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CHAP. 1V.

On the Method of rendering Surd Quantities of the form
A/ (¢ + bx + cx®) Rational.

38. It 1s required in the present case to determine the
valaes which are to be adopted for a, in order that the
formula « - 6w -+ c2® may become a real square; and,
consequently, that a rational root of it may be assigned.
Now, the letters a, b, and ¢, represent given numbers; and
the determination of the unknown quantity depends chiefly
on the nature of these numbers; there being many cases in
which the solution becomes impossible.  But even whenit is
possible, we must content ourselves at first with being able to
assign rational values for the letter , without requiring those

ralues also to be integer numbers; as this latter condition
produces researches altogether peculiar.

89. We suppose here that the formula extends no farther
then the second power of @ ; the higher dimensions require
different methods, which will be explained in their proper
places.

We shall observe first, that if the second power were not
in the formula, and ¢ were = 0, the problem would be at-
tended with no difficulty ; forif (¢ + bx) were the given
formula, and it were required to determine , so that a + b
might be a square, we should only have to make a 4 bx =3/,

z
¥ 2 a. Now,
whatever number we substitute here for y, the value of @
would always be such, that ¢ + da would be a square, and
consequently, /(& 4 bx) would be a rational quantity.

40. We shall therefore begin with the formula 4/ (1 4 2°);
that is to say, we are to find such values of 2, that, by add-
ing unity to their squares, the sums may likewise be squares ;
and as it 1s evident that those values ot & cannot beintegers,
we must be satisfied with finding the {vactions which express
them.

41. If we supposed 1 + a° = »°, since 1 4~ 22 must be a
square, we should have a* = o> — 1, and @ = v/ (3* = 1;
so that in order to find & we should have to seek numbers
for y, whose squares, diminished by unity, would also leave
squares ; and, consequently, we should be led to a question as
difficult as the former, without advancing a single step.

whence we should immediately obtain o =
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It is certain, however, that there are real fractions, which,
being substituted for z, will make 1 4 2* a square; of
which we may be satisfied from the following cases:

1. If @ =3, we have 1 4 2* =2%; and consequently
(1 + 2% = 5. ‘

2. 1+ 2* becomes a square likewise, if' » = %, which
gives /(1 + 2%) = 3. .

3. If we make @ = %, we obtain 1 + 2°* = 192  the
square root of which is 1.

But it is required to shew how to find these values of @»
and even all possible numbers of this kind.

42. There are two methods of doing this. The first re-
quires us to make /(1 4+ 2*) = 2 4 p; from which sup-
position we have 1 4- 2% = 2% 4+ 2pr + p° where the square
2% destroys itself; so that we may express @ without a
radical sign. For, cancelling 2> on both sides of the equa-

1—p®

2
a quantity in which we may substitute for p any number
whatever less than unity.

tion, we obtain 2pz - p* = 1; whence we find z =

m
Let us thercfore suppose p = P and we have

m?
@ = ——_2"_, and 1f we multiply both terms of this fraction
n
)
7% —m®
by »?, we shall find x = ———
¥ Qmn

48. In order, therefore, that 1 + 2* may become a square,
we may take for m and » all possible integer numbers, and
in this manner find an infinite number of values for a.

. . ne — mt
Also, if we make, in gencral, x = o Ve find, by
4 D22 +
. wt — 2m*nt+t+m )
squaring, 1 - 2* =1 -} ——-————;,—_l————, or, by putting
4m™n*
4m® nt - 2min® - mt
- —] ~
1 = —-— 1n the numerator, 1 4- 2* = ——— Sha
Am? iy A :
fraction which is really a square, and gives
ne-ms
V142 = ——
{55 ) Qmn

We shall exhibit, according to this solution, some of the

least values of .
N Y
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8728 =42, O S A S T S >

X andm=1, 1, 2 1, 8, 1, 2, 3, W4,
; — 3 4 S 15 7 12 21 8 9

We have = 3 T2) B 2F? 5T 2TO) T2 {0

44. We have, therefore, in general,

o (nt=—m?* (n*+m')?

" (Qmn)t T (2mn)?
and, if we multiply this equation by (2mn)?, we find

(@mn)? + (n® — m2)* = (n* + m')*;

so that we know, in a general manner, two squares, whose
sum gives a new square. This remark will lead to the
solution of the following question :

To find two square numbers, whose sum is likewise a
square number.

We must have p* + ¢* =7* ; we have therefore only to
make p = 2mn, and ¢ = 2* — m*, then we shall have
r = n* + m.

