ADDITIONS
BY

M. DE. LA GRANGE.

ADVERTISEMENT.

THE geometricians of the last century paid great atten-
tion to the Indeterminate Analysis, or what 1s commonly
called the Diophantine Algebra; but Bachet and Fermat
alone can properly be said to have added any thing to what
Diophantus himself has left us on that subject.

To the former, we particularly owe a complete method
of resolving, in integer numbers, all indeterminate problems
of the first degree* : the latter is the author of some methods
for the resolution of indeterminate equations, which exceed
the second degreet; of the singular method, by which we
demonstrate that it is impossible for the sum, or the dif-
ference of two biquadrates to be asquare} ; of the solution of
a great number of very difficult problems; and of several
admirable theorems respecting integer numbers, which he
left without demonstration, but of which the greater part has
since been demonstrated by M. Euler in the Petersburg
Commentaries ||

* See Chap. 8, in these Additions. I do not here men-
tion.his Commentary on Diophantus, because that work, pro-
perly speaking, though excellent in its way, contains no dis-
covery.

+ These are explained in the 8th, 9th, and 10th chapters of
the preceding Treatise. Pére Billi has collected them from dif-
ferent writings of M, Fermat, and has added them to the new
edition of Diophantus, published by M. Fermat, junior.

1 This method is explained in the 13th chapter of the pre-
ceding Treatise ; the principles of it are to be found in the IPe-
marks of M. Fermat, on the XX VIth Question of the VIth Book
of Diophantus. 3

|| The problems and theorems, to which we allude, are
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In the present century, this branch of analysis has been
almost entirely neglected ; and, except M. Euler, I know no
person who has applied to it: but the beautiful and nu-
merous discoveries, which that great mathematician has
made in it, sufficiently compensate for the. indifference
which mathematical authors appear to have hitherto enter-
tained for such researches. "The Commentaries of Peters-
burg are full of the labors of M. Euler on this subject,
and the preceding Work is a new service, which he has ren-
dered to the admirers of the Diophantine Algebra. Before
the publication of it, there was no work in which this science
was treated methodically, and which enumerated and ex-
plained the principal rules hitherto known for the solution
of indeterminate problems. 'T'he preceding Treatise unites
both these advantages: but in order to make it still more
complete, I have thought it necessary to make several Ad-
ditions to it, of which I shall now give a short account.

The theory of Continued Fractions is one of the most
useful in arithmetie, as it serves to resolve problems with
facility, which, without its aid, would be almost unmanage-
able; but it is of still greater utility in the solution of inde-
terminate problems, when integer numbers only are sought.
This consideration has induced me to explain the theory of
them, at sufficient length to make it understood. As it is
not to be found in the chief works on arithmetic and algebra,
it must be little known to mathematicians; and I shall be
happy, if T can contribute to render it more familiar to them.
At theend of this theory, which occupies the first Chapter,
follow several curious and entirely new problems, depending
on the truth of the same theory, but which T have thought
proper to treat in a distinct manner, in order that their
solution may become more interesting. Among these will
particularly be remarked a very simple and easy method of
reducing the roots of equations of the second degree to Con-
tinued Fractions, and a rigid demonstration, that those frac-
tions must necessarily be always pertodical.

The other Additions chiefly relate to the resolution of in-

scattered through the Remarks of M. Fermat on the Questions
of Diophantus; and through his Letters printed in the Opera
Muathematica, &c. and in the second volume of the works of
Wallis.

There are also to be found, in the Memoirs of the Academy
of Berlin, for the year 1770, & seq. the demonstrations of some
of this author’s theorems, which had not been demonstrated
before.
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determinate cquations of the first and second degree; for
these I give new and general methods, both for the case in
which the numbers are only required to be rational, and for
that in which the numbers sought are required to be integer ;
and I consider some other important matters relating to the
same subject.

The last Chapter contains researches on the functions ¥
which have this property, that the product of two or more
similar functions is always a similar function. I give a general
method for finding such functions, and shew their use in the
resolution of different indeterminate problems, to which the
usual methods could not be applied.

