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compounded of the number of workmen and that of the days
which they have been employed.

li", for example, 25 sous per day be given to one mason,
and it is required what must be paid to 24 masons who have
worked for 50 days, we state the calculation thus

:

1 : 24
1 : 50

1 : 1200 : : 25 : 30000 sous, or 1500 francs.

In these examples, five things being given, the rule which
serves to resolve them is called, in books of arithmetic, The
Rule of Five, or Double Rule of Three.

CHAP. XI.

O/' Geometrical Progressions.

505. A series of numbers, which are always becoming a

certain number oi' times greater, or less, is called a g-co-

metrical progrcss'/on, because each term is constantly to the

following one in the same geometrical ratio : and the number
Avhich expresses how many times each term is greater than

the preceding, is called the ed-po/icnt, or 7'atio. Thus, when
the first term is 1 and the exponent, or ratio, is Q, the geo-

metrical progression becomes,

Tcr7)is 1 2 3 1- .5 6 7 8 !» (ic.

Prog'. 1, 2, 4, 8, 16, 32, 64, 128, 256, &c.

The numbers 1, 2, 3, &.c. always marking the place which

each term holds in the {progression.

506. If we suppose, in general, the first term to be a,

and the ratio b, we have the following geometrical jiro-

gression

:

1, 2, S, 4, 5, 6, 7, 8 71.

Prog, a, ah, ab', ab^, ab^^ ab^, ab^, ah' .... ab^—K

So that, when this progression consists of n terms, the

last term is ab —^ We must, however, remark here, that if

the ratio b be greater than unity, the terms increase con-

tinually; if Z> = 1, the terms are all equal; lastly, if b be

less than 1, or a fraction, the terms continually decrease

Thus, v. hen a = 1, and b — ^, we have this geometrical

progression

:
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1 I £ I I I I 1 flrp
ij i? 4> 8> T-oJ izt 6.f> Tas' *-^^'

507. Here therefore we have to consider :

1. The first term, wliich we have called a.

2. The exponent, whicli we call b.

3. The number of terms, which we have expressed by u.

4. And the last term, which, we have already seen, is ex-

pressed by ab"~^.

So that, when the first three ofthese are given, the last term

is found by multiplying the « ~ 1 power of b, or Z»""~', by
the first term a.

If, therefore, the 50th term of the geometrical progression

1, 2, 4, 8, &c. were required, we should have a = 1, b = Q,

and n = 50; consequently the 50th term would be S*'-*; and
as 2^ = 512, we shall have 2^'^ =: 1024 ; wherefore the square

of 2^^, or 2-", = 1048576, and the square of this number,
which is 1099511627776, = 2^*\ Multiplying therefore this

value of 2^0 by 29, or 512, we have 2^^' = 562949953421312
for the 50th term.

508. One of the principal questions which occurs on this

subject, is to find the sum of all the terms of a geometrical

progression ; we shall therefore explain the method ol' doing

this. Let there be given, first, the following progression,

consisting of ten terms

:

1, 2, 4, 8, 16, 32, 61, 128, 256, 512,

the sum of which we shall represent by s, so tliat

5z=l + 2+4 + 8 -1-16 + 32 + 64 + 128 f 256 + 512;

doubling both sides, we shall have

2^=2 + 4 + 8+16 + 32 + 64 + 128 + 256 + 512+1024;

and subtracting from this the progression represented by ,v,

there remains s = 1024 — 1 = 1023; wherefore the sum
required is 1023.

509. Suppose now, in the same progression, that the

number of terms is undetermined, that is, let them be ge-

nerally represented by ?<, so that the sum in question, or

5, =l+2 + 2' + 2^ + 2^ .... 2"^»

If wc multiply by 2, we have

2*= 2 +2^- + 23 + 2^ 2',

then subtracting from this equation the preceding one, we
have ^ = 2" — 1. It is evident, therefore, that the sum re-

quired is found, by multiplying the last term, 2"-', by the

exponent 2, in order to have 2", and subtracting unity from
that product,

510. This is made still more evident by the following
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examples, in which we substitute successively for n, the

numbers 1, 2, 3, 4, &c.

1 = 1; l+2 = 3;l+2 + 4 = 7;l + J^ + 4 + 8=15;
l + 2 + 4 + 8 + 16 = 31;l+2 + 4 + 8 + 16 + 32 =
63, &c.

511. On this subject, the following question is generally

proposed. A man offers to sell his horse on the following

condition ; that is, he demands 1 penny for the first nail, 2
for the second, 4 for the third, 8 for the fourth, and so on,

doubling the price of each succeeding nail. It is required

to find the price of the horse, the nails being 32 in number ?

