 0, and ¢ = 0; for then

1 .
p =0, and ¢ = 0; eonscquently, x = — (7, from which

we can commonly draw no conclusion, because this case
evidently gives da? L ex* = 03 and, therefore, our formula
becomes equal to the square £%.  But it is chiefly with re-
spect to such formule as /™ 4 cat, that this method is of no
advantage, since in this case we have d = 0, which gives
£ = 0, and this lcads no farther. It is the same, when
b =0, and d = 0; that 1s to say, the second and fourth
terms are wanting, in which case the formula is

¢
S - eat - eat; for, then p = 0, and g = ., whence

x =0, as we may immediately perceive, from which no
further advantage can result. i
132. 2d. Resolution of the formula

S+ bx + ca® + dad + grat).
We might reduce this formula to the preceding case, by
supposing r = —7‘/—; for, as the formula

-~

. b c d g°
() Jpie = et
R Y Y,

must then be a square, and remain a square if multiplied
by the square 3%, we have only to perform this multiplica-
tion, in order to obtain the formula

BB
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ay* + by’ +'cy* + dy + g%,
which is quite similar to the former, only inverted.
But it i1s not necessary to go through this process; we
have only to suppose the root to be gu* + pxr + g, or, in-
versely, ¢ + pr + gz?, and we shall thus have

a + bx + cx* + do® + g% =
¢® + 2pgx + 2gqx* + p*a® + upat + gt
Now, the fifth and sixth terms destroying cach other, we

shall first determine p so,  that the fourth terms may also
destroy cach other; which happens when d = 2gp, or

d =t . ;
p = 5—; we shall then likewise determine g, in order to re-
20

move the third terms, making for this purpose
=y

c=2gq4p’ orq= —Qg—,
which done, the first two terms will furnish the equation
a+ br = ¢* + 2pgx; whence we obtain

a—q° 7*—a

=, @F 1) =
2pq— b

b—2pq

133. Here, again, we find the same imperfection that was
before remarked, in the case where the second and fourth
terms are wanting; that is to say, & = 0,and d = 0; be-

cause we then find p =0, and ¢ = ; therefore

c
2g
a—q° . S .

o hov, this value being infinite, leads no farther

T =

than the value, « = 0, in the first case; whence it follows,
that this method cannot be at all employed with respect to
expressions of the form a - cx® 4 g%2*,
134. 3d. Resolution of the formula
V(f*+ bz + ca® + da® + g%a®).

It is evident that we may employ for this formula both
the methods that have been made use of ; for, in the first
place, since the first term is a square, we may assume
S+ px + gx* for the root, and make the first three terms
vanish; then, as the last term is likewise a square, we may
also make the root ¢ 4 px 4 gw?, and remove the last three
terms; by which means we shall find even two values of 2.

But this formula may be resolved also by two other
methods, which are pecuﬁ'arly adapted to it.
In the first, we suppose the root to be £+ pa + ga? and
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p is determined such, that the second terms destroy each
* other; that is to say, ’
L rbrterrtde® g% =
S? A Ypx + YBa® + pat + Apa® + gt
. b )
Then, making b = fp, or p = ~27, and since by these

means both the second terms, and the first and last, are
destroyed, we may divide the others by 2?, and shall have

the equation ¢ + dvr = 2fg -+ p* -+ 2gpx, from which we

. C—Q y — % 7+2 —c .
obtain @ = c—Y—p HEw = 4 : s . Here, 1t ought
Rop—d ~d—2ap

to be particularly observed, that as g is found in the
formula only in the second power, the root of this square, or
&> may be taken negatively as well as positively; and, for
this reason, we may obtain also another value of 2-; namely,

_ehoE—pt P Y—e
v § —Qgp—(l’orx“ 2ept+d

135. There s, as we observed, another method of resolving
this formula ; which consists in first supposing the root, as
before, to be £+ pa + gw? and then determining p in such
a manner, that the fourth terms may destroy each other ;
which is done by supposing in the %ndamental equation,

l .
d= 2p, or p= 5‘g—; for, since the first and the last terms

disappear likewise, we may divide the other by z, and there

will result the equation b - cx = 2fp + Ygx + px, which
. H—2 .

gives & = Q—fé_i_—;:p_—_—é. We may farther remark, that as

the square f? is found alone in the formula, we may sup-

pose its root to be — £, from which we shall have

b+ 2fp
=0
pP—Yi—c
new values of @ ; and, consequently, the methods we have
employed give, in all, six new values.