Such are the principal objects of these Additions, which
might have been made much more extensive, had it not been
for exceeding proper bounds ; I hope, however, that the sub-
jects here treated will merit the attention of mathematicians,
and revive a tase for this branch of algebra, which appears to
me very worthy of exercising their skill.

CHAPTER L

ON

CONTINUED FRACTIONS.

1. As the subject of Continued Fractions is not found in
the common books of arithmetic and algebra, and for this
reason is but little known to mathematicians, it will be pro-
per to begin these Additions by a short explanation of their
theory, which we shall have frequent opportunities to apply
in what follows.

In general, we call every expression of this form, a con-
tinwed fraction,

+ - (7
-4 == & (
Eb —;-+, e

* A term used in algebra for any expression containing a
certain letter, denoting an unknown quantity, however mixed
and compounded with other known quantities or numbers.

2
7y 5 say + o/ (L avc al

4

2-—
Thus, ez + yz; 2x—a 4/(a x

functions of .
Hu
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in which the quantities «, 8, y,8, &c. and b, ¢, d, &c. are
integer numbers positive or negative ; but at present we shall
consider those Continued Fractions only, whose numerators
b, ¢, d, &c. are unity; that is to say, fractions of this form,
1
@ ar == l 1
g+ v +§ +, &e.

2, B, v, &c. being any integer numbers positive or negative ;
for these are, properly speaking, the only numbers, which are
of great utility n analysis, the others being scarcely any
thing more than objects of curiosity.

2. Lord Brouncker, I believe, was the first who thought
of Continued Fractions; we know that the continued frac-
tion, which he devised to express the ratio of the circum-
scribed square to the area of the circle was this;

1+% .,
z 2s
s +, &e.
but we are ignorant of the means which led him toit. We
only find in the Arithmetica infinitorum some researches on
this subject, in which Wallis demonstrates, in an indirect,
though ingenious manner, the identity of Brouncker’s ex-

Ix3x5x5%x, &e.
2x4x 4x6x06, &e.’

also gives the general method of reducing all sorts of con-
tinued fractions to vulgar fractions; but it does not appear
that either of those great mathematicians knew the principal
properties and singular advantages of continued fractions;
and we shall afterwards see, that the discovery of them is
chiefly due to Huygens.

3. Continued fractions naturally present themselves, when-
ever it is required to express fractional, or imaginary quan-
tities in numbers. In fact, suppose we have to assign the
value of any given quantity a, which is not expressible by
an integer number ; the simplest way 1s, to begin by seeking
the integer number, which will be nearest to the value of a,
and which will differ from it only by a fraction less than
unity. Let this number be «, and we shall have @ — « equal

pression to his, which is, He there

. 3 1 .
to a fraction less than unity; so that P will, on the

contrary, be a number greater than unity: therefore let

1

—= b5 and, as 0 must be a number greater than unity,
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we may also seek for the integer number, which shall be
nearest the value of 45 and this number being called 8, we
shall again have & — §8 equal to a fraction less than unity ;

1 :
and, consequently,'m will be equal to a quantity greater

than unity, which we may represent by ¢; so that, to assign
the value of ¢, we have only to seek, in the same manner,
for the integer number nearest to ¢, which being represented
by v, we shall have ¢ — ¥ equal to a quantity ﬁ)ess than

- unity ; and, consequently, E__l_—'ywill be equal to a quantity,

d, greater than unity, and so on. From which it is evident,
that we may gradually exhaust the value of a, and that in
the simplest and readiest manner; since we only employ
integer numbers, each of which approximates, as nearly as
possible, to the value sought.

. 1
Now, since —— = &, we have @ — &« = —, and
a—a b

ey 4 . 1
o =a-}+ s likewise, since —b—_——ﬁzc, we have 0=p-} =

and, since = d, we have, in the same manner,

1 . N
¢ =y + -, &e.; so that by successively substituting these

values, we shall have
[ 1
= “—i—z’
= — 1

@ =a+ =

B + =

1

=at+—o 1 4

L ﬁ+?+‘(?,

. 1
and, in general, =g+ —

1
ﬁ +7+—§‘+, &e.