This question is evidentl}'^ reduced to finding the sum of
all the terms of the geometrical progression 1, 2, 4, 8, 16,

&c. continued to the 32d term. Now, that last term is 2^^

;

and, as we have already found 9r'^ — 1048576, and 2^° =
1024, we shall have 2-" x 2'« = 9?"" = 1073741824; and
multiplying again by 2, the last term S"*^ — 2147483648;
doubling therefore this number, and subtracting unity from
the product, the sum required becomes 4294967295 pence

;

which being reduced, we have 17895697/. 1,?. 3if. for the

price of the horse.

512. Let the ratio now be 3, and let it be re(,[uired to find

the sum of the geometrical progression 1, 3, 9, 27, 81, 243,

729, consisting of 7 terms.

Calling the sum s as before, we have

* = 1 + 3 + 9 + 27 + 81 + 243 + 729.

And multiplying by 3,

3a' = 3 + 9 + 27 + 81 + 243 H- 729 + 2187.

Then subtracting the former series from the latter, we have
25 = 2187 — 1 = 2186 : so that the double of the sum is

2186, and consequently the sum required is 1093.

513. In the same progression, let the number of terms be
?t, and the sum s ; so that

* = 1 + 3 + S' + 3-^ + 3* + 3"-^

If now we multiply by 3, we have

3^ = 3 + 3- + 3^ + 3^ + 3".

Then subtracting from this expression the value of *, as

3« \
before, we shall have 2.s = 3" — 1 ; therefore s = —-— . So

that the sum required is found by multiplying the last term
by 3, subtracting 1 from the product, and dividing the re-

mainder by 2 ; as will appear, also, from the following par-

ticular cases

:
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1 . . . . ^Iii.?t:i = 1 '

1+3

2

(3 X 3) - 1

1+3 + 9 - - <J^--I . U

,+3+o+.7 : *iiif'-i= «.

1+3 + 9 + 27 + 81 *iiiHL-J = 121.

514. Let us now suppose, generally, the first term to be

a, the ratio b, the iuanber of terms n, and tlieir suin ,*,

so that

s = a + ab + ab'' + «6^ + rt6^ + .... ab'^^

.

If we multiply by 6, we have

bs = ab + ab- + ab" + ab^ -{- ab^ -{-... . ab',

and taking the difference between this and the above equa-

tion, there remains (6 — 1) a' = ab" — a; whence we easily

. - a.{b"-\)
deduce the sum required s = —-, j— . Consequently, the

sum of any geometrical progression is found, by multiplying

the last term by the ratio, or exponent of the progression,

and dividing the difference between this product and the

first term, by the difference between 1 and the ratio.

515. Let there be a geometrical progression of seven

terms, of which the first is 3 ; and let the ratio be 2 : we
shall then have a = 3, b = 2, and n = 7 ; therefore the last

term is 3 x ^^, or 3 x 64, = 192; and the whole pro-

gression will be

3, 6, 12, 24, 48, 96, 19^.

Farther, if we multiply the last term 192 by the ratio 2,

we have 384 ; subtracting the first term, there remains 381

;

and dividing this by 6 — 1, or by 1, we have 381 for the

sum of the whole progression.

516. Again, let there be a geometrical progression of six

terms, of which the first is 4 ; and let the ratio be | : then

the progression is

4 6 Q 17 8 1 243

If we multiply the last term by the ratio, we sliall have

y^^ ; and subtracting the first term = ^±. the remainder is

«jV ; which, divided by /» - 1 = i, gives ^l ' = 83i- for

the sum of the series.
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517. When the exponent is less than 1, and, ('onscqucntly,

when the terms of the progression continually diminish, the

sum of such a decreasing progression, carried on to infinity,

may be accurately expressed.

For example, let the first term be 1, the ratio i, and the

sum *, so that

:

>«^ = 1 + 4 + T + T + 1^ + tV + 6^4' &C.

ad infinitum.

If we multiply by 2, we have

2^ = 2 + 1 + -- + i + i + -xV + fx +. &c.

ad infinitum : and, subtracting the preceding progression,

there remains 5 = 2 for the sum of the proposed infinite

progression.

518. If the first term be 1, the ratio i, and the sum s;

so that

.5' = 1 + 4- + ,'. + Vy + gV + , Sec. ad infinitum

:

Then multiplying the whole by 3, we have

3.5' = 3 -f 1 + ^ + -i- + tV +> 2tc. ad infinitum;

and svibtracting the value of .?, there remains 2^ = 3 ; where-

fore the sum 5 = 1|.

