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evident that if the root have the sign -{-, tliat is to say, if it

be a positive number, its square must necessarily be a positive

number also, because -\- multiplied by -- makes -\- : hence
the square of -j-a will be -{-aa : but if the root be a negative

number, as —a, the square is still positive, for it is -\- aa.

We may therefore conclude, that -[an is the square both of
-j-fl and of —a, and that consequently every square has two
roots, one positive, and the other negative. The square root

of 25, for example, is both -\-5 and —5, because —5 mul-
tiplied by —5 gives 25, as well as -f 5 by -f 5.

CHAP. XII.

Of Square Roots, and o/' Irrational Numbers resultingJrom
them.

123. What we have said in the preceding chapter amounts
to this ; that the square root of a given number is that num-
ber whose square is equal to the given number; and that

we may put before those roots either the positive, or the
negative simi.

124. So that when a square number is given, provided
we retain in our memory a sufficient number of square num-
bers, it is easy to find its root. If 196, for example, be the
given number, we know that its square root is 14.

Fractions, likewise, are easily managed in the same way.
It is evident, for example, that f is the square root of i|-

;

to be convinced of which, we have only to take the square
root of the numerator and that of the denominator.

If the number proposed be a mixed number, as 12-, we
reduce it to a single fraction, which, in this case, will be ti"

;

and from this we immediately perceive that |^, or 3i, must
cc the square root of 12-^.

125. But when the given number is not a square, as 12,
for example, it is not possible to extract its square root ; or
to find a number, which, multiplied by itself, will give the

product 12. We know, however, that the square root of 12
must be greater than 3, because 3x3 produces only 9

;

and less than 4, because 4x4 produces 16, which is more
than 12; we know also, that this root is less than 3?-, for we
have seen that the square of 3'-, or ^, is 12-|-; and we may
approach still nearer to this root, by comparing it with 3 ,\

;

for the square of "6^., or of4^, is V^*» «»" 12^4^ ; so that this
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fraction is still greater than the root required, tliough but very

Uttle so, as tlic tlifFercnce of the two scjuarcs is only ^tr'
126. We may suppose that as 'i'^ and '3

J-^ are iRunbers

greater than the root of 12, it niiglit be possible to add to 3

a fraction a Uttle less than -j^^, and precisely such, that the

squai-e of the sum would be equal to 12.

Let us therefore try with 31, since i is a little less than
-j-V*

Now 3^ is equal to y-, the square of which is ^^-^', and con-

sequently less by }^ than 12, which may be expressed by

'^y . It is, therefore, proved that 3| is less, and that 3 /^
is greater than the root required. Let us then try a num-
ber a little greater than 3f, but yet less than 3^ ; for ex-

ample, 3J-J. ; this number, which is equal to 1 ?-, has for its

square ~^-^; and by reducing 12 to this denominator, we
obtain VW which shews that 3-f^ is still less than the root of

12, viz. by ~-^ ; let us therefore substitute for -/^ rhe fraction

,^j-, which is a little greater, and see what will be the result of

the comparison of the square of 3-;^, with the proposed num-
ber 12, Here the square of 3^%- is —q-' ; and 12 reduced to

the same denominator is VeV ' ^^ ^^^^ ^-rr *^ ^^^^^ ^^'^ small,

though only by -pig-, whilst 'i-^-^- has been found too great.

127. It is evident, therefore, that whatever fraction is

joined to 3, the square of that sum m.ust always contain a

fraction, and can never be exactly equal to the integer 12.

Thus, although we know that the square root of 12 is greater

than 3/y, and less than 3^, yet Ave are unable to assign an
intermediate fraction between these two, which, at the same
time, if added to 3, would express exactly the square root of

12 ; but notwithstanding this, we are not to assert that the

square root of 12 is absolutely and in itself indeterminate

:

it only follows from what has been said, that this root, though
it necessarily has a determinate magnitude, cannot be ex-

pressed by fractions.

128. There is therefore a sort of numbers, which cannot be
assigned by fractions, but which are nevertheless determinate

quantities; as, for instance, the square root of 12: and we
call this new species of numbers, irrational numbers. They
occur whenever we endeavour to find the square root of a

number which is not a square ; thus, 2 not being a perfect

sqviare, the square root of 2, or the number which, multiplied

by itself, would produce 2, is an irrational quantity. These
numbers are also called surd quantities, or incommen-
surahles.

129. These irrational quantities, though they cannot be

expressed ])y fractions, are nevertheless magnitudes of which
we may form an accurate idea; since, however concealed
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the square root of 12, for example, may appear, we arc not
ignorant that it must be a number, which, when multipUed
by itself, would exactly produce 12; and this property is

sufficient to" give us an idea of the number, because it is in
our power to approximate towards its vakie continually.

130. As we are therefore sufficiently acquainted with
the nature of irrational numbers, under our present con-
sideration, a particular sign has been agreed on to express
the square roots of all numbers that are not perfect squares ;

which sign is written thus y^, and is read square root.
Thus, v' 12 represents the square root of 12, or the number
which, multiplied by itself, produces 12; and ^2 represents
the square root of 2 ; ^/3 the square root of 3 ; V^ that of
i; and, in general, Va represents the square root of the
number a. Whenever, therefore, we would express the
square root of a number, which is not a square, we need
only make use of the mark ^ by placing it before the
number.