It is proper to remark here, that the numbers «, 8, v, &c.
which represent, as we have shewn, the approximate integer
values of the quantities a, b, ¢, &c. may be taken cach in
two different ways; since we may with equal propriety
take, for the approximate integer value of a given quantity,
cither of the two integer numbers between which that quan-

uu2
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tity lies. There is, however, an essential difference between
these two methods of taking the approximate values, with
respect to the continued fraction which results from it: for
if we always take the approximate values less than the true
ones, the denominators B, y, 9, &c. will be all positive;
whereas they will be all negative, if we take all the ap-
proximate values greater than the true ones; and they
will be partly positive and partly negative, if the approximate
values are taken sometimes too smali, and sometimes too
great.

In fact, if o be less than a, @ — « will be a positive quan-
tity ; wherefore b will be positive, and 8 will be so likewise:
on the contrary, a — o will be negative, if « be greater than
a; then b will be negative, and B will be so likewise. In
the same manner, 1f 8 be less than 0, b — § will always be
a positive quantity ; therefore ¢ will be positive also, and,
consequently, also o ; but if 8 be greater than 6, b — g will
be a negative quantity; so that ¢, and consequently also 1,
will be negative, and so on.

Farther, when negative quantities are considered, I un-
derstand by less quantities those which, taken positively,
would be greater. We shall have occasion, however, some-
times to compare quantities simply in respect of their ab-
solute magnitude; but I shall then take care to premise,
that we must pay no attention to the signs.

It must be remarked, also, that if, among the quantities
b, ¢, d, &c. one is found cqual to an integer number, then
the continued fraction will be terminated ; because we shall
be able to preserve that quantity in it: for example, if ¢
be an integer number, the continued fraction, which gives
the value of a, will be '

4 |
a=a+—_ 1
Ft
It is evident, indeed, that we must take o = ¢, which
. 1
gives d = ¥ 7 =1 = o ; and, consequently, d = co;
so that we shall have
1
a=a 4 F __1_ I
Y too

the following terms vanishing in comparison with the infinite



CHAP. L ADDITIONS. 469

. 1
quantity ». Now, gz = 0, wherefore we shall only have

a—u+1 1
= .
c

This case will happen whenever the quantity « is com-
mensurable ; that is to say, expressed by a rational fraction ;
but when a is an irrational, or transcendental quantity, then
the continued fraction will necessarily go on to infinity.

4. Suppose the quantity @ to be a vulgar fraction,

A . g . 9 S o
R and © being given integer numbers; it is evident,

. 2 A .
that the integer number, a, approaching nearest to 57 will

be the quotient of the division of A by B; so that supposing
the division performed in the usual manner, and calling
@ the quotient, and ¢ the remainder, we shall have

A
B

—_ =

c B .
- whence b = - Also, in order to have

. . 2B
the approximate integer value 8 of the fraction > we have

only to divide » by c, and take B for the quotient of this
division ; then calling the remainder b, we shall have

D c .
b - B = - and ¢ = > We shall therefore continue

to divide ¢ by b, and the quotient will be the value of
the number y, and so on; whence results the following
very simple rule for reducing vulgar fractions to continued
fractions. .

Rure. First, divide the numerator of the given fraction
by its denominator, and call the quotient «; then divide the
denominator by the remainder, and call the quotient B;
then divide the first remainder by the second remainder,
and let the quotient be y. Continue thus, always dividing
the last divisor by the last remainder, till you arrive at a
division that is performed without any remainder, which must
necessarily happen when the remainders are all integer
numbers that continually diminish; you will then have the
continued fraction

s
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1
Rawhosz. ) oy
7+T,&C-

which will be equal to the given fraction.