519. Let there be a progression whose sum is s, the first

term 2, and the ratio | ; so that

.s = 2 + 1 + I-
+ l-l: + T-Vs- + » ^'c. ad infinitum.

Multiplying by f, we have

^s = ^ + 2 + ^ + ^ + ii + -^~ +, ^c. ad infinitum

;

and subtracting from this progression s, there remains ^ =

^ : wherefore the sum required is 8.

520. If we suppose, in general, the first term to" be a, and

the ratio of the progression to be — , so that this fraction

may be less than 1, and consequently c greater than b ; the

sum of the progression, carried on ad infinitum, will be

found thus

:

(lb ab- ab^ ab* ^

Make s = a -\ ^ + —^ + -^ + ^- +, &c.

Then multiplying by —, we shall have

b ab ab^ a¥ ab'
^, , . ,, .—s

—
1

1—r+"~r+5 ^c. ad mhnitum ;

c c d"-^ r c*

and subtracting this equation from the preceding, there rcr-

mains (1 — —) s = a.
c
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Consequently, 5 = = -^-, l,y multiplynig bolh the

c

numerator and denominator by c.

The sum of the infinite geometrical progression proposed
is, therefore, found by dividing the first term a by 1 minus
the ratio, or by multiplying the first term a by the de-

nominator of the rntio, and dividing the product by tlie

same denominator diminished by the numerator of the

ratio*.

521. In the same manner we find the sums of p!\)gression.s,

the terms of which are alternately affected by the signs +
and — . Suppose, for example,

ab ab" a¥ ah''

s = a r- r 4 3- — , &c.

Multiplying by — , we have,

b ab ab" a¥ ab^

And, adding this equation to the preceding, we obtain

(1 H )s = a: whence we deduce the sum required, s —

ac
-, or s =

I
+1' "-+'>

c

522. It is evident, therefore, that if the first term « = 4,
and the ratio be

-I,
that is to say, b = 2, and c = 5, we shall

find the sum of the progression 1 + ^4- _£_^_. 4- ^^_ _j_^

&c. = 1 ; since, by subtracting the ratio from 1, there re-

mains 4> and by dividing the first term by that remainder,
the quotient is 1.

It is also evident, if the terms be alternately positive and
negative, and the progression assume this form

:

that the sum will be

b 7 -T-

c

523. Again : let there be proposed the infinite progression,

* Thi^ particular case is included in (lie trcncral Rule,
Art. 511.



170 ELEMENTS SECT. 111.

_1_ _L _5_ -L i L 1 4- 3 . 1 «,„
lO T^ lOO ' lOOO 1 lOOOO ' lOOOOO '5 w».v^.

The first term is here -^^, and the ratio is ^ ; therefore

subtracting this last from 1, there remains -^, and, if wc
divide the first term by this fraction, avc have i for the sum
of the given progression. So that taking only one term of

the progression, namely, -pV> the error would be -^^,

And taking two terms, -^ + -j-|o^
= -j3gi , there would

still be wanting -j-^ to make the sura, which we have seen

524. Let there now be given the infinite progression,

q + _2_ + g- 4- __? 4- 9
1

Sjp
«-'I^IO ' lOO I lOOO ' lOOOO'^' ».*v..

The first term is 9, and the ratio is ~. So that 1 minus
9

the ratio is ^,3 ; and— = 10, the sum required: which
1 o

series is expressed by a decimal fraction, thus, 9*9999999,
&c.

QUESTIONS FOR PRACTICE.

1. A servant agreed with a master to serve him eleven

years without any other reward for his service than the pro-

duce of one grain of wheat for the first year ; and that product

to be sown the second year, and so on from year to year till

the end of the time, allowing the increase to be only in a ten-

fold proportion. What was the sum of the whole produce ?

Ans. 111111111110 grains.

N. B. It is farther required, to reduce this number of

grains to the proper measures of capacity, and then by sup-

posing an average price of wheat to compute the value of the

corns in money.
2. A servant agreed with a gentleman to serve him twelve

months, provided he wouki give him a farthing for his first

month's service, a penny for the second, and 4J. for the

third, &.C. What did his wages amount to ?

Ans. 58^51. 8s. 5id.

3. One Sessa^ an Indian, having first invented the game
of chess, shewed it to his prince, who was so delighted with

it, that he promised him any reward he should ask ; upon
which Sessa requested that he might be allowed one grain of

wheat for the first square on the chess board, two for the

second, and so on, doubling continually, to 64, the whole

number of squares. Now, supposing a pint to contain 7()»S0

of those grains, and one quarter to be worth \l. Is. CtZ., it is

required to compute the value of the whole sum of grains.

Ans. 64181488290/.