136. But here again the inconvenient circumstance occurs,
that, when the second and the fourth terms are wanting, or
when 4 =0, and d = 0, we cannot find any value of z
which answers our purpose; so that we are unable to re-
solve the formula f2 + ca® 4 ga*. Yor, if b =0, and

BB 2 '

So that this method also furnishes two
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’
d =0, we have, by both methods, p = 0; the former

=9
0

whieh are proper for furnishing any further conclusions.

137. These then are the three formule, to which the
methods hitherto explained may be applied ; and, if in the
formula proposed neither term be a square, no success can
be expeeted, until we have found one such value of @ as will
make the formula a square.

Let us suppose, therefore, that our formula becomnes a
square in the case of @ = £, or that

a + Dh + ch* + dh® + eh* =12,

giving @ = , and the other giving x = 0; necither of

if we make # =% + y, we shall have a new formula, the
first term of which will be 4% that is to say, a square, which
will, consequently, fall under the first case: and we may also
use this transformation, after having determined by the pre-
eeding methods one value of x, for instance, x = % ; for
we have then only to make @ = % -+ g, in order to obtain a
new equation, with which we may proceed in the same
manner. And the values of z, that may be found in this
manner, will furnish new ones; which will also lead to
others, and so on.

138. Butitis to be particularly remarked, that we canin
no way hope to resolve those formulza in which the second and
fourth terms are wanting, until we have found one solution ;
and, with regard to the process that must be followed after
that, we shall explain it by applying it to the formula a + ex?,
which is one of those that most frequently oecur.

Suppose, therefore, we have found such a value of z = 7,
that @ + el* = k*; then if we would find, from this, other
values of z, we must make # =% + y, and the following
formula, @ 4 eh* 4- 4el®y + Gch%y* + 4chy® + ey, must
be a square. Now, this formula being reducible to
I+ dehy + Geh*y* 4 4ehy? + ey?, it therefore belongs to
the first of our three cases; so that we shall represent its
square root by & + py + ¢y°; and, consequently, the
formula itself will be equal to the square

R+ 2epy + poy* + gy + gy’ + ¢yt
from which we must first remove the second term by de-
termining p, and consequently ¢; that is to say, by making

2ch?
el = Rhep, ot p = == and Gch* = 2kg + p?, or
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- Geh>—p*  SelPht =20 cl(3KF—2cht)
Tk T JE i kS i
el (B4 2a) T

~3

or, lastly, ¢ = , because et = I* — a; after
which, the remaining terms, 4chy® 4 cy?, being divided by
y*, will give 4el -{— ey = g + ¢y, whenee we find
4(’71,-— 2nq
B= ——(1_—?[—1, and the numérator of this fraction may be
ot A2, 5( 12 1. O,
dehb! —4e TR +-2a) |

thrown into the form o N

or, because el = k2 — @, into this, :
dehk —deh(k2—a) x (k2 42u) _ el —ak?+ Q(zQ) _4ael(2a—12)
Iz = A i
With regard to the denominator g* — e, since
_ehr(k- +2a)

, and ¢t = A* — @, it becomes

/ 5
c(f2=a) x (M2 + 2a)? — ckb c(SaL‘ 4 ) ca(Bk' — 4a®)
i i o
so that the value sought will be
_Adaeh(2a—k") kO i
y= kY x ae(Sk*—4a?y )
A0k (Qa— L“)
Y=g dg and, consequently,
h(8ak*— 4a*)
= YRS '(—S'E-ZF'“’ :

(k*— Sak*-4a?)

A =93kt ?