Farther, as (#° + m?)* — (2mn)* = (n* — m?)?, we may
also resolve the following question :

To find two squares, whose difference may also be a square
number.

Here, since p* — ¢* = 7% we have only to suppose

=n*+ m, and ¢ = "mn, and we obtain » = n® — m*.
VVc might also make p = 2% +m®% and ¢ = 2 — m,
from which we should find » = 2mn.

45..We spoke of two methods of giving the form of a
square to the formula 1 4+ 2% The other is as follows:

If we suppose +/(14+2*) =1 + 7%?, we shall hz.u’e

Qmx | mPa® . .
Wl g = ————+ ; subtracting 1 from both sides,

Qmae . mixt

_l_

we have a® = This equation may be divided

n
2m  mix B
by a, so that we have v = o orn v = mn + mir,
?
2mn . .
whence we find # = ————,. Having found this value of
n® — m ©
x, we have
14+a2=1+ 4m®*n® nt+2mn® +m* hich i
: 7 = which is
WOt —2mn + m¥

n~+ me

the squarc of 3 Now, as we obtain from that, the
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(Zmn)? (n%+ m2)*
(n2—m2)* — (n2—m*)?
fore, (n*—m?)?* 4 (8mn)* = (n* -+ m?)?;

that 1s, the same two squares, whose sum is also a square.

46. The case which we have just analysed furnishes two
methods of transforming the general formula @ + ba + c®
into a square, 'The first of these methods applies to all
the cases 1n which ¢ 1s a square; and the second to those in
which @ is a square. We shall consider both these sup-
positions.

First, let us suppose that ¢ is a square, or that the given
formula is @ 4+ bz + f*»*. Since this must be a square,

equation 1 + we shall have, as be-

we shall make &/ (a 4+ bo 4 f*a%) = fo - %, and shall thus

have ¢ + b + far = a4 —@—{- m—;, i which the

A
72 n

terms containing 2* destroy each other, so that

Qmfr  m?
?

a—+br = If we multiply by #°, we obtain

? + w’
mt—ne
n*a + 102br=2mnfr4-m?; hence we find e = —————; and
e b — Lonnf” g

substituting this value for 2, we shall have
mif—naf m  mub—mif— nta

S e S 72‘11—277213]" no 7&"6—53712737'—_ ‘

47. As we have got a fraction for x, namely,
E—
m®—n‘e
——-— _ let us make v = f-, then p = m? — n'¢, and
wb— 2manf” q

bp S

22
q = n*b — QS so that the formula @ - - ——IZ— Is a
q

square; and as it continues a square, though it be mul-
tiplied by the square ¢’, it follows, that the formula
aq’~-bpg+- fp* is also a square, if we suppose p=m*—n’a,
and ¢ = 7°60 — 2mnf. Hence 1t is evident, that an infinite
number of answers, in integer numbers, may result from
this expression, because the values of the letters m and n are
arbitrary.

48. The second case which we have to consider, is that in
which @, or the first term, is a square. Let there be pro-
posed, for example, the formula f* + br + cx’, which it
1s required to make a square. Here, let us suppose
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S+ b4 cxt) = fF+ —7, and we shall have

. % mx mia® . . :
[P b e =2+ L— o> N which equation

the terms f* destroying each other, we may divide the re-
maining terms by #, so that we obtain

=V '

——> Or

2°0 4= nfex = Qmnf + mix, or :
2(nc — m%) = Qmnf — n*b; or, lastly,
__ Zmnf—n*b
T wc—mt
If we now substitutic this value instead of x, we have

V(F2+ br 4 cr) = f me mnb _ _wlcftmif— me;

—m? 2% — m*

d ki —— P v g 1 - Lo
and making & =— 7, Wwemay, mn the same manner as befor (S

transform the expression f"g”‘ bpg + cp 8 imo a square,
by making p = 2mnf — 1%, and G =@ =

49. Here we have cmeﬂy to distinguish the case in which
« = 0, that is to say, in which it 1s required to make a
square of the formula 0z + c2®; for we have only to

ma A
suppose +/(bx + c2*) = g from whieh we have the equa-

Q

22

tion bx + co* = ——; which, divided by z, and multiphed
7
by 2, gives bn® + en®r = mz; and, consequently,
o’
r = —.
m*— cn®

If we seck, for example, all the triangular numbers
that are at the same time squares, it will be necessary that

D e & o
—5—> which is the form of triangular numbers, must be

a square; and, consequently, 22* + 22 must also be a
mia .
square. et us, therefore, supposc e to be that square,
. , . it ;
and we shall have 2% + 20° = w'y, and ¢ = ———=—; m
1 mé— n?

which valae we may substitute, instead of m and %, all pos-
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sible numbers; but we shall generally find a fraction for .,
though sometimes we may obtain an integer number.  Lor
example, if 2 = 8,and # = 2, we find 2 = §, the triangular
number of which, or 36, is also a square.