5. Let it be proposed, for example, to reduce 222 to a
continued fraction,

First, we divide 1103 by 887, which gives the quotient 1,
and the remainder 216; 887 divided by 216, gives the
quotient 4, and the remainder 23 ; 216 divided by 23, gives
the quotient 9, and the remainder 9 ; also dividing 23 by 9,
we obtain the quotient 2, and the remainder 5; then 9 by
5, gives the quotient 1, and the remainder 4; 5 by 4, gives
the quotient 1, and the remainder 1 ; lastly, dividing 4 by 1,
we obtain the quotient 4, and no remainder; so that the
operation is finished : and, eollecting all the quotients in
order, we have this series 1, 4, 9, 2, 1, 1, 4, whence we
form the continued fraction

1103 — I
?‘3‘7—1+x+x
9 1

z 1
3¢ 1

T_,__:T.

6. As, in the above division, we took for the quotient the
integer number which was equal to, or less than, the fraction
proposed, it follows that we shall only obtain from that
method continued fractions, of which all the denominators
will be positive numbers.

But we may also assume for the quotient the integer-
number, which is immediately greater than the value of the
fraction, when that fraction is not reducible to an integer,
and, for this purpose, we have only to increase the value of
the quotient found by unity in the usual manner; then the
remainder will be negative, and the next quotient will ne-
cessarily be negative. So that we may, at pleasure, make the
terms of the continned fraction positive, or negative.

In the preceding example, mstead of taking 1 for the
quotient of 1108 divided by 887, we may take 2; in which
case we have the negative remainder —671, by which we
must now divide 887; we therefore divide 887 by —671,
and obtain either the quotient —1, and the remainder 216,
or the quotient — 2, and the remainder —455. Let us take
the greater quotient —1: then divide the remainder —671
by 216; whence we obtain cither the quotient —3, and the
remainder —23, or the quotient —#4, and the remainder
193. Continuing the division by adopting the greater
quotient — 8, we have to divide the remainder 216 by the
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remainder — 23, which gives either the quotient —9, and
the remainder 9, or the quotient —10, and the remainder
—14, and so on. :
In this way, we obtain
1103 1

= 9 Jb e _}_
887 -1.+_3+:1_§+’ e
in which we see that all the denominators are negative,

7. We may also make cach negative denominator po-
sitive by changing the sign of the numerator; but we must
then also change the sign of the succceding numerator ; for
it is evident that

;o+1 4 } {# L

Then we may also, if we choose, remove all the signs — in
the continued fraction, and reduce 1t to another, in which all
the terms shall be positive; for we have, in general,

_1_ = 1 L 1
{’L+—v+,&c.}_ o= +T+y~:—i+,&c.}

as we may easily be convinced of by reducing those two
quantitics to vulgar fractions *.

We may also, by similar means, introduce negative terms
instead of positive ; for we have

1 S, gy
5"+y+,&c. = i —1+-;:—1+,&c.

whence we see, that, by such transformations, we may always
simplify a continued fraction, and reduce it to fewer terms:
which will tal;e place, when'ever there are denominators equal
to unity, positive, or negative.

In general, it is evident, that, in order to have the con-
tinued fraction approximating as nearly as possible to the

A i
# Thus, the mixed number, 1 4 ﬁ=v—y-I; therefore

. =L
14 v

y—1

and, consequently,
\ 1
ot

i+

y—1 1
v-l} Sk =1+~
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value of the given quantity, we must always take a, 8, v,
&ec. the integer numbers which are nearest the quantities
a, b, c, &c. whether they be less, or greater than those quan-
tities. Now, it is easy to perceive that if, for example, we
do not take for @ the mteger number which is nearest to a,
either above or below it, the following number 8 will neces-
sarily be equal to unity; in fact, the difference between a
and o will then be greater than %, consequently, we shall

have b = a—La less than 2; therefore 8 must be equal to
unity.

So that whenever we find the denominators in a con-
tinued fraction equal to unity, this will be a proof that we
have not taken the preceding denominators as near as we
might have done; and, consequently, that the fraction
may be simplified by increasing, or diminishing those de-
nominators by unity, which may be done by the preceding
formulze, without the necessity of going through the whole
calculation.