* By multiplying 6¢?*—p® by £, and substituting for £°p? its
cqual, 2eh’.

+ Yor since k? = @ + el4, thele"ore 3k* — 2eht = 3a + eh*
=k + %a.

- 4 O 2 g
+ Here 4¢h = i}%., also g = e (]f,;*-__a)’ i, — e;:z :
seriols c20)

therefore 2pg = ; and, consequently,

thll/c —4e? h"’(/» +2a)

B.
k'l

Leh — 2pg =
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If, therefore, we substitute this value of @ in the formula
a + ex*, it becomes a square; and its root, which we have
supposed to be & + py -+ gy*, will have this form,
ol 8k(k*—a) x (2a—k2) | 16k(k*—a) x (K*+2a) x (2a—4%)*

3kt —1a® (8h*—4a?)* y
2eh® el (k* +2a)
because, as we have seen, p = T

A0k (2a -k
¥i5 %/.—g:a.[sz)s and eht = k> — o *,

189. Let us continue the investigation of the formula
a + ex*; and, since the case @ + ch* = k2 is” known, let
us consider it as furnishing two different cases; because
=+ h, and x =— I; for which reason we may trans-
form our formula into another of the third class, in which
the first term and the last are squares. This trans-
formation is made by an artifice, which is often of great

utility, and which consists in making « = hi——l;-’-;j’{-) : by which
means the formula becomes
a(l =y)+4eht(1+y)* )
T—p) , or rather
4k~ 2a)y + 6%y 4(k* — 2a)y* + K2y*
(1—y)* '
Now, let us suppose the root of this formula, according to the
third case, to be w?—]:‘f
(1—ygy
formula must be equal to the square
k4 2kpy + py* — 2% — 2Uhpy® + Kyt
and, removing the second terms, by making

2 — 4 Ny
—— ;> and dividing the

; so that the numerator of our

4%° — 8a = 2p, or p =

* Thus,
ek 4HI(2a—kY) Sehth(%a—k?) Sk(K—a) x (2a—F)
=% XSk ta’ . Sk—da® 3kt—4a? ’
L eht(k1+2a) 16KH(2a—h")  16ehk{J* +9a) x (2a—ka)?
also,gy* = — X (i qa7)7 = (Bki—4a®)
__16k(k*—a) x (k* +2a) X (2a—F*)*

1 1 Ch i
GF—ia®) ,by substituting es* =%"—a.

B.
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other terms by 3%, we shall have
6F* + 4y(k* — 2a) =— 2+ p* — Upy, or
y(4k* — 8a 4 Rp) = p* — 8k%; or
2% — 4a
k

, and pk = 2k* — 4a; so that

—4k* —16ak*4-16a2
e

P =

Y8k — 16a) =
—kb—dak? + 4a?

Y= T da)
If we now wish to find 2, we have, first,
ket — 8ak? - 4a®

K2k —4a) ’

, and

l+y=

and, in the sccond place,
N e
-y = Q(Q/fz—‘k-l_)

1+y kF—=8dk*+4a’
11—y~ 8kt—4e?
h(k* —8ak'4-da?)
=" dw
but this is just the same value that we found before, with
regard to the even powers of z.

140. In order to apply this result to an example, let it be
required to make the formula 2z* — 1 a square. Here,
we have « =— 1, and ¢ = 2; and the known case when
the formula becomes a square, is that in which z = 1; so
that 2 = 1, and 4° = 1; that is, ¥ = 1; therefore, we shall

14844 .
have the new valne, = —1_3_—1' = —13; and since the

; so that

; and, consequently,

fourth power of z is found alone, we may also write
z =+ 18, whence 22* — 1 = 57121 = (239)>.