We may also make m =7, and n = 5; in this case,
2 = — 50, the triangle of which, 1225, is at the same timnc
the triangle of +49, and the square of 85. We should
have obtained the same result by making 7=7 aud n=10;
for, in that case, we should also have found @ = 49.

In the same manner, if m = 17 and n = 12, we obtain
@ = 288, its triangnlar number is

0 [9)
Azt 1) _ 288X _ y44 x 289,

~ ~

which is a square, whose root is 12 x 17 = 204.

50. We may remark, with régard to this last case, that
we have been able to transform the formula b2 -+ ca? into a
square from its having a known factor, &5 this observation
leads to other cases, ir which the formula o + Ja 4 a2
may hkewise become a square, even when neithier « nor ¢
are squares.

These cases occur when a 4 b 4 cx? may be resolved
mto two factors; and this happens when 4% — 4ac is a
square: to prove which, we may remark, that the factors
depend always on the roots of an equation; and that,
therefore, we must suppose @ 4 bx + ex®* = 0. This
being laid down, we have e2® = — br — a, or

br a

+ a%= — — — —, whengce we find
¢ @
b 07 o« ) b r V(0 — dac)
A= — e I O e e
2 — ¥ Mct 2 — 2 f

and, it is evident, that if &* — 4ac be a square, this quantity
becomes rational.
"Therefore let 6% — 4ac = d*; then the roots will be

—b+d E —-b+d 1 ) .
55 that is to say, # = 5, > and, consequently, the

. b~d
divisors of the formula @ 4 ba 4~ c2® are @ - o and

b+d :
@ + —0—-*;- If we multiply these factors together, we are

brought to the same formula again, except that it is divided
b for tl duct 1 Siadily 1 sin
Y ¢ for j s a® — — = > and smce
y ¢ for the product is 2> + — -+ yyhl e

d* = b — 4ac, we have
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be U 0*  dac bz 4 ) .
.7)1 + 7 -+ 4‘—‘0‘2—— Eﬁ Eﬁ = J,"'+ —c——!—'—c—; W}HCh bClﬂg‘
multiplied by ¢, gives ca® 4 ba + a. We have, therefore,
only to multiply one of the factors by ¢, and we obtain the
formula in question expressed by the product,
b d b d
(cx 4 e ?) X (L‘L‘+Q—C+ Q—C),

and it is evidens that this solution must be applicable when-
ever 0° — 4ac is a square.

51. From this results the third case, in which the formula
@ - b - cx* may be transformed into a square; which we
shall add to the other two.

52. This case, as we have already observed, takes place,
when the formula may be represented by a produet, such
as (f+ gz) X (& + kzx). Now, in order to make a squarc
of this quantity, let us suppose its root, or

g

VS + gr) x (b + ke) = m—(%‘é‘z—l), and we shall then
2 L 2

have (f'+ gx) % (° + ko) = E-l—(—‘f;}—l-g"r)-; and, dividing

! ; m f+gx)
this equation by £+ g, we have 2+ ko= s o
hn + knfe = fin* + gmix
Jm?— In®

nE—gm-

To illustrate this, let the following questions be pro-
posed.

Question 1. To find all the numbers, #, such, that if
be subtracted from twice their square, the remamder may be
a square. ]

Since 2a* — 2 is the quantity which is to be a square, we
must observe, that this quantity is expressed by the factors,
2 X (¢ 4+ 1) x (x — 1). If] therefore, we suppose its root

m(x+1) - + 1)°

and, consequently, x ="

= - ,wehave 2(r + 1) x (¢ — 1) = - ;
ne
dividing by 2 + 1, and multiplying by »°, we obtain
m* + 2n*

g, ok INEEC e s
Qite — 2 = mx - m® and & = Fy—t

If, therefore, we make m =1, and » = 1, we find + = 8,
and 222 — 2 =16 = 4° s
Itm=9and n =2, we have w =— 17. Now, as x 1s
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only found in the second power, it is indifferent whetlier we
take * =— 17, or x = + 17; either supposition equally
gives 22 — 2 = 576 = 24,