8. The method in Art. 4 may also serve for reducing
every irrational, or transcendental quantity to a continued
fraction, provided it be expressed before in decimals ; but as
the value in decimals can only be approximate, by aug-
menting the last figure by unity, we procure two limits,
between which the true value of the given quantity must
lie; and, in order that we may not pass those limits, we
must perform the same calculation with both the fractions
in question, and then admit into the continued fraction
those quotients only which shall equally result from both
operations.

Let it be proposed, for example, to express by a con-
tinued fraction the ratio of the circumference of the circle to
the diameter. :

This ratio expressed in decimals is, by the calculation of
Vieta, as 3,1415926535 is to 1; so that we have to reduce

3, 1415926535
10000000000
method above explained. Now, if we take only the fraction
3, 14159
100000

the fraction to a continued fraction by the

, we find the quotients 3, 7, 15, 1, &c. and if we

. 8,14160 : :
take the greater fraction ~Jooooo Ve find the quotients 3,

7, 16, &c. so that the third quotient remains doubtful ;
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whence we sce, that, in order to extend the continued frac-
tion only beyond three terms, we must adopt a value of the
circumference, which has more than six figures.

If we take the value given by Ludolph to thirty-five
decimal places, which is 3,14159, 26535, 89793, 23846,
26433, 83279, 50288 ; and if we work on with this fraction,
as it 1s, and also with its last figure 8 increased by unity, we
shall find the following series of quotients, 3, 7, 15, 1, 292,
1,1,1,2,1,8,1,14,2,1,1,2,2,2,2,1,84,2,1, 1, 15,
3,13, 1, 4,2, 6, 6, 1; so that we shall have
Circumference

Diameter

.

L
"1+, &e.
And as there are here denominators equal to unity, we may

simplify the fraction, by intreducing negative terms, ac-
cording to the formula of Art. 7, and shall find

Circumference
Diameter A L 5 I
29% __3__%+’ &,
Circumference 1
igvi‘ai;tcr = 7 + "1“ 1 1
' 16+ 2044 —, 1
—9 iy YL
- +, &c.

9. We have elsewherc shewn how the theory of continued
fractions may be applied to the numerical resolution of
equations, for which other methods are imperfect and in-
sufficient *.  The whole difficulty consists in finding in any
equation the nearest integer value, either above, or below
the root sought ; and for this I first gave some general rules,
by which we may not only perceive how many real roots,
positive or negative, equal or unequal, the proposed equation
contains, but also easily find the limits of each of those roots,
and even the limits of the real quantities which compose the
imaginary roots. Supposing, therefore, that 2 is the un-
known quantity of the equation proposed, we seek first for
the integer number which is nearest to the root sought, and
calling that number «, we have only, asin Art. 3, to make

* See the Memoirs of the Academy of Berlin, for the years
1767 and 1768; and Le Gendre’s lissai sur la Theorie des
Nombres, page 138, first cdition.
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1 X
r=a+ —g; z, ¥, %, &c. representing here what was de-

noted in that article by @, b, ¢, &c. and substituting this
value instead of 2, we shall have, after removing the frac-
tions, an equation of the same degree in 7, which must have
at least one positive, or negative root greater than unity.
After seeking therefore for the approximate integer value
of the root, and calling that value 8, we shall then make

y=p+— which will give an equation in 2, having like-

wise a root greater than unity, whose approximate integer
value we must next seek, and so on. In this manner, the
root required will be found expressed by the continued

fraction

)
a —
B
Y 4, &

which will be terminated, if the root is commensurable;
but will necessarily go on ad infinitum, if it be incom-
mensurable.

In the Memoirs just referred to, there will be found all
the principles and details necessary to render this method
and 1ts application easy, and even different means of abridg-
ing many of the operations which it requires. I believe
that I have scarcely left any thing farther to be said on this
important subject. With regard to the roots of equations
of the second degree, we shall afterwards give (Art. 33 et
seq.) a particular and very simple method of changing them
mto continued fractions.