131. The explanation which we have given of irrational
numbers will readily enable us to apply to them the known
methods of calculation. For knowing that the square root
of 2, multiplied by itself, must produce 2 ; we know also,

that the multiplication of V2hy ^/2 must necessarily pro-
duce 2 ; that, in the same manner, the multiplication of V3
by VS must give 3; that ^5 by V5 makes 5; that V^
by a/t makes |- ; and, in general, that Va multiplied by Va
produces a.

1S2. But when it is required to multiply »/a by vA, the
product is Vab ; for we have already shewn, that if a square
has two or more factors, its root must be composed of the
roots of those factors ; we therefore find the square root of
the product «6, which is \/«6, by multiplying the square
root of a, or Va, by the square root of h, or ^b; &c. It
is evident from this, that if b were equal to «, Ave should
have Vaa for the product of */a by ^b. But >^/aa is

evidently a, since aa is the square o^ a.

133. In division, if it were required, for example, to

a
divide ^a, by ^b, we obtain v'-y-; and, in this instance,

the irrationality may vanish in the quotient. Thus, having
to divide ^l^"^ hy 'v/8, the quotient is ^i/, which is re-
duced to ^|, and consequently to i, because -^- is the square
of |.

13 1. When the number before which we have placed the
radical sign ^> is itself a square, its root is expressed in the
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usual way ; thus, v/4 is the same as 2 ; ^^9 is the same as

3; v''36 the same as G; and Vl^i, the same as ^-, or 3v.

In these instances, the irrationahty is only apparent, and

vanishes of course.

135. It is easy also to multiply irrational numbers by or-

dinary numbers; thus, for example, 2 multiplied by ^5
makes 2,^/5; and 3 times \/2 makes 3\/2. In the second

example, however, as 3 is equal to ^9, we may also express

3 times ^2 by \/9 multiplied by a/-, or by v'lS ; also 2^a
is the same as x^4a, and S^/a the same as ^/9a ; and, in

o-eneral, b^a has the same value as the square root of bba,

or \/bba : whence we infer reciprocally, that when the num-
ber which is preceded by the radical sign contains a square,

we may take the root of that square, and put it before the

sign, as we should do in writing b^/a instead of ^bba.

After this, the following reductions will be easily under-

stood :

2^2^/8, or ^/(2.4)

yas, or ^/(3.4)

^/18, or s/(2.9)
^24, or v'(6.4)

v/32, or v'C--16)

v/75, or ,/(3.25)

>iseiqual to

2a/3

3v/2
2^/6
4a/2
[5^S

and so on
136. Division is founded on the same principles ; as

\/a a
divided by ^b gives —--,, ov xZ-r- In the same manner,

/a

Farther^

V8
72
V18
V2
xn2
v/3

2'

V2
3

^/3
13

V6

v/ g-? or ^4,

18

or 2

>- is equal to ^ v^-^, or V9, or 3

is equal to <

12
v^—, or 'v/4, or 2.

\/4 4— , or^/— ,or ^/2,

—g, or^/— , or v/3.

v/144 144
-yg—, or V-Q-, or v/^4,

or v/(6 X 4), or lastly 2^/6.
137. There is nothing in particular to be observed in ad-

dition and subtraction, because wc only connect the numbers
by the signs -\- and — : for example, \^2 added to v/3 is
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written ^2 -|- V3 ; and ^73 subtracted from V'S is written

-v/S - V3.
138. Wo may observe lastly, that in order to distinguish

the in*ational numbers, we call all other numbers, both in-

tegral and fractional, rational numbers ; so that, whenever
we speak of rational numbers, we understand integers, oi;

fractions.

CHAP. XIII.

(y Impossible, or Imaginary Quantities, xoh'ich arisefrom
the same source.

139. We have already seen that the squares of numbers,

negative as well as positive, are always positive, or affected

by the sign -\-; having shewn that —a multiplied by —a
gives -j-ao, the same as the product of -|- a by -\a: where-

fore, in the preceding chapter, we supposed that all the

numbers, of which it was required to extract the square

roots, were positive.

1 40. When it is required, therefore, to extract the root of

a negative number, a great difficulty arises ; since there is

no assignable number, the square of which would be a nega-

tive quantity. Suppose, for example, that we wished to

extract the root of — 4 ; we here require such a number as,

when multiplied by itself, would produce —4: now, this

number is neither -f2 nor —2, because the square both of

-|-2 and of —2, is -f 4, and not —4.
141. We must therefore conclude, that the square root of

a negative number cannot be either a positive number or a

negative number, since the squares of negative numbers also

take the sign plus : consequently, the root in question must
belong to an entirely distinct species of numbers ; since it

cannot be ranked either among positive or among negative

numbers.
142. Now, we before remarked, that positive numbers

are all greater than nothing, or 0, and that negative numbers
are all less than nothing, or ; so that whatever exceeds

is expressed by positive numbers, and whatever is less than

is expressed by negative numbers. The square roots of

negative numbers, therefore, are neither greater nor less

than nothing; yet we cannot say, that they are 0; for