58. Question 2. Let the formula 6 + 132 + 62* be pro-
posed to be transformed into a squarc. Fere, we have
a=0,b=18, and ¢ = 6, mn which neither « nor ¢ is a
square. If, therefore, we try whether &* — 4ac becomes a
square, we obtain 25 ; so that we are sure the formula may
be represented by two factors ; and those factors are

(2 + 82y x (3 4+ ).

m(2+5x) . .
If (—n-—) 15 their root, we have
: m*(2+3x)?
@+82r) x (8+2W)= ( ’I?,_{_)’

which becomes 3n? + 2n2r = 2m® + 3m’e, whenee we find
L )

em*—3n®  Sn*—2m?

= = . Now, in order that the nume-
2Q*—3m?  Gm2-- 2} ;

rator of this fraction may become positive, 3n* must he

greater than 2m?®; and, consequently, 2m* less than 8n?:
aQ

. m= .

that 1s to say, —- must be less than 3. With regard to the
>

denominator, if it must be positive, 1t 1s evident that 3m*

o

5 m

must exceed 2n*; and, consequently, 7 must be greater
than z, If, therefore, we would have the positive values
of @, we must assume such numbers for m and =, that
NZQ 3 1 2

— may be less than 2, and yet greater than 2.

For example, let m = 6, and » = 5; we shall then have

m2

= 3%, which is less than %, and evidently greater than

2, whence x = 2.

54. This third case leads us to consider also a fourth,
which occurs whenever the formula @ 4 bx 4 c2® may be
resolved into two such parts, that the first is a square, and
the second the produet of two factors: that is to say, in this
case, the formula must be represented by a quantity of the
form p* + ¢r, in which the letters p, ¢, and » express quan-
tities of the form £+ gw. 1t is evident that the rule for this
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case will be to make /(p:+qr) =p 4 ,%2; for we shall

2mpg
%

; m’q° . 1 :
thus obtain p*—+4 gr = p*+- -+ —f—,m which the terms
n

p° vanish; after which we may divide by ¢, so that we find

Q m?

= '%:p —{—%—g, or n°r = 2ump - m*g, an cquation from
which « is easily determined. 'This, thercfore, is the fourth
case in which our formula may be transformed into a square;
the application of which is easy, and we shall illustrate it by
a few examples.

55. Question 3. Required a number, 2, such, that double
its square, shall exceed some other square by unity ; that is,
if we subtract unity from this double square, the remainder
may be a square.

Tor instance, the case applies to the number 5, whose
square 25, taken twice, gives the number 50, which is
greater by 1 than the square 49.

According to thisenunciation, 2z° — 1 must be a square:
and as we have, by the formula, ¢ = — 1, = 0,and ¢ =2,
it is evident that neither @ nor ¢ is a square; and farther,
that the given quantity cannot be resolved inte two factors,
since b° — 4ac = 8 which is not a square ; so that none of
the first three cases will apply. But, according to the fourth,
this formula may be represented by

4+ (@ =1 =a" 4 (r—1) X (@+ 1)
/
1f, therefore, we suppese its root = & -+ 21—7;—1-), we
shall have

Qma(a+1) " m(x + 1)2

@+ @+ 1) x (x-1)=a"+

n 7

This equation, after having expunged. the terms &% and
divided the other terms by x.+ 1, gives
e — n2 = Qmux + m'e + m°; whence we find
m’+n? -
¥ = ———>————; and, since in our formula, 22* — 1, the
n2—2mn—m
square 2° alone is found, it is indifferent whether we take
positive or negative values for w. We may at first cven
write — m, instead of 4, in order to have
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) m’ +n®
- - Qi — m®
If we make m =1, and # = 1, we find x =1, and
Qe — 1 = 1; or if we make m =1, and » = 2, we find

=3, and ®— 1 =; lastly, if we suppose m =1,
and n=—2, we find v=—35, or v =435, and 2x*—1=49,

56. Question 4. 'To find numbers whose squares doubled
and increased by 2, may likewise be squares.

Such a number, for instance, is 7, since the double of
its square is §8, and if we add 2 to it, we have the square
100.

We must, therefore, have 22* 4 £ a square; and as
=2, =0, and ¢ =2, so that neither ¢ nor ¢, nor
b* — 4ae, the last being = — 16, are squares, we must,
therefore, have recourse to the fourth rule.