If we now consider this as the known case, we have
h =13 and & = 239; and shall obtain a new value of =z,

namely,
13 x (239*4- 8 x 239*+4) 42422452969
3 x 39— 4 9788425919

141. We shall consider, in the same manner, a formula
rather more general, @ + ca* + eat, and shall take for the
known case, 1n which it becomes a square, # = % ; so that
a + ch + cht =k :

And, in order to find other values from this, let us
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suppose & = A +y, and our formula wiil assume the fol-
lowing form :

@

ch®+2chy + cy*

el +4elly -1-6el’y® + deloy® -+ cyt

E* +(Qch +4eh®y + (c+6eh™)y +dehy® -+ e,

The first term being a square, we shall suppose the root
of this formula to be & 4~ py - gy%; and the formula itsclf
will necessarily be equal to the square

ke -+ kpy + oy + 2eqy® -+ gy’ -+ ¢yt
then determining p and ¢, in order to expunge the second
and third terms, we shall have tor this purpose

ch+2eh?

ch +- 4eld = Rcp; or p = S and
SN 6)] g e
¢ + Geht = 2kqg + p*; rgq __:b i %}l P

Now, the last two terms of the general cquation being
divisible by 1%, they are reduced to

4eh ey = 2pg + g% ;
deh—Lpq

g°—c
ofx =h-+4y. If we now consider this new case as the
given one, we shall find another new case, and may proceed,
m the same manner, as far as we please.

142. Let us illustrate the preceding article, by applying
it to the formula 1 — 2+ &% in which a =1,¢ =— 1,
and e=1. The known case i1s evidently & =1; and, there-
fore, k=1, and £k = 1. If we make x =14y, and
the square root of our formula 1 4 py -- gy*, we must first

9el3 e
Cii;;-fﬁ =1, and then ¢ = iﬁiﬁ.’];» P = o=
These values give y =0, and « = 1. Now, this is the
known case, and we have not arrived at a new one; but it
is because we may prove, from other considerations, that the
proposed formula can never become a square, except in the
cases of x = 0, and 2 = + 1.

143. Let there be given, also, for an example, the
formula 2 — 32* + 2*; in which ¢ =2, ¢ = — 3, and
¢ = 2. The known case is readily found; thatis, x = 1;
so that & = 1, and & = 1: if, therefore, we make =14y,
and the root =1 + py -+ g%, we shall have p =1, and

which gives y = » and, conseqjuently, the value also

have p =
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g=4; whence y = 0, and #=1; which, as before, leads to
nothing new.

144. Again, let the formula be 1 4+ 82* + &*; in which
¢« =1,¢=8 and ¢ =1. Here a slight consideration is
sufficient to point out the satisfactory case, namely, » = 2;
for, by supposing %~ =2, we find £ =7; so that making
x = 2 + y, and representing the root by 7 + py + g2, we
shall have p = *?, and ¢ = 27%; whence

y=— 3882 andx =— ;35
and we may omit the sign minus in these values, But we
may observe, farther, in this example, that, since the last
term is already a square, and must therefore remain a square
also in the new formula, we may here apply the mcthod
which has been already taught for eases ot the third class.
Therefore, as before, let = 2 + y, and we shall have

1
32 4+ 3% 4 8y
16 + 82y + 2y + 8y +

19 + G4y + 32 + 8y® 4y
an expression which we may now transform into a square i
several ways. For, in the first place, we may suppose the
root to be 7--py - 275 and, eonsequently, the formula
cqual to the square ‘

49+ 1ipy + py® + 149° + 2py° + y*s
but then, after destroying 8y, and 2py®, by supposing
2 =8, or p = 4, dividing the other terms by 7, and de-
riving from the equation

64 + 32y = 14p + 14y + p% = 56 + 30y,

the value of y =— 4, and of x =— 2, or 2 =+ 2, we come
only to the ease that is already known.

Farther, if we seek to determine such a value for p, that
the second terms may vanish, we shall have 14p = 64, and
p =% and the other terms, when divided by ¢, form
the equation 14 + p*® 4 2py = 32 + 8y, or

1120 4 9ty =32 + 8y, whence we find y =— Z1; and,

consequently, 2 = — 15 or @ = - 15 : and this value trans-
l . 2382 2§ ) .

forms our formula into a square, whose root is %12*I.