10. After having thus explained the genesis of continued
fractions, we shall proceed to shew their application, and
their principal properties. i

It is evident, that the more terms we take in a continued
fraction, the nearer we approximate to the true value of the
quantity which we have expressed by that fraction ; so that
if we successively stop at each term of the fraction, we
shall have a series of quantities converging towards the given
quantity. -

Thus, having reduced the value of « to the continued

fraction,

we shall have the quantities,
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+ 1} {a+ o }
ayd % s Ve A
{ 4 'B+'y,&c.

or, by reduction,
. aB+1 afytaty
o e TR
which approach nearer and nearer to the value of a.
In order to judge better of the law, and of the con-

vergence of these quantities, it must be remarked, that, by
the formula of Art. 8, we have

5 (S5(e,

1 1 1
a=a+7,b=6+7,c:y+7,&c.

Whence we immediately perceive, that a« is the first ap-
proximate value of a; that then, if we take the exact value

+1 ! h . .
——, and, in this, substitute for & its ap-

b

proximate value 8, we shall have this more approximate

... ab
of @, which is

aB+1 .
value —+-; that we shall, in the same manner, have a

B8
third more approximate value of @, by substituting for  its
Be4-1 . | aB-+1)c+a
exact value , which gives ¢ = ( Boil ° and then

taking for ¢ the approximate value y; by these means
the new approximate value of a will be

(@B+1)y+a
By--1
Continuing the same reasoning, we may approximate nearer,
by substituting, in the above expression of a, instead of c,

! d+1 . —
its exact value, u, which will give

d
@B+ +a)d+ap+]
- By+1)d+8
and then taking for d its approximate value 4, we shall have,
for the fourth approximation, the quantity

((@B+1)y4a)d +aB+1

@y+1)0+8 :

Hence it is easy to perceive, that, if by means of the
numbers «, B, v, 8, &c. we form the following expressions,

, and so on.

* See note, p. 471.
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N = =1

B =B+ 1 B =8

C= 9B+ A = yn' + A

D=24d¢c + B ' = oc + ¥

E=2: + ¢ E = e + ¢
&e. &e.

we shall have this series of fractions converging towards the

) A
uantity ¢, — — — — — —, &e.
q N sl o e T~ 12

If the quantity e be rational, and represented by any
fraction Pk it is evident that this fraction will always be the

last in the preceding series; since then the continued frac-
tion will be terminated, and the last fraction of the above
series must always be equal to the whole continued fraction.

But if the quantity @ be irrational, or transcendental, then
the continued fraction necessarily going on ad infinitum, we
may also continue ad infinitum the series of converging
fractions.

11, Let us now examine the nature of these fractions,
1st, It is evident that the numbers a, B, ¢, &c. must con-
tinually increase, as well as the numbers 4/, 8/, ¢!, &c. for
1st, if the numbers «, B, y, &e. are all positive, the numbers
A, B, ¢, &e. Al B, ¢!, &e. will also be positive, and we shall
evidently have 874, c78, p7¢, & and ' =, or 74,
d 738, o7, &e.

2dly, If the numbers «, 8, ¥, &e. are all, or partly ne-
gative, then amongst the numbers 4, B, ¢, &e. and, 4/, v/, ¢,
there will be some positive, and some negative; but in that
case we must consider that we have, by the preceding

formulee,
B 1. c A D B
— = == _—= — —-:a — A b
A B+a’ B 4 3 B’ ¢ +c’&c

whence we immediately see, that, if the numbers «, 8, v, &c.
are different from umty, whatever their signs be, we shall

: ; . B
neeessarily have, neglecting the signs, — 7 1; and there-

A c
fore =% 1; conscquently, —B—71, and so on: therefore

B 7 A, C7 3B, &e.

There is no exception to this but when some of the num-
bers a, 3, 7, &c. are equal to unity. Suppose, for example,
that the number ¥ is the first which is equal to +1; we


































































































































































































































































































































