Let us suppose the first part to be 4, then the second
will be 22* — 2 = 2(x + 1) x (¢ — 1), which presents
the quantity proposed in the form

4+ (@+1) x (¢ =1

m(x +1 .
Now, let 2 + —L;;-——l be its root, and we shall have

the equation

4422 +1) x (v —1)=4+

dm(e+1) | m(x+ 1)
7 T nz

in which the squares 4, are destroyed ; so that after having
divided the other terms by  + 1, we have

rx — 2? = 4mn 4~ m*x + m*; and consequently, e
dmn--m2+2n?
T =———" :
2n—me

If, in this value, we make m = 1, and n = 1, we find
z=",and 2224+ 2 = 100. But ifm = 0, andn = 1, we
have z =1, and 22* 4- 2 = 4.

57. It frequently happens, also, when none of the first
three rules applies, that we are still able to resolve the
formula into such parts as the fourth rule requires, though
not so readily asin the foregoing examples.

Thus, if the question comprises the formula 7 4 152
+ 1842, the resolution we speak of is possible, but the
method of performing it does not readily oceur to the mind.
It requires us to suppose the first part to be (1 — ) or
1 - 2w 4 2% so that the other may be 6 4 172 + 122°:
and we perceive that this part has two factors, because
172 — (4 x 6 x 12), =1, is a square. The two factors
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therefore are (2 + S2) x (8 + 4a); so that the formula
beecomes (1 — x)* 4 (2 + 8x) x (8 + 4x), which we may
now resolyve by the fourth rule.

But, as we have observed, it cannot be said that this
analysis is easily found ; and, on this account, we shall ex-
plain a general method for discovering, beforehand, whether
the resolution of any such formula be possible or not; for
there is an infinite number of them which cannot be re-
solved at all: such, for instance, as the formula 82?4 2,
which can in no case whatever become a square. On the
other hand, it is sufficient to know a single case, in which a
formula is possible, to enable us to find all its answers; and
this we shall explain at some length.

58. From what has been said, 1t may be observed, that all
the advantage that can be expected on these occasions, is
to determine, or suppose, any case in which such a formula
as a + bx 4 cx®, may be transformed into a square; and
the method which naturally occurs for this, is to substitute
small numbers successively for 2, until we meet with a case
which gives a square.

INow, as @ may be a fraction, let us begin with substituting

.t .
for x the general fraction — ; and, 1if the formula
u

bt ct* . . -
a + — -+ -, which results from 1t, be a square, it will be
% 2%? )

so also after having been multiplied by «%; so that it only
remains to try to find such integer values for ¢ and «, as will
make the formula @u® - bfu 4 ct* a square; and it 1s

, e ¢ :
evident, that after this, the supposition of x = -, cannot fail

to give the formula @ -~ b - ca* equal to a square.

But if, whatever we do, we cannot arrive at any satisfac-
tory case, we have every reason to suppose that it 1s altogether
impossible to transform the formula into a square; which, as
“we have already said, very frequently happens.

59. We shall now shew, on the other hand, that when one
satisfactory case is determined, it will be casy to find all the
other cases which likewise give a square; and it will be per-
ceived, at the same time, that the number of those solutions
is always infinitely great.

Let us first consider the formula 2 4 729, in which e = £,
b = 0,and ¢ ='7. This evidently becomes a squave, if we
suppose @ = 1; let us therefore make x = 1 +4- g, and, by
substitution, we shall have a* =1 4 2 + »% and our
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formula becomes 9 4- 14y + 7y% in which the first term is
a squarc; so that we shall suppose, conformably to the
second rule, the square root of the new formula to be

ny : .
34 ™Y and we shall thus obtain the equation
Tt 3

6 UL .
9414y +Ty* =9 ——”%z—}- —72—;:/—, in which we may ex-
punge 9 from both sides, and divide by 7: which being

done, we shall have 14n* + Vn'y = Gmn 4 m’y; whence

Gmn — 14n°
9y = —————; and, consequentl
Y Tne—m? i ’
Cmn—"Tn*—m* . . .
= > in which we may substitute any

values we please for 7 and n.
fwe make m = 1, and » = 1, we have # = — %; or,
since the second power of # stands alone, + = 4 J, where-

fore 2 4 Ta* = %2.

