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same quantity; as in the numbers 4, 7, 10; and the de-
creasing progression is that in which the terms go on always
diminishing by the same quantity, such as the numbers
9,5, 1.

399. Let us suppose the numbers @, b, ¢, to be in arith-
metical progression ; then @ — b = b — ¢, whence it follows,
from the equality between the sum of the extremes and that
of the means, that 20 = @ + ¢; and if we subtract @ from
both, we have 26 — @ =c.

400. So that when the first two terms a, b, of an arith-
metical progression are given, the third 1s found by taking
the first from twice the second. Let 1 and 3 be the first
two terms of an arithmetical progression, the third will be
2 X 8 — 1 = 5; and these threc numbers 1, 3, 5, give the
proportion

1 -8=8-25.

401. By following the same method, we may pursue the
arithmetical progression as far as we please; we have only
to find the fourth term by means of the second and third,
in the same manner as we determined the third by means of
the first and second, and so on. Let @ be the first term, and
b the second, the third will be 20 — a, the fourth 406 — 2a
— b = 3b — 2a, the fifth 66 — 4a — 2b + a = 4b — 8a,
the sixth 86 — 6a — 8b + 2 = 5b — 4a, the seventh 105
— 8a — 40+ 3e = 6b — 5a, &c.

CHAP. III.

Of Arithmetical Progressions.

402. We have already remarked, that a series of numbers
composed of any number of terms, which always increase, or
decrease, by the same quantity, is called an arithmetical
progression.

Thus, the natural numbers written  in their order, as
1,2,8,4,5,6,7, 8,9, 10, &c. form an arithmetical pro-
gression, because they constantly increase by unity; and
the series 25, 22, 19, 16, 13, 10, 7, 4, 1, &c. is also such a
progression, since the numbers constantly decrease by 3.

403, The number, or quantity, by which the terms of an

arithmetical progression become greater or less, is called the
' ’ K2
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difference ; so that when the first term and the difference
are given, we may continue the arithmetical progression to
any length. )

For example, let the first term be 2, and the difference 3,
and we shall have the following increasing progression:
9, 5, 8, 11, 14, 17, 20, 23, 26, 29, &c. in which each term
is found by adding the difference to the preceding one.

404. Itis usual to write the natural numbers, 1, 2, 3, 4,
5, &ec. above the terms of such an arithmetical progression,
in order that we may immediately perceive the rank which
any term holds in the progression, which numbers, when
written above the terms, are called indices ; thus, the above
example will be written as follows:

Indices. a2 3 di5anal Bnis § Baan9 9l0

Arith. Prog. 2, 5, 8, 11, 14, 17, 20, 23, 206, 29, &c.
where we sce that 29 is the tenth term.

405. Let @ be the first term, and d the difference, the
arithmetical progression will go on in the following order:

@ 3 4 5 6 7 -

a, at-d, ax2d, a*8d, a+4d, a+5d, a+Cd, &ec.
according as the series is increasing, or decreasing, whence
it appears that any term of the progression might be easily
found, without the necessity of finding all the preceding
ones, by means only of the first term « and the difference d;
thus, for example, the tenth term will be ¢ = 9d, the hun-
dredth term a % 99d, and, generally, the nth term will be
a * (n — 1)d.

406. When we stop at any point of the progression, it is
of importance to attend to the first and the last term, since
the index of the last term will represent the number of
terins. If, therefore, the first term be «, the difference d,
and the number of terms n, we shall have for the last term
a %= (n — 1)d, according as the series is increasing or de-
creasing, which is consequently found by multiplymg the
difference by the number of terms minus one, and adding,
or subtracting, that product from the first term. Suppose,
for example, in an ascending arithmetical progression of a
hundred terms, the first term is 4, and the difference 3; then
the last term will be 99 x 3 + 4 = 301.

407. When we know the first term @, and the last =, with
the number of terms 7, we can find the difference d; for,
since the last term = = @ % (n — 1)d, if we subtract @ from
both sides, we obtain z — @ = (n — 1)d. So that by taking
the difference between the first and last term, we have the
product of the difference multiplied by the number of terms
minus 1; we have therefore only to divide x — @ by n — 1
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in order to obtain the required value of the difference d,

which will be
n—1

rule: Subtract the first term from the last, divide the re-
mainder by the number of terms minus 1, and the quotient
will be the common difference: by means of which we may
write the whole progression.

408. Suppose, for example, that we have an increasing
arithmetical progression of nine terms, whose first is 2, and
last 26, and that it is required to find the difference. We must
subtract the first term 2 from the last 26, and divide the re-
mainder, which is 24, by 9 — 1, that is, by 8; the quotient
3 will be equal to the difference require({, and the whole
progression will be:

28 4 36068 U HE
2, 5,8, 11, 14, 17, 20, 23, 26.

To give another example, let us suppose that the first
term is 1, the last 2, the number of terms 10, and that the
arithmetical progression, answering to these suppositions,
is required; we shall immediately have for the difference
2—1

0—1

o —
<

This result furnishes the following

= £, and thence conclude that the progression is:

—_—

gy 4 5 6 Tems 9 _JQ
1, L RN AN Sl o N 17,0200,

Another example. Let the first term be 21, the last term
125, and the number of terms 7; the difference will be
12z—-2r 10%
C7=1 T 6

gression :

= $r =125, and consequently the pro-

1 2 3 4 5 6 7
2L, 4.1, 583,75, 95, 1032, 121,

409. If now the first term a, the last term 2, and the dif-
ference d, are given, we may from them find the number of
terms n; for since = — @ = (n — 1)d, by dividing both

z-—

d

1 than n — 1, we have » =

sides by d, we have = n — 1; also n being greater by

-«
d
number of terms is found by dividing the difference between
the first and the last term, or z —a, by the difference of the

progression, and adding unity to the quotient.
For example, let the first term be 4, the last 100, and the

100—4
o 4+1=9;

+ 1; consequently the

difference 12, the number of terms will be
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and these nine terms will be,
L o GIh 5 @ W )
4, 16, 28, 40, 52, 64, 76, 88, 100.
If the first term be 2, the last 6, and the difference 13, the

. 4
number of terms will be 7 -+ 1 = 4; and these four terms
k)

will be,
1 2 3 4
2, 81, 42, 6.

3

Again, let the first term be 8%, the last 7%, and the dif-
53 —
T =4

ference 1%, the number of terms will be

which are, ;
33, 44, 63, T3

410. It must be observed, however, that as the number
of terms is necessarily an integer, if we had not obtained
such a number for n, in the examples of the preceding
article, the questions would have been absurd.

Whenever we do not obtain an integer number for the

Z—a
d
and consequently, in order that questions of this kind may
be possible, = — @ must be divisible by d.

411. From what has been said, it may be concluded, that
we have always four quantities, or things, to consider in an
arithmetical progression :

Ist. The first term, @; 2d. The last term, z;

3d. The difference, d; and 4th. The number of terms, n.

The relations of these quantities to each other are such,
that if we know three of them, we are able to determine the
fourth; for,

1. If a4, d, and n, are known, we have z = a &= (n — 1)d.

2. If z, d, and n, are known, we have

a=z~(n~—1)d
z—a

8. If @, z, and n, are known, we have d = —.
n—1

value of , 1t will be impossible to resolve the question ;

<—a

4. If «, z, and d, arc known, we haven = 7 1.