Farther, as —2* is no less the root of the last term than
% we may suppose the root of the formula to be
7 + py — v, or the formula itself equal to .

49 + 14py + p*y® — 14y° — 2py® + y*. And herewe shall
destroy the last terms but oue, by making — 2p =8, or
p=— 4; then, dividing the other terms by y, we shall have
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64+32y=14p — 4p+py =— 56 4 2,
which gives y = — 4; that is, the known case again. If
we chose to dcstroy the second terms, we should have
64 = 14p, and p=3*; and, consequently, dividing the
other terms by y°, we should obtain

32 + 8y = — 144+ p°* — py, or
32 4 Sy = 33 — *y; whence
y=—L andx =— 15;

that is to say, the same values that we found before.

145. We may proceed, in the same manner, with respect

to the general formula

@+ br + ex® 4 dx® + ext,

when we know one case, as @ = %, in which it becomes a
square, £*. The constant method is to suppose * = % 4 y:
from this, we obtain a formula of as many terms as the
other, the first of them being #*. If] after that, we express
the root by # 4 py -+ qy° ; and determine p and ¢ so, that
the second and third terms may disappear ; the last two,
being divisible by 7%, will be reduced to a simple equation
of the first degree, from which we may easily obtain the
value of 7, and, consequently, that of z also.

Still, however, we shall be obliged, as before, to exclude
a great number of cases in the application of this method ;
those, for instance, in which the value found for 2 is no
other than x =%, which was given, and in which, con-
sequently, we could not advance one step. Such cases
shew either that the formula is impossible in itself, or that
we have yet to find some other case in which it becomes
a square.

146. And this is the utmost length to which mathe-
maticians have yet advanced, in the resolution of formule,
that are affected by the sign of the square root. No dis-
covery has hitherto been made for those, in which the quan-
tittes under the sign exceed the fourth degree; and
when formule occur which contain the fifth, or a higher
power of z, the artifices which we have explained are not
sufficient to resolve them, even although a case be given.

That the truth of what is now said may be more evident,
we shall consider the formula

k* 4 bx + cx® 4 do’ + ext + fi®,
the first term of which is already a square. If, as be-
fore, we suppose the root of this formula to be £ -4 pa 4 g%,
and determine p and ¢, so as to make the second and third
terms disappear, there will still remain three terms, which,
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when divided by &% form an equation of the second degree ;
and x evidently cannot be expressed, except by a new 1rra-
tional quantity. But if we were to suppose the root to be
k4 pa - ga* + r2% its square would risc to the sixth
power; and, consequently, though we should cven de-
termine p, ¢, and r, so as to remove the second, third, and
fourth terms, there would still remain the fourth, the fifth,
and the sixth powers; and, dividing by 2%, we should again
have an equation of the second degree, which we could not
resolve without a radical sign. T'his seems to indicate that
we have really exhausted the subject of transforming formulae
into squares: we may now, therefore, proceed to quantities
affected by the sign of the cube root.

CHAP. X,

Of the Method of rendering rational the irrational Formula
(e + bx + cx* + dad).

1477, It 15 here required to find such values of z, that the
formula @ + bx 4+ cx* + da® may become a cube, and that
we may be able to extract its cube root. We see lm-
mediately that no such solution could be expected, if the
formula exceeded the third degree; and we shall add, that
if it were only of the second degree, that is to say, if the
term dx® disappeared, the solution would not be easier.
With regard to the case in which the last two terms dis-
appear, and in which it would be required to reduce the
formula @ + bx to a cube, it is evidently attended with no
difficulty ; for we have only to make a + bz = p3, to find

pP—a

T

148. Before we proceed farther on this subject, we must
again remark, that when neither the first nor the last term
is a cube, we must not think of resolving the formula,
unless we already know a case in which it becomes a cube,
whether that case readily occurs, or whether we are obliged
to find it out by trial.

So that we have three kinds of formule to consider.
Onc is, when the first term is a cube; and as then the
formula is expressed by f% + bx + ex? + dr®, we imme-

at once x =