Ifm=38 andn=1 wehavex = — l,ore = 4 1.
But if m =8, and 2 = — 1, we have @ = 17; which

gives 2 - Ta® = 2025, the square of 45.
If m = 8, and n» = 8, we shall then have, in the same
manner, * = — 17, or 2 = + 17.
But, by making m = 8,and n = — 3, we find » = 271 ;
so that 2 + 7a? = 514089 = 717
60. Let us now examine the formula 522 4+ 3a 4 7, which
becomes a square by the supposition of + = — 1. Iere, if’
we make + = y — 1, our formula will be changed into this:
5y — 10y + 5
+ 3y —3
+ 7

53/2 -_ 7.‘/ A 9;

) iy
the square root of which we shall suppose to be 3 — Tj 3 by

which means we shall have

5

5yt — Ty +9=9 — G%y#”ﬂ’e/,m-

Suty — Tn® = — 6mn -+ m%y; whence we deduce

Tt —6Gmu . Jast] ¢ — 6mn—+m?*
S o and, lastly, @ = e —

y:

51 —m*
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If m= ‘2, and n = 1, we have x = — 6, and consequently
St Bx -+ 7 = 169: 182

Butifm = —2and n = l we find # = 18, and 5a2* -
Sz -+ 7 = 1681 = 412

61. Let us now consider the formula, 7% -~ 152 + 18, in

2 A . - ), %
which we must begin with the supposition of x = pe Hav-

g substituted and multiplied «°, we obtain
7¢* -+ 154w 4~ 18, which must be a square. Let us there-

fore try to adopt some small numbers as the values of ¢
and .

Ift =1,and « = 1, g:'&?
t_~,andu:1 e 5 = il
s st = - 1, the formula will become 1
t=3,and u = 1, =111,

Now, 121 being a square, it is proof that the value of
2 = S answers the required condition ; let us therefore sup-
pose @ =z + 3, and we shall have, by substituting this
value in the formula,

Ty? +4~JT63+15J+40+LS or
Tyt + 51y + 121

my,
Therefore let the root be represented by 11 + 7—;/, and we

Qm / my*

shall have 7y* + 57y 4 121 = 121 + iz e 2 OF
Ty 4 5Tn® = 2Qmn + my; whence
57 — 2Q2mn 36n*—22mn-+8m?

Y =" —r 2T S m —n’ :

Suppose, for example, m = 8, and » = 1; we shall then
find x = — 3, and the formula becomea

Na® +-15x 18 = 25 = (3)~
Ifm=1,and n =1, wefind v = — 17; if m = 3, and

w = = 1, we have @ = *2°, and the formula

Tat + 1524 18 = 129400 = (337)".

62. But frequently it is only lost labor to endeavour to
find a case, in which the proposed formula may become a
square. e have already said that 32* -{- 2 is one of those
unmanageable formulze ; and, by giving it, according to this
rule, the form 3¢ - 2?, we shall perceive that, whatever
values we give to ¢ and u, this quantity never becomes a
square number. As the formule of this kind are ver v
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numerous, it will be worth while to fix on some characters,
by which their impossibility may be perecived, in order that
we may be often saved the trouble of useless trials ; which
shall form the subject of the following chapter*®.

CHAPD. V.

Of the Cases in which the Formula @ + bx + cx® can ncver
Lecome a Square.

63. As our general formula is composed of three terms,
we shall observe, in the first place, that it may always be
transformed into another, in which the middle term is want-

y—0b
" - ] | )
ing. This 1s done by supposmg & = o which substitu
tion changes the formula into

()g:— b“_}_y’—Qb.y-l— lf; or dae—b*4°

1 7 ; and since this
¢ c

a + Yo

o

must be a square, let us make it equal to —, we shall then

i -2

have 4aec — 0° 4+ y° = %, = ¢=?, and, consequently,
Y = cz* - I* — 4ac.  Whenever, therefore, our formula is
a square, this last ¢z* 4 0 — 4ac will be so likewise; and
reciprocally, if this be a square, the proposed formula will
be a square also. If therefore we write ¢, mnstead of 4*— 4ac,
the whole will be reduced to determining whether a quantity
of the form c¢z* -+ ¢ can become a square or not. And as
this formula consists only of two terms, it is certainly much
easler to judge from that whether it be possible or not; but
in any further inquiry we must be guided by the nature of
the given numbers ¢ and ¢.

64. It is evident that if £ = 0, the formula ¢z* can become
a square only when ¢ is a square; for the quotient arising
from the division of a square by another square being like-

>

wise a square, the quantity cz* cannot be a square, unless

% See the Appendix to this chapter, at Article 5. of the Ad-
ditions by De la Grange. P53y



